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Summary. A continuation of the paper [8]. It deals with the
method of creation of the distance in the Cartesian product of metric
spaces. The distance of two points belonging to the Cartesian product
of metric spaces has been defined as the sum of distances of appriopriate
coordinates (or projections) of these points. It is shown that the product
of metric spaces with such a distance is a metric space.

MML Identifier: METRIC_3.

The articles [7], [12], [4], [5], [2], [6], [1], [9], [3], [8], [11], and [10] provide the
notation and terminology for this paper. We follow the rules: X, Y will denote
metric spaces, x1, Y1, 21 will denote elements of the carrier of X, and xs, ys, 22
will denote elements of the carrier of Y. The scheme LambdaMCART concerns
a non-empty set A, a non-empty set B, a non-empty set C, and a 4-ary functor
F yielding an element of C and states that:

there exists a function f from [[.A, B], [.A, B]] into C such that for all
elements 1, y; of A and for all elements xo, yo of B and for all elements
z, y of [ A, B] such that z = (x1,22) and y = (y1,y2) holds f({z,y)) =
F(x1,y1, %2, y2)
for all values of the parameters.

Let us consider X, Y. The functor pX*Y yielding a function from }| the
carrier of X, the carrier of Y |, [ the carrier of X, the carrier of Y ]{ into R is
defined by:

(Def.1)  for all elements x1, y; of the carrier of X and for all elements z2, yo
of the carrier of Y and for all elements x, y of | the carrier of X, the
carrier of Y ] such that 2 = (x1,22) and y = (y1,y2) holds p**¥ (z,
y) = plx1,y1) + p(22, y2)-

The following proposition is true
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(1) Let X be a metric space. Let Y be a metric space. Let F' be a function
from [ [ the carrier of X, the carrier of Y ], [ the carrier of X, the carrier
of Y]] into R. Then F = p**¥ if and only if for all elements z1, y;
of the carrier of X and for all elements x5, yo of the carrier of Y and
for all elements z, y of [ the carrier of X, the carrier of Y | such that
z = (r1,22) and y = (y1,y2) holds F(z, y) = p(x1,91) + p(22,2)-

One can prove the following proposition

(2)  For all elements a, b of R such that a+b =0 and 0 < a and 0 < b holds
a=0andb=0.

We now state four propositions:

(3)  For every metric space M and for all elements a, b of the carrier of M
holds p(a,b) = 0 if and only if a = b.

(5)2 For all elements z, y of | the carrier of X, the carrier of Y ] such that
x = (r1,22) and y = (y1,y2) holds pX*¥ (z, y) = 0 if and only if z = y.

(6) For all elements z, y of | the carrier of X, the carrier of Y ] such that
@ = (x1,22) and y = (y1,y2) holds p* Y (z, y) = p* ¥ (y, z).

(7)  For all elements z, y, z of [ the carrier of X, the carrier of Y ] such
that 2 = (z1,22) and y = (y1,%2) and z = (21, 29) holds pX*¥ (z, 2) <
P (@, y) + o (y, 2).

Let us consider X, Y, and let x, y be elements of | the carrier of X, the

carrier of Y . The functor p(x,y) yielding a real number is defined as follows:

(Def.2)  p(z,y) = p* Y (2, ).

We now state the proposition
(8) For all elements z, y of [ the carrier of X, the carrier of Y ] holds
p(a,y) = p* Y (2, y).
Let X, Y be metric spaces. The functor | X, Y | yields a metric space and
is defined as follows:

(Def.3) [ X, Y ]={(} the carrier of X, the carrier of Y ], pX*Y¥).

One can prove the following proposition

(9)  For every metric space X and for every metric space Y holds ([ the
carrier of X, the carrier of Y {, pX XY> is a metric space.

In the sequel Z will denote a metric space and z3, y3, z3 will denote elements
of the carrier of Z. The scheme LambdaMCART1 deals with a non-empty set A,
a non-empty set B, a non-empty set C, a non-empty set D, and a 6-ary functor
F yielding an element of D and states that:

there exists a function f from [[.A, B, C], [ A, B, C{] into D such that for
all elements 1, y; of A and for all elements x5, yo of B and for all elements x5,
y3 of C and for all elements x, y of [ A, B, C{ such that x = (x1,22,x3) and

y = (y1,y2,y3) holds f({z,y)) = F(z1,y1, 72, Y2, T3, Y3)
for all values of the parameters.

2The proposition (4) was either repeated or obvious.
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Let us consider X, Y, Z. The functor p*X*¥*Z yielding a function from f |
the carrier of X, the carrier of Y, the carrier of Z ], | the carrier of X, the
carrier of Y, the carrier of Z]] into R is defined by:

(Def.4)  Let z1, y1 be elements of the carrier of X. Let x2, y2 be elements of
the carrier of Y. Then for all elements x3, y3 of the carrier of Z and
for all elements x, y of | the carrier of X, the carrier of Y, the carrier
of Z] such that = (x1,72,23) and y = (y1,y2,y3) holds p**¥*Z(x
y) = p(w1,y1) + p(r2,92) + (23, Y3)-

Next we state four propositions:

)

(10) Let X be a metric space. Let Y be a metric space. Let Z be a metric
space. Let F' be a function from [} the carrier of X, the carrier of Y,
the carrier of Z{, [ the carrier of X, the carrier of Y, the carrier of Z {]
into R. Then F = pX*Y*Z if and only if for all elements 1, y; of the
carrier of X and for all elements x5, yo of the carrier of Y and for all
elements 3, ys of the carrier of Z and for all elements z, y of [ the
carrier of X, the carrier of Y, the carrier of Z ] such that x = (x1, x2, z3)
and y = (y1,¥2,y3) holds F(z, y) = p(x1,91) + p(2,y2) + p(x3,ys3)-

(12)3 For all elements x, y of | the carrier of X, the carrier of Y, the carrier
of Z] such that x = (21,72, 23) and y = (y1,v2,y3) holds p* ¥ *Z(x,
y) =0 if and only if x = y.

(13)  For all elements x, y of | the carrier of X, the carrier of Y, the carrier
of Z] such that = = (x1,22,23) and y = (y1,%2,y3) holds pX*¥>*Z(x,
y) =p Ty, @).

(14) Let x, y, z be elements of | the carrier of X, the carrier of Y, the carrier
of Z]. Then if x = (1, z2,23) and y = (y1,y2,y3) and z = (z1, 22, 23),
then prYxZ(l,, z) < pX><Y><Z($’ y) _|_pX><Y><Z(y, Z).

Let X, Y, Z be metric spaces. The functor | X, Y, Z ] yields a metric space
and is defined by:

(Def.5)  [X,Y,Z] = (} the carrier of X, the carrier of Y, the carrier of
7 :], pX><Y><Z>'

Let us consider X, Y, Z, and let z, y be elements of [ the carrier of X, the

carrier of Y, the carrier of Z]. The functor p(x,y) yielding a real number is
defined by:

(Def.6)  p(z,y) = p* ¥ *7(z, y).

