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Summary. In this article we formalize in Mizar [2], [3] various differen-
tiability properties of Lipschitzian bilinear operators in real normed spaces. It
covers topics such as partial differentiability, continuity, and total differentiabili-
ty of these operators. The work extends results for linear operators to the bilinear
case and provides theorems on the behavior of differential operators up to arbi-
trary order. Key results include the Lipschitz continuity of partial derivatives,
the representation of the total derivative in terms of partial derivatives, and the
continuous differentiability of Lipschitzian bilinear operators on open subsets of
the product space. We referred to [9], [20], [I5], [16] in this formalization.
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1. FUNDAMENTAL PROPERTIES AND PARTIAL DIFFERENTIABILITY

From now on F, F', G, S, T, W, Y denote real normed spaces, f, fi, fo
denote partial functions from S to T, Z denotes a subset of S, and ¢, n denote
natural numbers.

Now we state the propositions:

(1) Let us consider a bilinear operator f from F x F' into G, and a point z
of £ x F. Then
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(i) f - (reprojl(z)) is a linear operator from F into G, and

(ii) f - (reproj2(z)) is a linear operator from F into G.
PROOF: Reconsider Ly = f - (reprojl(z)) as a function from E into G. For
every elements x, y of E, L1(x+y) = L1(x)+ L1(y) by [B, (15)], [11} (12)].
For every vector x of E and for every real number a, Li(a-x) = a- Li(z)
by [5, (15)], [11, (12)]. Reconsider Ly = f - (reproj2(z)) as a function from
F into G. For every elements z, y of F', La(x + y) = La(x) + La(y) by
[5, (15)], [I1L (12)]. For every vector = of F' and for every real number a,
La(a-x) =a- La(z) by [5, (15)], [1T} (12)]. O

(2) Let us consider a Lipschitzian bilinear operator f from E x F into G,

and a point z of £ x F'. Then

(i) f-(reprojl(z)) is a Lipschitzian linear operator from E into G, and
(ii) f - (reproj2(z)) is a Lipschitzian linear operator from F' into G, and

(iii) there exists a point g of NormSpaceOfBoundedBilinOpersg (E, F, )
such that f = g and for every vector z of E, ||(f - (reprojl(z)))(z)| <
llgll - [[(2)2] - [lz]| and for every vector y of F', ||(f - (reproj2(2)))(y)|| <

gl - 1Cz)ll - llyll-
PROOF: Reconsider g = f as a point of NormSpaceOfBoundedBilinOpersg (E, F, G).
Set K = ||g||. Reconsider L; = f - (reprojl(z)) as a linear operator from

E into G. Reconsider Ly = f - (reproj2(z)) as a linear operator from F
into G. Set K1 = K - ||(2)2]|. Set K2 = K - ||(2)1]|. For every vector = of
E, |Li(x)| < Ki-|z| by [5, (15)], [L0, (16)]. For every vector y of F,
ILa()ll < Ko - [ly] by [ (15)], [0, (16)]. O

(3) Let us consider a Lipschitzian bilinear operator f from E x F into G.
Then there exists a real number K such that

(i) 0 < K, and
(ii) for every point z of EXF, for every point x of E, ||(f-(reproj1(z)))(z)|| <
K -||(2)2] - ||=|| and for every point y of F', ||(f - (reproj2(z)))(y)| <
K- [1z)all - Nyl
ProOOF: Consider K being a real number such that 0 < K and for every
vector x of E and for every vector y of F, |[f(z,y)]] < K - ||z| - |yl
Set Ly = f - (reprojl(z)). Set K1 = K - ||(2)2]|. For every vector x of E,
[1L1(z)]| < Ky -z by [5, (15)]. O
(4) Let us consider a Lipschitzian bilinear operator f from E x F into G,
and a point z of £ x F. Then
(i) f is partially differentiable in z w.r.t. 1, and

(i) partdiff(f,z)w.r.t.1 = f- (reprojl(z)), and
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(iii) f is partially differentiable in z w.r.t. 2, and
(iv) partdiff(f, z) w.r.t.2 = f - (reproj2(z)).
The theorem is a consequence of (2).

