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Summary. Notions of Submodules in Left Module over Associa-
tive Ring and Cosets of Submodules in Left Module over Associative Ring.
A few basic theorems related to these notions are proved. This article
originated as a generalization of the article [12].

MML Identifier: LMOD_2.

The notation and terminology used here are introduced in the following articles:
8], (21, (141, [13), [10], [11], [7], (1], (3], 9], [4], (6], and [5]. For simplicity we
follow a convention: x will be arbitrary, R will be an associative ring, a will
be a scalar of R, V, X, Y will be left modules over R, and u, v, vi, vo will be
vectors of V. Let us consider R, V. A subset of V is a subset of the carrier of
the carrier of V.
In the sequel Vi, V5, V3 will denote subsets of V. Let us consider R, V, V7.
We say that V7 is linearly closed if and only if:
(Def.1)  for all v, u such that v € V; and u € V; holds v + u € Vj and for all a,
v such that v € V] holds a-v € V.

We now state a number of propositions:

(1) If for all v, u such that v € V; and v € V; holds v + u € V; and for all
a, v such that v € V7 holds a - v € Vi, then V; is linearly closed.

(2) If Vi is linearly closed, then for all v, u such that v € V; and v € V3
holds v +u € V.

(3) If V4 is linearly closed, then for all a, v such that v € Vj holds a-v € V;.
(4) If V; # () and V; is linearly closed, then Oy € V;.
(5)  If V4 is linearly closed, then for every v such that v € V; holds —v € V4.
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(6) If Vi is linearly closed, then for all v, u such that v € V; and u € V;
holds v — u € Vj.

(7)  {Oy} is linearly closed.
(8) If the carrier of the carrier of V' = V7, then V; is linearly closed.

(9) If V; is linearly closed and V5 is linearly closed and V3 = {v +u : v €
Vi Au € Va}, then Vi is linearly closed.
(10)  If V4 is linearly closed and V5 is linearly closed, then Vi N V5 is linearly
closed.

Let us consider R, V. A left module over R is called a submodule of V if:

(Def.2)  the carrier of the carrier of it C the carrier of the carrier of V and the

zero of the carrier of it = the zero of the carrier of V and the addition of
the carrier of it = (the addition of the carrier of V) | | the carrier of the
carrier of it, the carrier of the carrier of it | and the left multiplication
of it = (the left multiplication of V') | | the carrier of R, the carrier of
the carrier of it .

We now state the proposition

(11) If the carrier of the carrier of X C the carrier of the carrier of V
and the zero of the carrier of X = the zero of the carrier of V' and the
addition of the carrier of X = (the addition of the carrier of V') | | the
carrier of the carrier of X, the carrier of the carrier of X | and the left
multiplication of X = (the left multiplication of V') | [ the carrier of R,
the carrier of the carrier of X ], then X is a submodule of V.

We follow a convention: W, Wi, Wy denote submodules of V' and w, wi, ws
denote vectors of W. The following propositions are true:

(12)  The carrier of the carrier of W C the carrier of the carrier of V.
(13)  The zero of the carrier of W = the zero of the carrier of V.

(14)  The addition of the carrier of W = (the addition of the carrier of V') [ |
the carrier of the carrier of W, the carrier of the carrier of W .

(15)  The left multiplication of W = (the left multiplication of V) | [ the
carrier of R, the carrier of the carrier of W .

If x € W7 and W7 is a submodule of Wy, then z € Ws.

—_
D

17 If x € W, then x € V.
18 w is a vector of V.

19 Ow = Oy.

20 Ow, = Ow,.

If wq = v and wy = u, then wy + we = v + u.
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If w=w, thena-w=a-wv.
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w

If w = v, then —v = —w.
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If wqy = v and wy = u, then wq — w9 = v — u.
Oy e W.
@W1€W2.
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Ow e V.

IfueW andv e W, then u4+v e W.

IfveW,thena-veW.

IfveW, then —v e W.

fueW and v e W, then u —v e W.

V' is a submodule of V.

If V is a submodule of X and X is a submodule of V', then V = X.

If V is a submodule of X and X is a submodule of Y, then V is a
submodule of Y.