The following propositions are true:
(15)  For all elements x, y of [ the carrier of X, the carrier of Y, the carrier
of Z ] holds p(x,y) = p**¥*%(z, y).

(16)  For every metric space X and for every metric space Y and for every
metric space Z holds (| the carrier of X, the carrier of Y, the carrier of
Z ], pX*¥Y*Z) is a metric space.

3The proposition (11) was either repeated or obvious.
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In the sequel W is a metric space and x4, Y4, 24 are elements of the carrier of
W. The scheme LambdaMCART2 deals with a non-empty set A, a non-empty
set B, a non-empty set C, a non-empty set D, a non-empty set £, and a 8-ary
functor F yielding an element of £ and states that:

there exists a function f from [[.A, B,C, D], [A, B,C, D]] into £ such
that for all elements x1, y; of A and for all elements xo, yo of B and for all
elements z3, y3 of C and for all elements x4, y4 of D and for all elements x,
y of [ A, B, C, D] such that x = (x1,x2,23,24) and y = (y1, Y2, y3,y4) holds
f((l’, y)) = f(mb Y1,22,Y2,23,Y3, T4, y4)
for all values of the parameters.

Let us consider X, Y, Z, W. The functor pX*Y*Z*W yielding a function
from [} the carrier of X, the carrier of Y, the carrier of Z, the carrier of W,
b the carrier of X, the carrier of Y, the carrier of Z, the carrier of W {] into R
is defined as follows:

(Def.7)  Let z1, y1 be elements of the carrier of X. Let za, y2 be elements

of the carrier of Y. Let x3, y3 be elements of the carrier of Z. Let
x4, yYs be elements of the carrier of W. Then for all elements z, y of |
the carrier of X, the carrier of Y, the carrier of Z, the carrier of W]
such that x = (21, 72,23, 24) and y = (y1, y2, y3, ya) holds pX XY *ZxW (g

y) = p(z1,91) + p(w2,y2) + (p(73,y3) + p(T4,Y4))-

The following propositions are true:

(17)  Let X be a metric space. Let Y be a metric space. Let Z be a metric
space. Let W be a metric space. Let F be a function from | [ the carrier
of X, the carrier of Y, the carrier of Z, the carrier of W, | the carrier
of X, the carrier of Y, the carrier of Z, the carrier of W {] into R. Then
F = pXXYxZxWif and only if for all elements x1, y; of the carrier of X
and for all elements xo, yo of the carrier of Y and for all elements x3, ys3
of the carrier of Z and for all elements x4, y4 of the carrier of W and for
all elements x, y of [ the carrier of X, the carrier of Y, the carrier of Z,
the carrier of W { such that © = (z1,z9,23,24) and y = (y1,v2,Y3, Y4)
holds F(z, y) = p(x1,41) + p(x2,92) + (p(@3,y3) + p(w4,y4))-

(19)* For all elements z, y of [ the carrier of X, the carrier of Y, the carrier of
Z, the carrier of W ] such that = (1, z2, z3, z4) and y = (y1, Y2, Y3, y4)
holds pX*Y*ZxW (2 ) = 0 if and only if 2 = y.

(20)  For all elements z, y of [ the carrier of X, the carrier of Y, the carrier of
Z, the carrier of W ] such that = (1, z2, z3, 24) and y = (y1, Y2, Y3, y4)
holds prYxeW(x, y) — pX><Y><Z><W(y, :L‘)

(21) Let z, y, z be elements of [ the carrier of X, the carrier of Y, the carrier
of Z, the carrier of W . Then if & = (21,22, x3,24) and y = (y1, Y2, Y3, Y4)

and z = (21,29, 23,24), then p XY XZxW (g 2) < pXXVXIXW (0 9y 4
pX><Y><Z><W(y, Z).

4The proposition (18) was either repeated or obvious.
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Let X, Y, Z, W be metric spaces. The functor [ X, Y, Z, W] yielding a
metric space is defined as follows:

(Def.8) [X,Y, Z, W= ([ the carrier of X, the carrier of Y, the carrier of Z,
the carrier of W ], pX*YxZxWy,

Let us consider X, Y, Z, W, and let x, y be elements of | the carrier of X,
the carrier of Y, the carrier of Z, the carrier of W ]. The functor p(z,y) yields
a real number and is defined by:

(Def.9)  p(z,y) = p ¥ *2W (g, y).

One can prove the following propositions:

(22)  For all elements x, y of | the carrier of X, the carrier of Y, the carrier
of Z, the carrier of W ] holds p(z,y) = pX*Y*ZW(z, ).

(23)  For every metric space X and for every metric space Y and for every
metric space Z and for every metric space W holds ([ the carrier of X,
the carrier of Y, the carrier of Z, the carrier of W ], pX XY *Z>xW) ig g
metric space.
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Summary. Definitions of pseudometric space, nonsymmetric met-
ric space, semimetric space and ultrametric space are introduced. We
find some relations between these spaces and prove that every ultramet-
ric space is a metric space. We define the relation is between. Moreover
we introduce the notions of the open segment and the closed segment.

MML Identifier: SUB_METR.

The terminology and notation used here are introduced in the following articles:
8], [2], [3], [1], [6], [4], [7], [9], and [5]. One can prove the following propositions:
(1)  For all elements x, y of R such that 0 < z and 0 < y holds max(z,y) <
T+ y.
(2)  For every metric space M and for all elements x, y of the carrier of M
such that = # y holds 0 < p(z,y).
(3)  For every element x of {0} holds x = 0.
(4)  For all elements z, y of {0} such that z = y holds {[0, 0]} — 0(z, y) = 0.
(5)  For all elements z, y of {0} such that z # y holds 0 < {[0,0]} — 0(z,

(6) For all elements x, y of {0} holds {[0,0]} — 0(z, y) = {[0,0]} — 0(y,

(7)  For all elements z, y, z of {0} holds {[0, 0]} — 0(z, z) < {[0,0]} — O(x,
y) +A{[0,0]} = 0(y, 2).

(8)  For all elements x, y, z of {#} holds {[0, 0]} — 0(z, z) < max({[0,0]} —
0(z, y),{[0,01} — O(y, 2))-

A metric structure is called a pseudo metric space if:

(Def.1)  for all elements a, b, ¢ of the carrier of it holds if a = b, then p(a,b) =0

but p(a,b) = p(b,a) and p(a,c) < p(a,b) + p(b,c).

Next we state four propositions:

!Supported by RPBP-I11.24.B3
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(10)2  For every pseudo metric space M and for all elements a, b of the carrier
of M such that a = b holds p(a,b) = 0.