(5) Let us consider points s, t of E x F', and a real number a. Then

(i) s = ((3)17 (3)2)7 and

(i) ((s+1))1 = (s)1 + (t)1, and
(iii) ((s+1t))2 = (s)2 + (t)2, and
(iv) ((s =t)1 = (s)1 — (t)1, and
(v) ((s =t))2 = (s)2 — (t)2, and
(vi) (a-s)1=a-((s)1), and
(vii) (a-s)2 =a-((s)2)

(6) Let us consider a Lipschitzian bilinear operator f from E x F into G.
Then there exists a real number K such that
(i) 0 < K, and
(ii) for every point z of E x F, |partdiff(f,z)w.r.t.1]] < K - ||z|| and
|[partdiff(f, z) w.r.t.2|| < K - ||2].

The theorem is a consequence of (3), (2), (4), and (5).

2. TOTAL DIFFERENTIABILITY AND CONTINUITY

Let us consider a Lipschitzian bilinear operator f from E x F into G. Now
we state the propositions:
(7) (i) for every points z1, zo of E x F, partdiff(f,z1 + z2)w.rt.1 =
partdiff (f, z1) w.r.t. 1 + partdiff (f, zo) w.r.t. 1, and

(ii) for every point z of E' x F' and for every real number a, partdiff(f,a-
z)w.rt. 1 =a- (partdiff (f, z) w.r.t. 1), and
(iii) for every points z1, zo of Ex F, partdiff(f, z1—22) w.r.t. 1 = partdiff (f, z;) w.r.t.
partdiff (f, zo) w.r.t. 1.
The theorem is a consequence of (4) and (5).
(8) (i) for every points z1, zo of E x F, partdiff(f,z1 + 2z2)w.r.t.2 =
partdiff (f, z1) w.r.t. 2 + partdiff (f, z2) w.r.t. 2, and

(ii) for every point z of F x F' and for every real number a, partdiff(f,a-
z)w.r.t.2 = a- (partdiff (f, z) w.r.t. 2), and
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(iii) for every points 21, zo of EX F, partdiff (f, z1—22) w.r.t. 2 = partdiff (f, z1) w.r.t.
partdiff(f, zo) w.r.t. 2.
The theorem is a consequence of (4) and (5).

Now we state the proposition:

(9) Let us consider a Lipschitzian bilinear operator f from E x F into G,
and a subset Z of E x F. Suppose Z is open. Then

(i) f is partially differentiable on Z w.r.t. 1, and
(ii) f is partially differentiable on Z w.r.t. 2, and
(iii) f I' Z is continuous on Z, and
(iv) f I? Z is continuous on Z.

PROOF: For every point x of E x F such that z € Z holds f is partially
differentiable in x w.r.t. 1. For every point x of E X F' such that x € Z holds
f is partially differentiable in z w.r.t. 2. Set g1 = f [' Z. Set go = f |? Z.
Consider K being a real number such that 0 < K and for every point z
of E x F, ||partdiff (f, z) w.r.t. 1| < K - ||z]| and ||partdiff(f, z) w.r.t. 2| <
K - ||z||. For every point ¢ty of E x F and for every real number r such
that tg € Z and 0 < r there exists a real number s such that 0 < s and
for every point t; of E x F such that t; € Z and |[t; — to|| < s holds
918, — g12,ll < 7 by (7), [13 (4)]. For every point g of E' x I and for
every real number r such that ¢ty € Z and 0 < r there exists a real number
s such that 0 < s and for every point ¢; of E x F' such that t; € Z and
1 — toll < s holds [lga e, — 2,2l < 7 by (8), I3 (4)]. O

Let us consider a Lipschitzian bilinear operator f from E x F into G. Now

we state the propositions:

(10) There exists a real number K such that
(i) 0 < K, and

(ii) for every point z of E' x F', there exists a Lipschitzian linear operator
L from F x F' into G such that for every point d; of E and for every
point dy of F', L(d1,d2) = f(di,(2)2)+ f((2)1, d2) and for every point
sof Bx P, |[L(s)| < K - I|2]] - [}s].

