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Irrationality of e
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Summary. We prove the irrationality of square roots of prime numbers
and of the number e. In order to be able to prove the last, a proof is given that
number_e = exp(1l) as defined in the Mizar library, that is that

: 1, ~=1
Jm (" =2 g
k=0
MML Identifier: IRRAT_1.

The articles [2], [3], [4], [18], [14], [1], [6], [13], [15], [8], [7], [20], [12], [5], [10],
[11], [9], [16], [21], [17], and [19] provide the notation and terminology for this
paper.

1. SQUARE R0OOTS OF PRIMES ARE IRRATIONAL

For simplicity, we follow the rules: k, n, p, K, N are natural numbers, z, ¥,
ey are real numbers, s1, sg, s3 are sequences of real numbers, and s4 is a finite
sequence of elements of R.

Let us consider z. We introduce z is irrational as an antonym of x is rational.

Let us consider x, y. We introduce x¥ as a synonym of z¥.

One can prove the following two propositions:

(1) If p is prime, then ,/p is irrational.
(2) There exist x, y such that x is irrational and y is irrational and z¥ is
rational.
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2. A PROOF THAT e =c¢

The scheme LambdaRealSeq deals with a unary functor F yielding a real
number, and states that:
There exists s; such that for every n holds s;(n) = F(n) and for
all s2, s3 such that for every n holds sa2(n) = F(n) and for every
n holds s3(n) = F(n) holds sy = s3
for all values of the parameter.
Let us consider k. The functor a; is a sequence of real numbers and is defined
by:
(Def. 1) For every n holds ay(n) = 2=£.
Let us consider k. The functor by, is a sequence of real numbers and is defined
by:
(Def. 2)  For every n holds by(n) = (}) - n™".
Let us consider n. The functor c,, is a sequence of real numbers and is defined
as follows:
(Def. 3) For every k holds ¢, (k) = (}) -n™".
Next we state the proposition
(3) cn(k) =Dbg(n).
The sequence d of real numbers is defined as follows:
(Def. 4)  For every n holds d(n) = (1+ 2)".
The sequence e of real numbers is defined as follows:
(Def. 5) For every k holds e(k) = Z.
We now state a number of propositions:
(4) Ifn >0, then n~ -+ = %
(5) For all real numbers z, y, z, v, w such that y # 0 and z # 0 and v # 0
andw;éOholdsw%:w L

z oy
If n > 0, then bgy1(n) =

(6)
(7) -bi(n) - ag(n).
(8) Ifn >0, then ag(n) =1— %.
(9)
10)

=
~ |-
=

n
ay, is convergent and lim(ag) = 1.

For every s; such that for every n holds s;(n) = 2 holds s; is convergent
and lim s1 = .
For every n such that n > 0 holds by(n) = 1.

by, is convergent and lim(by) = Z; and lim(by) = e(k).

(11)
(13)
(14) If k < n, then 0 < ax(n) and ag(n) < 1.
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(15) Ifn >0, then 0 < bi(n) and by(n) < & and bg(n) < e(k) and 0 < ¢, (k)
and ¢, (k) < & and ¢, (k) < e(k).

(16) For every s; such that s; T 1 is summable holds s; is summable and
Yos1=51(0)+ > (s1 T1).

(17) For every s4 such that lensy =mn and 1 < k and k < n holds (s4)|1(k) =
sq(k+1).

(18) For every s4 such that lensy > 0 holds Y~ s4 = s4(1) + > ((s4)11)-

(19) Let given n and given si, s4. Suppose lenss = n and for every k such
that k£ < n holds s1(k) = s4(k + 1) and for every k such that k > n holds
s1(k) = 0. Then s is summable and Y s1 = ) s4.

(20) If z # 0 and y # 0 and k < n, then ((5)2%", ..., (1)a"y")(k + 1) =
n n—k k
(o) =" 7* -y,
(21) Ifn> 0 and k < n, then c, (k) = (() 0Ly (1)) (k + 1).
(22) Ifn > 0, then ¢, is summable and > (c,) = (1+ %)" and Y (c,) = d(n).
(23) d is convergent and limd = e.
(24)
(25)

e is summable and ) e =exp 1.

Let given K and d; be a sequence of real numbers. If for every n
holds di(n) = (3 _n_g(cn)(@))ken(K), then d; is convergent and limd; =

(2 =0 €(@))ren(K).

(26) If s1 is convergent and lims; = x, then for every e; such that e; > 0
there exists N such that for every n such that n > N holds s1(n) > z—ey.

(27) Suppose that
(i)  for every e; such that e; > 0 there exists N such that for every n such
that n > N holds s1(n) > z — e1, and
(ii)  there exists N such that for every n such that n > N holds s1(n) < z.
Then s; is convergent and lim s; = .

(28) If s1 is summable, then for every e; such that e; > 0 there exists K such

that (3 q_o(s1)(@))xen(K) >3 51 —e1.
(29) Ifn>1, thend(n) <> e.
(30) If s; is summable and for every k holds si(k) > 0, then > s1 >

(Xa=o(51)(@))ren(K).
(31) d is convergent and limd = ) e.

e can be characterized by the condition:
(Def. 6) e=>e.
e can be characterized by the condition:

(Def. 7) e=expl.
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3. THE NUMBER e IS IRRATIONAL

We now state a number of propositions:

(32) If x is rational, then there exists n such that n > 2 and n! - z is integer.
(33) n!-e(k)="H.
(34) ©>o.
(35) If s is summable and for every n holds s1(n) > 0, then > s; > 0.
(36) n!->(eT(n+1))>0.
(37) If k <mn, then Z—,‘ is integer.
(38) nl-(>n_pela))ren(n) is integer.
(39) Ifzx= n%rl, then (n++'+1), S Lan
(40) Ifn>0andx:n%_l,thenn!~Z(eT(n+1))<ﬁ.
(41) Ifn)Qandxz%H,thenlf—x<l.
(42) e is irrational.
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