(11)  For every pseudo metric space M and for all elements a, b of the carrier
of M holds p(a,b) = p(b,a).
(12)  For every pseudo metric space M and for all elements a, b, ¢ of the
carrier of M holds p(a,c) < p(a,b) + p(b, c).
(13)  For every pseudo metric space M and for all elements a, b of the carrier
of M holds 0 < p(a,b).
A metric structure is said to be a semi metric space if:
(Def.2)  for all elements a, b of the carrier of it holds if a = b, then p(a,b) = 0
but if @ # b, then 0 < p(a,b) and p(a,b) = p(b,a).
One can prove the following four propositions:

(15)% For every semi metric space M and for all elements a, b of the carrier
of M such that a = b holds p(a,b) = 0.

(16)  For every semi metric space M and for all elements a, b of the carrier
of M such that a # b holds 0 < p(a, b).

(17)  For every semi metric space M and for all elements a, b of the carrier
of M holds p(a,b) = p(b,a).
(18)  For every semi metric space M and for all elements a, b of the carrier
of M holds 0 < p(a,b).
A metric structure is called a non-symmetric metric space if:
(Def.3)  for all elements a, b, ¢ of the carrier of it holds if a = b, then p(a,b) =0
but if a # b, then 0 < p(a,b) and p(a,c) < p(a,b) + p(b,c).
One can prove the following four propositions:

(20)* For every non-symmetric metric space M and for all elements a, b of
the carrier of M such that a = b holds p(a,b) = 0.

(21)  For every non-symmetric metric space M and for all elements a, b of
the carrier of M such that a # b holds 0 < p(a, b).

(22)  For every non-symmetric metric space M and for all elements a, b, ¢ of
the carrier of M holds p(a,c) < p(a,b) + p(b, ).

(23)  For every non-symmetric metric space M and for all elements a, b of
the carrier of M holds 0 < p(a,b).

A metric structure is said to be a ultra metric space if:
(Def.4)  for all elements a, b, ¢ of the carrier of it holds if a = b, then p(a,b) =

0 but if @ # b, then 0 < p(a,b) and p(a,b) = p(b,a) and p(a,c) <
max(p(a, b), p(b, c)).

We now state a number of propositions:

2The proposition (9) was either repeated or obvious.
3The proposition (14) was either repeated or obvious.
4The proposition (19) was either repeated or obvious.
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(25)% For every ultra metric space M and for all elements a, b of the carrier
of M such that a = b holds p(a,b) = 0.

(26)  For every ultra metric space M and for all elements a, b of the carrier
of M such that a # b holds 0 < p(a, b).

(27)  For every ultra metric space M and for all elements a, b of the carrier
of M holds p(a,b) = p(b,a).

(28)  For every ultra metric space M and for all elements a, b, c of the carrier
of M holds p(a,c) < max(p(a,b), p(b,c)).

(29)  For every ultra metric space M and for all elements a, b of the carrier
of M holds 0 < p(a,b).

For every metric space M holds M is a pseudo metric space.
For every metric space M holds M is a semi metric space.

N N N N N N N
w w
W N
NN NN NI N

For every metric space M holds M is a non-symmetric metric space.
For every ultra metric space M holds M is a metric space.

w
=~

For every ultra metric space M holds M is a pseudo metric space.
For every ultra metric space M holds M is a semi metric space.

For every ultra metric space M holds M is a non-symmetric metric
space.

In the sequel z, y will be arbitrary. Let us consider z, y. Then {x,y} is a
non-empty set.
The function (22 — 0) from [ {0, {0}}, {0,{0}}] into R is defined by:
(Det.5) (22— 0) = ({0, {0}}, {0,{0}}]+— 0.
Next we state several propositions:
(37) (22— 0)=F{0,{0}}, {0,{0}}]+— 0.
(38)  For every element x of {0, {0}} holds x = 0 or x = {0}.
(39) (i)  (0,0) € £{0,{0}}, {0, {0}},
(i)  (0,{0}) € {0,{0}}, {0,{0}} 1,
(i) ({0},0) € [{0,{0}}, {0,{0}}1,
(iv) ({0} {0}) € ({0.{0}}, {0.{0}}1.
(40)  For all elements z, y of {0, {0} } holds (22 — 0)(z, y) = 0.
(41)  For all elements =, y of {(,{0}} such that = y holds (22 — 0)(z,
y) =0.
(42)  For all elements x, y of {0, {0}} holds (22 — 0)(z, y) = (22 — 0)(y, z).
(43)  For all elements x, y, z of {0, {0}} holds (2% — 0)(z, 2) < (2% — 0)(x,
y)+ (22 = 0)(y, 2).
The pseudo metric space © is defined as follows:
(Def.6) o= ({0,{0}},(2% — 0)).
The following proposition is true

(44) o= ({0,{0}},(2* - 0)).

5The proposition (24) was either repeated or obvious.
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Let S be a metric space, and let p, g, r be elements of the carrier of S. We
say that ¢ is between p and r if and only if:

(Def.7)  p# qand p#r and ¢ # r and p(p,7) = p(p,q) + p(q, 7).

Next we state three propositions:

(47)%  For every metric space S and for all elements p, g, r of the carrier of S
such that ¢ is between p and r holds g is between r and p.

(48)  For every metric space S and for all elements p, ¢,  of the carrier of S
such that g is between p and 7 holds p is not between ¢ and r and 7 is
not between p and gq.

(49)  For every metric space S and for all elements p, ¢, r, s of the carrier
of S such that ¢ is between p and r and r is between p and s holds ¢ is
between p and s and r is between ¢ and s.

Let M be a metric space, and let p, r be elements of the carrier of M. The
functor IntSeg(p, ) yielding a subset of the carrier of M is defined as follows:

(Def.8)  IntSeg(p,r) = {q : ¢ is between p and r }, where ¢ ranges over elements
of the carrier of M.

One can prove the following two propositions:

(50)  For every metric space M and for all elements p, r of the carrier of
M holds IntSeg(p,r) = {q : q is between p and r }, where ¢ ranges over
elements of the carrier of M.

(51)  For every metric space M and for all elements p, r, x of the carrier of
M holds z € IntSeg(p,r) if and only if = is between p and r.

Let M be a metric space, and let p, » be elements of the carrier of M. The
functor ClSeg(p,r) yielding a subset of the carrier of M is defined by:

(Def.9)  ClSeg(p,r) = {q : q is between p and r } U {p,r}, where q ranges over
elements of the carrier of M.

We now state three propositions:

(52)  For every metric space M and for all elements p, r of the carrier of M
holds ClSeg(p, ) = {q : q is between p and r } U {p,r}, where ¢ ranges
over elements of the carrier of M.

(53)  For every metric space M and for all elements p, r, x of the carrier of
M holds x € ClSeg(p,r) if and only if = is between p and r or x = p or
T=r.

(54)  For every metric space M and for all elements p, r of the carrier of M
holds IntSeg(p,r) C ClSeg(p, 7).
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Summary. We introduce the equivalence classes in a pseudometric
space. Next we prove that the set of the equivalence classes forms the
metric space with the special metric defined in the article.

MML Identifier: METRIC_2.