ProoOF: Consider K being a real number such that 0 < K and for every
vector z of E and for every vector y of F, || f(x,y)|| < K- ||z| - ||y||- Define
Q(element of E,element of F) = f($1,(2)2) + f((2)1,9$2). Consider Ly
being a function from (the carrier of E') x (the carrier of F') into the carrier
of G such that for every element « of the carrier of £/ and for every element
y of the carrier of F', Lo(z,y) = Q(z,y) from [4, Sch. 4]. Reconsider
L = Ly as a function from E x F into G. For every elements x, y of E X
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F, L(x +y) = L(z) + L(y) by [12, (18)], [11}, (12)]. For every vector x of
E x F and for every real number a, L(a - x) = a - L(z) by [12, (18)], [11,
(12)]. Set K1 = 2- K -||z||. For every vector w of E X F, | L(w)|| < K1 -||w]|
by [12, (18)], [14, (15)], [13} (4)]. O

(11) There exists a real number K such that
(i) 0 < K, and

(ii) for every point z of E'x F', f is differentiable in z and for every point
dy of E and for every point ds of F, f'(2)(d1,d2) = f(di,(2)2) +
f((2)1,d2) and [[f'(2)]] < K - ||z]].

ProOF: Consider Ky being a real number such that 0 < Ky and for every
vector z of F and for every vector y of F, | f(x,y)| < Ko - |z| - [yl
Consider K being a real number such that 0 < K and for every point z
of E x F, there exists a Lipschitzian linear operator L from E x F' into
G such that for every point dy of E for every point dy of F, L(dj,ds) =
f(d1,(2)2)+f((2)1,d2) and for every point s of ExF, ||L(s)|| < K-||z]-]|s]|-
Consider L being a Lipschitzian linear operator from £ x F' into G such
that for every point dy of E and for every point do of F, L(di,ds) =
f(di1, (2)2)+f((2)1,dz2) and for every point s of EXF, ||L(s)|| < K-||z||-||s]|-
Reconsider Ly = L as a point of the real norm space of bounded linear
operators from E x F' into G. Define Q(element of E,element of F) =
f($1,%2). Consider R being a function from (the carrier of E') x (the carrier
of F) into the carrier of G such that for every element d; of the carrier
of E and for every element dy of the carrier of F'; R(dy,ds) = Q(d1,d2)
from [4, Sch. 4]. For every real number r such that r > 0 there exists
a real number d such that d > 0 and for every point w of E x F' such that
w # Opxr and |lw| < d holds [Jw||™" - [[R,|| < r by [13, (4)], [12, (18)],
[14, (15)]. For every point w of E' x F such that w € the neighbourhood
of z holds f/, — f/. = Lo(w —2) + R, by [12} (18)], [19} (1)], [LT} (12)].
O

Now we state the propositions:

(12) Let us consider a Lipschitzian bilinear operator f from E x F into G,
a point z of EXF, a point dy of E, and a point dy of F'. Then f'(2)(dy,dz2) =
(partdiff (f, z) w.r.t. 1)(dy )+ (partdiff (f, z) w.r.t. 2)(dz2). The theorem is a con-
sequence of (11) and (4).

(13) Let us consider a Lipschitzian bilinear operator f from E x F into G.
Then

(i) for every points 21, 20 of E x F, f'(21 + 22) = f(21) + f'(22), and
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(i) for every point z of E x F and for every real number a, f'(a-z) =
a- f'(z), and
(iii) for every points z1, 20 of E x F, f'(21 — 22) = f'(21) — ['(22).
The theorem is a consequence of (12), (7), and (8).
(14) Let us consider a Lipschitzian bilinear operator f from F x F' into G,
and a subset Z of EF x F. Suppose Z is open. Then
(i) f is differentiable on Z, and
(ii) f{z is continuous on Z.

