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Formal Languages — Concatenation and
Closure

Michat Trybulec
Motorola Software Group
Cracow, Poland

Summary. Formal languages are introduced as subsets of the set of all
0-based finite sequences over a given set (the alphabet). Concatenation, the n-th
power and closure are defined and their properties are shown. Finally, it is shown
that the closure of the alphabet (understood here as the language of words of
length 1) equals to the set of all words over that alphabet, and that the alphabet
is the minimal set with this property. Notation and terminology were taken from
[5] and [13].

MML identifier: FLANG_1, version: 7.8.04 4.81.962

The terminology and notation used here are introduced in the following articles:

[10], [4], [11], 8], [9], [2], [14], [3], [1], [6], [12], and [7].

1. PRELIMINARIES

For simplicity, we follow the rules: E is a set, z is a set, A, B, C, D are
subsets of £, a, b, ¢ are elements of £, e is an element of E, i, n, ny, no, m
are natural numbers, and p, q, 71, ro are real numbers.

Let us consider E, a, b. Then a ~ b is an element of E%.

Let us consider E. Then () is an element of E“.

Let E be a non empty set and let e be an element of E. Then (e) is an
element of E“.

Let us consider E, a. Then {a} is a subset of E¥.

Let us consider E, let f be a function from N into 2¥“, and let us consider
n. Then f(n) is a subset of E“.

One can prove the following propositions:
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If {z} € X, then {z} misses X.

If ny > 1 or no > 1, then nq +mno > 1.

n>0iln>1.

Ifri +p<ro+gqandp>gq, then ri <rs.

If ny +n<no+1and n >0, then ny < ns.
ny+ng=1iff ny=1and no =0or n; =0 and ny = 1.
a~b=(zr)iffa=()pand b= (z) or b= () and a = ().

For all finite 0-sequences p, ¢ such that a = p ™ ¢ holds p is an element

of E¥ and ¢ is an element of E“.

If (x) is an element of E¥, then = € E.
If lenb = n + 1, then there exist ¢, e such that lenc =n and b = ¢~ (e).

If a ™ a=a, then a = 0.

2. CONCATENATION OF LANGUAGES

Let us consider E, A, B. The functor A — B yields a subset of £“ and is

defined by:

(Def. 1) 2z € A~ B iff there exist a, b such that a € A and b € B and x =a " b.
The following propositions are true:

(12) A-B=0if A=0or B=10.

(13) A~ {0g}=Aand {5} ~ A= 4.

(14) A~ B={()g}iff A={()p}and B={{)z}.

(15) ()pec AT Biff )y € Aand () € B.

(16) If )y B,then ACA™ Band AC B~ A.

(17) fACCand BC D,then A~ BCC ™ D.

(18) (A B)"C=A"(B™Q0).

(19) A= (BNC)C(A™B)N(A™C)and (BNC)TAC (BT A)N(C™A).
(200 ATBUATC=A"(BUC)and BT AUC T A=(BUC)™ A
(21) A-B\ATCCA™ (B\C)and BT A\CTAC(B\C) ™ A
(22) A" B-ATCCA™ (B=C)and B~ A-C~ AC (B=-C) " A

3. n-TH POWER OF A LANGUAGE

Let us consider E, A, n. The functor A™ yields a subset of E“ and is defined

by:
(Def. 2)

There exists a function ¢; from N into 2¥° such that A" = ¢;(n) and

c1(0) = {() g} and for every ¢ holds ¢ (i + 1) = ¢1 (i) — A.
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Next we state a number of propositions:
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AL = (A™) AL
A= ()}

Al = A.

A= A" A.

If n > 1, then (0ge)" = 0.

06 = {05}

A= (i =0 or A= {{) 4}

If () € A, then (), € A".
(A") " A=A" A"

AT = (A™) T A"

(A™)" = Amn,

If (), € Aand n >0, then A C A™.

If ), € Aand n >0 and m > n, then A" C A™.
If A C B, then A" C B".

A"UB" C (AUB)".

(ANB)" C A"n B".

Ifa € C"™ and b€ C", then a ™ b € C™",

4. CLOSURE OF A LANGUAGE

Let us consider E, A. The functor A* yielding a subset of E“ is defined as

follows:

(Def. 3)

A =\{B:V, B=A"}.

The following propositions are true:
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x € A* iff there exists n such that z € A",
A C A*.

If x € A, then x € A*.

AC A*

AT AC A"

Ifae C*and b e C*, then a ™ b € C*.
IfACC*and BC C*, then A~ B C C*.
A ={(p}if A=0or A={()g}.
(g € A

If A* = {z}, then z = ().

If v € A" thenz € (A*) " Aandz € A~ A*.
Ifxe(A*) " Aorxe A~ A*, then z € A*.
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(52) If (), € A, then A* = (A*) ™ Aand A* = A~ A"
(63) If () € A, then A* = (A*) = A" and A* = (4") — A*.
(34) A* = {(}g}UA~ A" and A° = {{) 5} U (A") ~ A
(65) AT A*=(A") " A

(56) (A™) ™ A* = (A*) ~ A™.

(57) If AC B*, then A" C B*.

(58) If A C B*, then A* C B*.

(59) If AC B, then A* C B*.

(60) (A*)" = A"

(61) (A*) ™ A* = A*.

(62) (A™)* C A*.

(63) (A*)" C A*.

(64) If n >0, then (A*)" = A*.

(65) It A C B*, then B* = (BU A)".

(66) If a € A*, then A* = (AU {a})".

(67 A" =(A\ {0 g})"

(68) A*UB*C (AUB)".

(69) (AN B)* C A*N B,

(70) (z) € A* iff (x) € A.

5. ALPHABET AS A LANGUAGE

Let us consider F. The functor Lex E' yielding a subset of E“ is defined by:

(Def. 4) z € Lex E iff there exists e such that e € E and x = (e).

Next we state three propositions:

(71) a € (Lex E)*™.
(72) (LexE)" = E~.
(73) It A* = E¥, then Lex E C A.
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