The terminology and notation used here have been introduced in the following
articles: [9], [4], [13], [12], [10], [8], [2], [3], [1], [14], [7], [11], [5], and [6]. Let
M be a metric structure, and let x, y be elements of the carrier of M. The
predicate x = y is defined by:

(Def.1)  p(x,y) =0.
Let M be a metric structure, and let x be an element of the carrier of M.
The functor 2" yielding a subset of the carrier of M is defined as follows:
(Def.2) 29 = {y:x ~y}, where y ranges over elements of the carrier of M.

One can prove the following proposition

(2)? For every M being a metric structure and for every element x of the
carrier of M holds 7 = {y : x =~ y}, where y ranges over elements of the
carrier of M.

Let M be a metric structure. A subset of the carrier of M is called a O-

equivalence class of M if:

(Def.3)  there exists an element x of the carrier of M such that it = xF.

Next we state a number of propositions:

(4)3 For every pseudo metric space M and for every element x of the carrier
of M holds z ~ x.

(5)  For every pseudo metric space M and for all elements x, y of the carrier
of M such that x =~ y holds y =~ x.

!Supported by RPBP-II1.24.B3
2The proposition (1) was either repeated or obvious.
3The proposition (3) was either repeated or obvious.
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(Defd) MP = {s:V, 2" = s}, where s ranges over elements of
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(6) For every pseudo metric space M and for all elements z, y, z of the
carrier of M such that z ~ y and y =~ z holds z =~ z.

(7)  For every pseudo metric space M and for all elements x, y of the carrier
of M holds y € z" if and only if y ~ x.

(8) For every pseudo metric space M and for all elements x, p, ¢ of the
carrier of M such that p € 2™ and ¢ € 2" holds p ~ ¢.

(9) For every pseudo metric space M and for every element z of the carrier
of M holds z € z".

(10)  For every pseudo metric space M and for all elements x, y of the carrier
of M holds z € 3" if and only if y € 2.

(11)  For every pseudo metric space M and for all elements p, x, y of the
carrier of M such that p € 2" and z ~ y holds p € y".

(12)  For every pseudo metric space M and for all elements x, y of the carrier
of M such that y € 2" holds 25 = 4",

(13)  For every pseudo metric space M and for all elements x, y of the carrier
of M holds 2" = 3" if and only if = ~ y.
The following propositions are true:

(14)  For every pseudo metric space M and for all elements x, y of the carrier
of M holds 2P ny™ # 0 if and only if z ~ y.

(15)  For every pseudo metric space M and for every element x of the carrier
of M holds z" is a non-empty set.

(16)  For every pseudo metric space M and for every O-equivalence class V'
of M holds V is a non-empty set.

(17)  For every pseudo metric space M and for all elements x, p, ¢ of the
carrier of M such that p € 2" and ¢ € 2" holds p(p,q) = 0.

(18)  For every metric space M and for all elements x, y of the carrier of M
holds z =~ y if and only if x = y.

(19)  For every metric space M and for all elements x, y of the carrier of M
holds y € 2" if and only if y = .

One can prove the following two propositions:

(20)  For every metric space M and for every element z of the carrier of M
holds z& = {z}.

(21)  For every metric space M and for every subset V' of the carrier of M

holds V is a O-equivalence class of M if and only if there exists an element
x of the carrier of M such that V = {z}.

Let M be a metric structure. The functor M yields a non-empty set and is
defined by:

2the carrier of M
)

and x ranges over elements of the carrier of M.

One can prove the following proposition



ON PSEUDOMETRIC SPACES 207

(22)  For every M being a metric structure holds M= = {s : \/, 2" = s},
where s ranges over elements of 2the carrier of M a1 4 ranges over elements
of the carrier of M.
In the sequel V is arbitrary. The following two propositions are true:

(23)  For every M being a metric structure holds V € M"Y if and only if there

exists an element z of the carrier of M such that V = z5.

(24)  For every M being a metric structure and for every element z of the
carrier of M holds 2™ € M".
We now state the proposition
(26)* For every M being a metric structure holds V € M" if and only if V is
a O-equivalence class of M.
We now state three propositions:

(27)  For every metric space M and for every element x of the carrier of M
holds {z} € M©.

(28)  For every metric space M holds V € M"Y if and only if there exists an
element x of the carrier of M such that V = {x}.

(29)  For every pseudo metric space M and for all elements V, Q of M" and
for all elements p1, p2, q1, g2 of the carrier of M such that p; € V and
q1 € Q and py € V and g2 € Q holds p(p1,q1) = p(p2, ¢2)-

Let M be a pseudo metric space, and let V', ) be elements of MY, and let v

be an element of R. We say that the distance between V and @ is v if and only
if:

(Def.5)  for all elements p, g of the carrier of M such that p € V and ¢ € Q
holds p(p, q) = v.

We now state two propositions:

(31)® For every pseudo metric space M and for all elements V', Q of M™ and
for every element v of R holds the distance between V and @ is v if and
only if there exist elements p, ¢ of the carrier of M such that p € V' and
q € Q and p(p, q) =v.

(32)  For every pseudo metric space M and for all elements V', Q of M" and
for every element v of R holds the distance between V and @ is v if and
only if the distance between @ and V is v.

Let M be a pseudo metric space, and let V, Q be elements of M. The
functor p°(V, Q) yields a subset of R and is defined as follows:

(Det.6)  p°(V,Q) = {v : the distance between V and @ is v }, where v ranges
over elements of R.

The following two propositions are true:

4The proposition (25) was either repeated or obvious.
>The proposition (30) was either repeated or obvious.
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(33)  For every pseudo metric space M and for all elements V', Q of M" holds
p°(V,Q) = {v : the distance between V and @ is v }, where v ranges over
elements of R.

(34)  For every pseudo metric space M and for all elements V, Q of M5 and
for every element v of R holds v € p°(V,Q) if and only if the distance
between V and @ is v.

Let M be a pseudo metric space, and let v be an element of R. The functor
P57 (v) yields a subset of [ MY, MY and is defined as follows:

(Def.7) P 71 (0) = {W : Vy oW = (V,Q)A the distance between V and @Q is
v ]}, where W ranges over elements of | M", MY ], and V, Q range over
elements of MU,

One can prove the following two propositions:

(35)  For every pseudo metric space M and for every element v of R holds
Par Tt () = {W : Vyo[W = (V,Q)A the distance between V and Q is
v ]}, where W ranges over elements of | M", M7 ], and V, Q range over
elements of MU,

(36) For every pseudo metric space M and for every element v of R and
for every element W of | MY, MP] holds W € p5; = (v) if and only if
there exist elements V, Q of M5 such that W = (V, Q) and the distance
between V and Q is v.

Let M be a pseudo metric space. The functor p°(M", M5) yields a subset
of R and is defined by:
(Def.8)  p°(MP, MP) = {v: Vv the distance between V and Q is v }, where
v ranges over elements of R, and V, Q) range over elements of MU.