ProoF: Consider K being a real number such that 0 < K and for every
point z of E x F', f is differentiable in z and for every point d; of F
and for every point dy of F, f'(2)(d1,d2) = f(d1,(2)2) + f((2)1,d2) and
£/ (2)|| < K -||z]. Set g1 = f{;. For every point to of E x F' and for every
real number r such that {g € Z and 0 < r there exists a real number s
such that 0 < s and for every point t; of £ x F such that t; € Z and
2 — toll < s holds [lgu s, — g e, | < 7 by (13), [13, (4)). O

3. HIGHER-ORDER DERIVATIVES AND SPECIAL PROPERTIES

Now we state the propositions:
(15) Let us consider a Lipschitzian bilinear operator f from E x F into G.
Then

(i) foExF is Lipschitzian linear operator from E x F' into the real norm

space of bounded linear operators from E x F into G, differentiable
on Qg r, and continuous on the carrier of £ x F, and

(ii) for every point z of E x F, (fiq, ) (?) = flag, »-
The theorem is a consequence of (14), (13), and (11).
(16) Let us consider a Lipschitzian linear operator L from E into F'. Then
() L'(2)(0) = L, and
(ii) L/(2e)(1) = Qg+ L, and
(iii) L'(Qg)(2) = Qg — (g +— (Qp — 0F)), and
(iv) L'(Qg)(3
PROOF: For every object z such that z € dom L},  holds Lig (2) =
L by [7, (26)]. For every object z such that z € dom(L}q, )}, holds
(Lo )ap(2) = Qp — (Qr —— 0p) by [8, (33)]. Reconsider Ly =
L'(Qg)(2) as a partial function from E to the real norm space of bo-

unded linear operators from F into the real norm space of bounded linear
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operators from FE into F. For every object z such that z € dom Ll/rQE
holds LI/[QE<Z) =Qp+— (Qp— (Qr — 0p)) by [8 (33)]. O

(17) Let us consider a natural number i. Then Ogyg ,(petn p) = Qg —
Odiftsp (Ei,F)-

Let us consider a Lipschitzian linear operator L from E into F' and a natural
number ¢. Now we state the propositions:

(18) diffq,, (Lyi+2)=Qp+— Odiﬁsp(E(i+2),F)'
PRrOOF: Define P[natural number] = diffo,, (L, $142) = Qp — Oy, (pes1+2) p)-
P[0] by [6, (7), (10)], [IT7, (31)], (16). For every natural number i such that
Pli] holds P[i + 1] by [18, (13), (8)], [8 (33)], [6, (10), (13)]. For every
natural number ¢, P[i] from [II, Sch. 2]. O

(19) (i) diffq,(L,i+ 1) is differentiable on Qf, and

(iif) diffq,(L,i+ 1)|q, is continuous on Qp.

PROOF: Define P[natural number| = diffq, (L, $; + 1) is differentiable on
Qp and difoE (L, $1+ 1)/FQE =QOp+— 0diffsp(E<$1+2),F) and difoE (L, $1+
1)iq, is continuous on Q. P[0] by [6, (7), (10)], [I7, (31)], (16). For every
natural number ¢ such that P[i] holds P[i + 1] by [6, (13)], [18, (13), (8)],
[8, (33)]. For every natural number ¢, P[i] from [IJ, Sch. 2]. O

(20) (i) diffq,(L,%) is differentiable on Q, and

(ii) diffa,(L,i)}q,, is continuous on Q.
The theorem is a consequence of (16) and (19).
Now we state the proposition:

(21) Let us consider a Lipschitzian bilinear operator B from E x F' into G,
and a natural number ¢. Then

(i) diffq,, .(B,1) is differentiable on Qg F, and
(ii) diffa,, »(B,1)}q,, . is continuous on Qpxp.

PROOF: Reconsider L = B,FQExF as a Lipschitzian linear operator from £ x
F into the real norm space of bounded linear operators from E x F' into G.
Set G1 = the real norm space of bounded linear operators from F x F' into
G. Define Plnatural number] = diffg,,, . (B,$1 + 1) = diffq,,, (L, $1) and
diffsp((E x F)$HY G) = diffsp((E x F)*,Gy). PJ0] by [6, (11), (7)].
For every natural number n such that P[n] holds P[n + 1] by [6l (10),
(13)]. For every natural number n, P[n| from [I, Sch. 2]. O
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