(35) If the carrier of the carrier of W C the carrier of the carrier of W,
then W7 is a submodule of Ws.

(36) If for every v such that v € W7 holds v € Wy, then W7 is a submodule
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of WQ.
(37) If the carrier of the carrier of W; = the carrier of the carrier of W,
then W7 = Wa.

(38) If for every v holds v € W if and only if v € Wy, then Wy = Ws.

(39) If the carrier of the carrier of W = the carrier of the carrier of V,
then W = V.

(40)  If for every v holds v € W, then W = V.
(41) If the carrier of the carrier of W = Vj, then V; is linearly closed.

(42) It V4 # () and V; is linearly closed, then there exists W such that V; =
the carrier of the carrier of W.

Let us consider R, V. The functor 0y yields a submodule of V' and is defined
as follows:

(Def.3)  the carrier of the carrier of Oy = {Oy }.
Let us consider R, V. The functor {2y yielding a submodule of V is defined
by:
(Defd) Qy =1V.
The following propositions are true:
43)  The carrier of the carrier of Oy = {Oy }.

44)  If the carrier of the carrier of W = {©y}, then W = 0y.
45 Qy =V.
46 x € Oy if and only if x = Oy.
47 Oy = Oy.
Ow, = Oy,

Oy is a submodule of V.
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0y is a submodule of W.
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Oy, is a submodule of Ws.
W is a submodule of Qy .
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V' is a submodule of Q.
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Let us consider R, V', v, W. The functor v + W yields a subset of V and is
defined by:

(Det.5)

v+W={v4+u:ue W}

Let us consider R, V, W. A subset of V is said to be a coset of W if:

(Def.6)

there exists v such that it = v+ W.

In the sequel B, C are cosets of W. One can prove the following propositions:
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v+W={v4+u:ue W}

There exists v such that C = v+ W.

If Vi =v+ W, then V; is a coset of W.

x € v+ W if and only if there exists u such that v € W and x = v + u.
Oy € v+ W if and only if v € W.

vev+ W.

Oy + W = the carrier of the carrier of W.

v+ 0y = {’U}

v + Qy = the carrier of the carrier of V.

Oy € v+ W if and only if v + W = the carrier of the carrier of W.

v € W if and only if v + W = the carrier of the carrier of W.

If v e W, then a-v+ W = the carrier of the carrier of W.
ueWifandonlyifv+W =v+u+W.
ueWifandonly if v+ W = (v —u) + W.

veu+ W ifand only ifu+ W =v+ W.
fuevi+Wandu€uvg+ W, thenvy + W =wvy +W.
IfveW,thena-vev+ W.

IfveW, then —vev+W.

u+v€v+ W if and only if u € W.

v—u € v+ W if and only if u € W.

u € v+ W if and only if there exists v such that v1 € W and u = v+wv;.
u € v+ W if and only if there exists v such that v1 € W and u = v—wvy.
There exists v such that v; € v + W and vo € v+ W if and only if

v, — v € W.

If v+ W = u+ W, then there exists v1 such that v; € W and v+v; = .
If v+ W = u+ W, then there exists v1 such that v; € W and v—v; = .
v+ Wy =v+ Wy if and only if W, = Wa.

If v+ Wy =u+ Wy, then Wy = Ws.

In the sequel C; denotes a coset of W7 and Cy denotes a coset of W5. Next
we state a number of propositions:

(81)
(82)
(83)

There exists C' such that v € C.
C is linearly closed if and only if C' = the carrier of the carrier of W.
If Cl = 02, then W1 = WQ.
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{v} is a coset of Oy .
If V7 is a coset of Oy, then there exists v such that Vi = {v}.
The carrier of the carrier of W is a coset of W.

oo Q0
N

The carrier of the carrier of V is a coset of 2y,.

Qo
co

If V7 is a coset of Qy/, then V7 = the carrier of the carrier of V.

Oy € C if and only if C = the carrier of the carrier of W.

u e Cifand only if C=u+ W.

Ifu € C and v € C, then there exists v such that v; € W and u+v; = v.
Ifu € Cand v € C, then there exists vq such that v; € W and u—v; = v.
There exists C' such that v1 € C' and vo € C if and only if v1 — vy € W.
If we Band u € C, then B=C.
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