The following two propositions are true:
(37)  For every pseudo metric space M holds p°(M™, M7) = {v : \/y,o the
distance between V and @ is v }, where v ranges over elements of R, and
V, Q range over elements of M5.
(38) For every pseudo metric space M and for every element v of R holds
v € p°(ME, MP) if and only if there exist elements V', Q of M such that
the distance between V and @ is v.

Let M be a pseudo metric space. The functor dom; p5; yields a subset of
MU and is defined as follows:

(Def.9)  domy p; ={V : VgV, the distance between V and Q is v }, where V
ranges over elements of MY, and @Q ranges over elements of MY, and v
ranges over elements of R.

We now state two propositions:

(39)  For every pseudo metric space M holds dom; p; = {V : VgV, the
distance between V and @ is v }, where V ranges over elements of M",
and Q ranges over elements of M5, and v ranges over elements of R.
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(40)  For every pseudo metric space M and for every element V of M holds
V € dom p5; if and only if there exists an element @ of M and there
exists an element v of R such that the distance between V' and @ is v.

Let M be a pseudo metric space. The functor doms p5; yields a subset of
MU and is defined by:

(Def.10)  domy p5; = {Q : Vy, V,, the distance between V and @Q is v }, where Q
ranges over elements of MY, and V ranges over elements of MY, and v
ranges over elements of R.

One can prove the following two propositions:

(41)  For every pseudo metric space M holds doms p; = {Q : V V, the
distance between V and @ is v }, where @) ranges over elements of MT,
and V ranges over elements of M, and v ranges over elements of R.

(42)  For every pseudo metric space M and for every element @ of M holds
Q € domgy pY; if and only if there exists an element V of MY and there
exists an element v of R such that the distance between V and Q is v.

Let M be a pseudo metric space. The functor dom p5; yielding a subset of
F ME, M ] is defined as follows:
(Def.11)  dom pfy = {V1 : Vy o V,[Vi = (V,Q)A the distance between V and Q

is v |}, where Vi ranges over elements of | MY, M ], and V, Q range over
elements of MU, and v ranges over elements of R.

We now state two propositions:

(43)  For every pseudo metric space M holds dom p%, = {V; : Vvo VolV1 =
(V,Q)A the distance between V and @ is v |}, where V; ranges over
elements of [ MY, MY ] and V, Q range over elements of M", and v
ranges over elements of R.

(44)  For every pseudo metric space M and for every element Vi of [ M,
M" ] holds V; € dom p% if and only if there exist elements V', Q of MUY
and there exists an element v of R such that V3 = (V, Q) and the distance
between V and @ is v.

Let M be a pseudo metric space. The functor graph p%[ yielding a subset of
FME, MP, R] is defined by:
(Def.12)  graphpfy = {Va : Vyg Vo [Va = (V,Q,v)A the distance between V and
Q is v ]}, where V3 ranges over elements of [ MY, M", R}, and V, Q range
over elements of M5, and v ranges over elements of R.
The following propositions are true:

(45)  For every pseudo metric space M holds graph pf; = {Va : Vvo VoV =
(V,Q,v)A\ the distance between V and @ is v |}, where Vy ranges over
elements of | MY, MY, R ], and V, Q range over elements of M", and v
ranges over elements of R.

(46)  For every pseudo metric space M and for every element Vs of [ M,
MY, R] holds V € graph p; if and only if there exist elements V, @ of
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MU and there exists an element v of R such that Vo = (V, Q,v) and the
distance between V and @ is v.

(47)  For every pseudo metric space M holds dom; p5; = doms p}.

(48)  For every pseudo metric space M holds graph p, C [ dom; p5;, doms p%;,
p°(M°, M) 4.

(49)  Let M be a pseudo metric space. Then for all elements V, Q of MP
and for all elements p1, q1, p2, g2 of the carrier of M and for all elements
vy, vy of R such that p; € V and ¢ € Q and p(p1,q1) = v1 and ps € V
and g2 € Q and p(p2, q2) = v holds vy = vs.

The following two propositions are true:

(50)  For every pseudo metric space M and for all elements V, Q of M" and
for all elements v1, vo of R such that the distance between V and @ is v
and the distance between V and @ is vg holds v1 = vs.

(52)% For every pseudo metric space M and for every elements V', Q of M"
there exists an element v of R such that the distance between V' and @ is
.

Let M be a pseudo metric space. The functor p5; yielding a function from
FMP, MP] into R is defined as follows:

(Def.13)  for all elements V, Q of M" and for all elements p, g of the carrier of
M such that p € V and ¢ € Q holds p5,(V, Q) = p(p, ).
One can prove the following propositions:

(53)  For every pseudo metric space M and for every function F from [ M,
M"] into R holds F' = pY}; if and only if for all elements V, @ of M" and
for all elements p, q of the carrier of M such that p € V and ¢ € Q holds

F(V, Q)= p(p,q).
(54)  For every pseudo metric space M and for all elements V', Q of M" holds
5 (V, Q) = 0 if and only if V = Q.
(55)  For every pseudo metric space M and for all elements V', Q of M" holds
PV, Q) = o5 (@, V).
(56)  For every pseudo metric space M and for all elements V', Q, W of M
holds pf, (V, W) < p(V, Q) + p (Q, W).
Let M be a pseudo metric space. The functor M g yields a metric space and
is defined as follows:
(Def.14) Mg = (M7, p).
We now state the proposition
(57)  For every pseudo metric space M holds Mg = (M 0o,
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Summary. Definitions and properties of the following concepts:
root, real exponent and logarithm. Also the number e is defined.

MML Identifier: POWER.

The papers [11], [2], [9], [1], [7], [5], [6], [13], [12], [4], [3], [8], and [10] provide
the notation and terminology for this paper. For simplicity we follow the rules:
a, b, ¢, d denote real numbers, m, n, my, mo denote natural numbers, k, [
denote integers, and p denotes a rational number. One can prove the following
propositions:

(1)  If there exists m such that n = 2-m, then (—a){ = al.

(2)  If there exists m such that n =2-m + 1, then (—a){ = —ag.

(3) If a > 0 or there exists m such that n = 2-m, then af > 0.

Let us consider n, a. The functor {/a yields a real number and is defined by:

(Def.1) (i) /a =rooty(a) if a >0and n > 1,
(i)  a = —root,(—a) if a < 0 and there exists m such that n =2 -m + 1.
One can prove the following propositions:

(4)  For all a, n holds if @ > 0 and n > 1, then {/a = root,(a) but if a < 0
and there exists m such that n =2-m + 1, then {/a = —root,(—a).

(5) If n > 1 and a > 0 or there exists m such that n = 2-m + 1, then
Yal = a and Yal = a.

6) Ifn>1, then Y0 = 0.

7) Ifn>1, then Y1=1.

) Ifa>0andn>1, then {/a > 0.

9)  If there exists m such that n =2-m + 1, then {/—1= —1.

0) +Va=a.

'Supported by RPBP-II1.24.C8
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(11)  If there exists m such that n =2-m + 1, then {/a = —{/—a.

(12) Ifn>1and a>0and b >0 or there exists m such that n =2-m+ 1,
then Va-b= {/a- Vb.

(13) Ifa>0andn>1ora#0 and there exists m such that n =2-m+1,

o1 _ 1

then .= ,,—\/a

(14) Ifa>0and b>0andn > 1 or b # 0 and there exists m such that

— 9. n/a %

n=2-m+ 1, then \/Z— 7

(15) Ifa > 0and n > 1 and m > 1 or there exist mj, mgy such that

n=2-mj;+1and m=2-mg+1, then {/ Va= "%/a.

(16) Ifa > 0and n > 1 and m > 1 or there exist my, mo such that
n=2-m;+1and m=2-mg+1, then {a- ¥a= "% al™™.

(17) Ifa<bbut0<aandn >1 or there exists m such that n =2-m+ 1,
then {/a < V.

(18) Ifa<bbuta>0andn>1or there exists m such that n =2-m+ 1,
then {/a < V.

(19) Ifa>1andn>1,then {/a>1anda> {/a.

(20) If a < —1 and there exists m such that n = 2-m + 1, then {/a < —1
and a < {/a.

(21) Ifa>0anda<1andn >1, then a < {/a and {a < 1.

(22) If a > —1 and a < 0 and there exists m such that n = 2-m + 1, then
a> {/a and {/a > —1.

n ~1
(23) Ifa>0andn >1,then {fa—1< 9=,
(24)  For every sequence of real numbers s and for every a such that a > 0

and for every n such that n > 1 holds s(n) = {/a holds s is convergent
and lims = 1.

Let us consider a, b. The functor a® yielding a real number is defined as
follows:

(Def.2) (i) ab=ab ifa >0,

(i) a®=0ifa=0andb>0,
(iii)  there exists k such that k = b and a® = a% if a < 0 and b is an integer.

One can prove the following propositions:

(25)  Given a, b. Then if a > 0, then a® = af but if a = 0 and b > 0, then
a’ = 0 but if @ < 0 and b is an integer, then there exists k such that k = b
and a® = a%.
If a > 0, then a® = a}.
If b > 0, then 0° = 0.
If a < 0, then a* = ak.
If a #0, then a® = 1.

(llZCL.

[N ]
~N O

\V)
Ne)

A~~~ I/~ A/~ /—~
w [\
(=) (3]
— — — ~— —
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(31) 19=1.

(32) Ifa >0, then a®*¢ = a - a”.

(33) Ifa>0,thena“= 2.

(34) Ifa >0, then a®¢ = g—i
a>0an > 0, then (a - =a“-0°.

35) If 0 and b > 0, th b)" = a - b°
a>0an > 0, then 77 = 75.

36) Ifa>0andb >0, then =%

(37) If a> 0, then %b =a70

38) Ifa >0, then (a®)’ = abc.

(38) ;

(39) Ifa >0, then a® > 0.

(40) Ifa>1and b > 0, then a® > 1.

(41) TIfa>1and b <0, then a® < 1.

(42) Ifa>0and a <band c> 0, then a® < b°.
(43) Ifa>0and a<bandc<0,then a® > b°.
a <bandc>1, then c* < ¢”.

(44) TIfa<bandc>1,then c® < ¢
(45) Ifa<bandc>0andc<1,then c® > c’.
a then a™ = ay .
(46) If a # 0, then a™ = af
(47) If n > 1, then a™ = af.
(48) If a # 0, then a™ = a™.
(49) Ifn>1, then a™ = a™.
a then a" = a3.
(50) If a # 0, then a* = a&
a >0, then a” = aq.
(51) Ifa >0, then a? = d¥,
a>0andn>1,1¢ ena%: Va.
52 If 0 and 1, th
(53)  a?=d>.
(54) If a # 0 and there exists [ such that k = 2 - [, then (—a)* = d¥.
(55) If a # 0 and there exists [ such that k =21+ 1, then (—a)* = —dP.

Next we state two propositions:
(56) If =1 <a, then (14+a)">1+n-a.
(57) Ifa>0and a#1 and ¢ # d, then a® # a’.

Let us consider a, b. Let us assume that a > 0 and a # 1 and b > 0. The
functor log, b yields a real number and is defined by:

(Def.3)  a'°8a® =p.
The following propositions are true:

(58)  For all a, b, ¢ such that a > 0 and a # 1 and b > 0 holds ¢ = log, b if
and only if a® = b.

(59) Ifa>0and a# 1, then log,1 = 0.

(60) Ifa>0anda# 1, then log,a=1.

(61) Ifa>0anda#1andb>0andc >0, then log, b+ log, c=1log,(b-c).
(62) Ifa>0anda##1andb>0andc>0, then log,b— log, c =log, %’.
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(63) Ifa>0anda##1andb>0,then log,(b) = ¢ -log, b.

(64) Ifa>0anda # 1and b > 0and b # 1 and ¢ > 0, then log,c =
log,, b - logy c.

(65) Ifa>1andb>0andc>b, then log,c > log,b.

(66) Ifa>0anda<1andb>0andc>b,then log,c < log,b.

(67)  For every sequence of real numbers s such that for every n holds s(n) =

1 \n+1
(1+n—+1)

The real number e is defined as follows:

holds s is convergent.

(Def.4)  for every sequence of real numbers s such that for every n holds s(n) =

)n-l—l

(1+ 7#1 holds e = lim s.
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Summary. We prove the Hessenberg theorem which states that
every Pappian projective space is Desarguesian.

MML Identifier: HESSENBE.

The terminology and notation used in this paper are introduced in the following
articles: [7], [1], [2], [3], [4], [5], and [6]. We follow a convention: P; denotes a
projective space defined in terms of collinearity and a, a’, a1, as, as, b, ¥, by,
by, ¢, c, c1,c3,d,d, e, o0, p, p1, p2, P3, ¢, 41, G2, G3, T, S, T, Y, z denote elements
of the points of P;. One can prove the following propositions:

(1) If a, b and c are collinear, then b, a and ¢ are collinear.
(2) If a, b and c are collinear, then a, ¢ and b are collinear.

(3) If a, b and c are collinear, then b, ¢ and a are collinear and ¢, a and b
are collinear and b, a and c are collinear and a, ¢ and b are collinear and
¢, b and a are collinear.

(4) If a # b and a, b and c are collinear and a, b and d are collinear, then
a, ¢ and d are collinear.

(5) If p# qand a, b and p are collinear and a, b and ¢ are collinear and p,
q and r are collinear, then a, b and r are collinear.

(6) If p # q, then there exists r such that p, ¢ and r are not collinear.
(7)  There exist g, r such that p, ¢ and r are not collinear.

(8) If a, b and ¢ are not collinear and a, b and b’ are collinear and a # ¥/,
then a, b’ and ¢ are not collinear.

(9) If a, b and ¢ are not collinear and a, b and d are collinear and a, ¢ and
d are collinear, then a = d.

'Supported by RPBP.IT1-24.C6
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If 0, a and d are not collinear and o, d and d’ are collinear and a, d and
s are collinear and d # d’ and o/, d’ and s are collinear and o, a and a’
are collinear and o # a’, then s # d.

If a, b and c are not collinear and a, b and b’ are collinear and a, ¢ and
c are collinear and a # V', then b # /.

If a1, as and ag are not collinear and a1, as and c3 are collinear and as,
as and c¢q are collinear and ai, ag and z are collinear and ¢y, c3 and z are
collinear and c3 # a1 and c3 # as and ¢; # as and ¢; # ag, then a1 # z
and ag # z.

If a, b and c are not collinear and a, b and d are collinear and ¢, e and
d are collinear and e # ¢ and d # a, then e, a and ¢ are not collinear.

If p1, po and g1 are not collinear and p1, po and ¢ are collinear and ¢,
g2 and q¢s are collinear and p; # g2 and ¢2 # ¢3, then ps, p1 and g3 are
not collinear.

If p1, p2 and ¢; are not collinear and pq, p2 and p3 are collinear and ¢,
g2 and p3 are collinear and p3 # ¢o and ps # p3, then p3, po and ¢o are
not collinear.

If p1, p2 and ¢ are not collinear and p1, p2 and p3g are collinear and ¢,
g2 and py are collinear and p; # p3 and p; # ¢2, then p3, p1 and g9 are
not collinear.

If a1 # a9 and by # by and by, by and x are collinear and by, by and y
are collinear and a1, a2 and x are collinear and a1, as and y are collinear
and a1, as and by are not collinear, then z = y.

(19)2 If 0, a1 and ao are not collinear and o, a; and b; are collinear and o,

as and bs are collinear and o # by and o # by, then o, by and by are not
collinear.

We follow a convention: P; denotes a Pappian projective plane defined in

terms
r1, T2,
(20)
(i)
(ii

(iii
(iv
(v

)
)
)
)
(vi)
)
)
)
)
)

—

—_
jay

(vil
(viii
(ix
(x
(xi

(xii)

of collinearity and ay, ao, ag, b1, bs, b3, c1, 2, c3, 0, P1, P2, D3, 41, G2, 43,
r3 denote elements of the points of ;. We now state two propositions:
Suppose that
P2 # 3,
p1 # 3,
a2 7 g3
@ # g2,

a1 # g3,
p1, p2 and ¢ are not collinear,

p1, p2 and p3 are collinear,
q1, g2 and g3 are collinear,
p1, q2 and r3 are collinear,
q1, p2 and rs are collinear,
P1, g3 and ry are collinear,
p3, q1 and rg are collinear,

2The proposition (18) was either repeated or obvious.
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(xiii)  p2, g3 and 7y are collinear,
(xiv)  ps, g2 and ry are collinear.
Then 71, 79 and r3 are collinear.

(21)  Suppose that

(i) o# b,
(ii)) a1 # by,
(i) o # be,
(IV) a9 75 bQ,
(v) o bs,
(vi) as # bs,
(vil) o0, a; and ag are not collinear,
(viii) o, a; and ag are not collinear,
(ix) o, az and a3 are not collinear,
(x) a1, az and c3 are collinear,
(xi) b1, by and c3 are collinear,
(xii) a2, az and ¢; are collinear,
(xiii)  be, b3 and ¢; are collinear,
(xiv) a1, ag and ¢y are collinear,
(xv) b1, bg and ¢y are collinear,
(xvi) 0, a1 and by are collinear,
(xvil) o0, ag and by are collinear,
)

0, az and b3 are collinear.
Then ¢, co and c3 are collinear.

(xviii

We see that the Pappian projective plane defined in terms of collinearity is
a Desarguesian projective plane defined in terms of collinearity.

We see that the Pappian projective space defined in terms of collinearity is
a Desarguesian projective space defined in terms of collinearity.
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Three-Argument Operations and

Four-Argument Operations !

Michal Muzalewski Wojciech Skaba
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Summary. The article contains the definition of three- and four-
argument operations. The article is also introduces a few operation re-
lated schemes: FuncExz3D, TriOpFEx, Lambda3D, TriOpLambda, FuncEx4D,
QuaOpEzx, Lambda4D, QuaOpLambda.

MML Identifier: MULTOP_1.

The terminology and notation used in this paper have been introduced in the
following articles: [4], [1], [2], [5], and [3]. Let f be a function, and let a, b, ¢ be
arbitrary. The functor f(a, b, ¢) is defined by:

(Def.1)  f(a, b, ¢) = f({a,b,c)).
We now state the proposition
(1)  For every function f and for arbitrary a, b, ¢ holds f(a, b, ¢) = f({a,b,c)).
For simplicity we adopt the following rules: A, B, C', D are non-empty sets,
a is an element of A, b is an element of B, and c is an element of C. Let us

consider A, B, C, D, and let f be a function from [ A, B, C'] into D, and let
us consider a, b, c. Then f(a, b, ¢) is an element of D.

We adopt the following rules: X, Y, Z denote sets, T denotes a non-empty

set, and x, y, z are arbitrary. One can prove the following propositions:

(2)  For all functions f1, fo from [ X, Y, Z] into T such that T' # () and for
all z, y, z such that x € X and y € Y and z € Z holds fi({x,y,2)) =
f2(<x7y7 Z)) holds fl = f2'

(3) For all functions fi, fo from [ A, B, C'{ into D such that for all a, b, ¢
holds f1(<(l,b, C)) = f2(<a7bv C)) holds f1 = fa.

'Supported by RPBP.IT1-24.C6
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(4) For all functions fy, fo from [ A, B, C'] into D such that for every
element a of A and for every element b of B and for every element ¢ of C'
holds fi(a, b, ¢) = fa(a, b, ¢) holds f1 = fs.

Let us consider A. A ternary operation on A is a function from [ A, A, A]

into A.

In this article we present several logical schemes. The scheme FuncEz3D
concerns a non-empty set A, a non-empty set I3, a non-empty set C, a non-
empty set D, and a 4-ary predicate P, and states that:
there exists a function f from [ A, B, C] into D such that for every ele-
ment = of A and for every element y of B and for every element z of C holds
Plz,y, z, f((z,y,2))]
provided the following requirements are met:
e for every element x of A and for every element y of B and for every
element z of C there exists an element ¢t of D such that P|x,y, z, t],

e for every element x of A and for every element y of B and for every
element z of C and for all elements t1, t5 of D such that Pz, y, 2, t1]
and P[z,y, z,t2] holds t; = to.

The scheme TriOpEx concerns a non-empty set A, and a 4-ary predicate P,
and states that:

there exists a ternary operation o on A such that for all elements a, b, ¢ of
A holds Pla, b, c,o(a, b, c)]
provided the parameters meet the following requirements:

e for every elements z, y, z of A there exists an element ¢ of A such

that Plz,y, z, t],

e for all elements x, y, z of A and for all elements tq, to of A such

that Plx,y, z,t1] and P[z,y, z, to] holds t; = ts.

The scheme Lambda3D concerns a non-empty set A, a non-empty set B,
a non-empty set C, a non-empty set D, and a ternary functor F yielding an
element of D and states that:

there exists a function f from [ A, B, C ] into D such that for every element x
of A and for every element y of B and for every element z of C holds f({x,y, z)) =
F(z,y,2)
for all values of the parameters.

The scheme TriOpLambda concerns a non-empty set A and a ternary functor
F yielding an element of A and states that:

there exists a ternary operation o on A such that for all elements a, b, ¢ of
A holds o(a, b, ¢) = F(a,b,c)
for all values of the parameters.

Let f be a function, and let a, b, ¢, d be arbitrary. The functor f(a, b, ¢, d)
is defined as follows:

(Def.2)  f(a, b, ¢, d) = f({a,b,c,d)).

One can prove the following proposition
(5) For every function f and for arbitrary a, b, ¢, d holds f(a, b, ¢, d) =
f({a,b,c,d}).
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For simplicity we adopt the following rules: A, B, C', D, E will be non-empty
sets, a will be an element of A, b will be an element of B, ¢ will be an element
of C, and d will be an element of D. Let us consider A, B, C, D, E, and let
f be a function from [ A, B, C, D] into E, and let us consider a, b, ¢, d. Then
f(a, b, ¢, d) is an element of E.

We adopt the following rules: X, Y, Z, S will be sets, T will be a non-empty
set, and x, y, z, s will be arbitrary. The following three propositions are true:

(6) Let f1, fo be functions from [ X, Y, Z, S ] into T. Then if T # () and
for all z, y, z, s such that x € X and y € Y and z € Z and s € S holds
fil{z,y, 2z, 8)) = fa({z,y, z,8)), then f1 = fa.

(7)  For all functions fy, fo from [ A, B, C, D] into E such that for all a,
b, ¢, d holds f1({a,b,c,d)) = f2({a,b,c,d)) holds f1 = fa.

(8)  For all functions fi, f2 from [ A, B, C, D] into E such that for every
element a of A and for every element b of B and for every element ¢ of
C' and for every element d of D holds fi(a, b, ¢, d) = fa(a, b, ¢, d) holds
fi=fo

Let us consider A. A quadrary operation on A is a function from [ A, A, A,

Al into A.

Now we present four schemes. The scheme FuncFEx/D concerns a non-empty
set A, a non-empty set B, a non-empty set C, a non-empty set D, a non-empty
set £, and a b-ary predicate P, and states that:
there exists a function f from [ .4, B, C, D ] into &£ such that for every element
x of A and for every element y of B and for every element z of C and for every
element s of D holds Plx,y, z, s, f({z,y, 2, s))]
provided the parameters have the following properties:
e for every element x of A and for every element y of B and for every
element z of C and for every element s of D there exists an element
t of € such that Plz,y, z, s, 1],

e for every element x of A and for every element y of B and for every
element z of C and for every element s of D and for all elements ¢,
to of € such that Plx,y, z, s,t1] and Plz,y, z, s, t2] holds t; = ts.

The scheme QuaOpEzx deals with a non-empty set A, and a 5-ary predicate
P, and states that:

there exists a quadrary operation o on A such that for all elements a, b, ¢, d
of A holds Pla, b, c,d,o(a, b, ¢, d)]
provided the parameters meet the following requirements:

e for every elements x, y, z, s of A there exists an element ¢ of A

such that Plz,y, z, s, t],

e for all elements x, y, 2z, s of A and for all elements t1, ¢t of A such

that Plx,y, z, s,t1] and Plx,y, 2, s, t2] holds t; = ts.

The scheme LambdaD concerns a non-empty set A, a non-empty set B, a
non-empty set C, a non-empty set D, a non-empty set £, and a 4-ary functor F
yielding an element of £ and states that:

223
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there exists a function f from [ .4, B, C, D] into &£ such that for every element

x of A and for every element y of 5 and for every element z of C and for every
element s of D holds f({x,y, z,s)) = F(z,y, 2, s)
for all values of the parameters.

The scheme QuaOpLambda deals with a non-empty set A and a 4-ary functor

F yielding an element of A and states that:

there exists a quadrary operation o on A such that for all elements a, b, ¢, d

of A holds o(a, b, ¢, d) = F(a,b,c,d)
for all values of the parameters.
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Summary. A basis for investigations on incidence projective spaces.
With every projective space defined in terms of collinearity relation we as-
sociate the incidence structure consisting of points and lines of the given
space. We introduce the general notion of projective space defined in
terms of incidence and define several properties of such structures (like
satisfability of the Desargues Axiom and conditions on the dimension).

MML Identifier: INCPROJ.

The papers [7], [8], [6], [1], [2], [3], [4], and [5] provide the notation and ter-
minology for this paper. We consider projective incidence structures which are
systems

(points, lines, an incidence),
where the points constitute a non-empty set, the lines constitute a non-empty
set, and the incidence is a relation between the points and the lines.

We see that the projective space defined in terms of collinearity is a proper
collinearity space.

For simplicity we follow a convention: C will be a proper collinearity space,
x, y will be arbitrary, Y will be a set, and B will be an element of 2the points of C1
Let us consider Cy. We see that the line of C} is an element of 2the points of €1

Let us consider C';. The functor L(C}) yielding a non-empty set is defined
by:

(Def.1) L(Cy) ={B: Bisalineof C}.

We now state two propositions:
(1) L(Cy)={B:Bisalineof C;}.
(2)  For every x holds z is a line of Cy if and only if x is an element of L(C4).

LSupported by RPBP.II11-24.C6
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Let us consider C';. The functor I, yields a relation between the points of
Cy and L(C4) and is defined by:
(Def.2)  for all z, y holds (x,y) € I¢, if and only if x € the points of C; and
y € L(C1) and there exists Y such that y=Y and z € Y.
Let us consider C7. The functor Inc-ProjSp(C1) yields a projective incidence
structure and is defined by:
(Def.3)  Inc-ProjSp(Ci) = ( the points of C1, L(C1),1¢,).
Next we state four propositions:
(3)  Inc-ProjSp(Cy) = ( the points of C1, L(C1),1I¢,).
(4)  For every C; holds the points of Inc-ProjSp(C;) = the points of
C7 and the lines of Inc-ProjSp(Ci) = L(Cp) and the incidence of
Inc-ProjSp(Cy) = I¢y,.
(5)  For every x holds z is a line of C; if and only if z is an element of the
lines of Inc-ProjSp(Ch).
(6)  For every x holds z is an element of the points of Inc-ProjSp(C1) if and
only if x is an element of the points of Cj.

For simplicity we adopt the following rules: a, b, ¢, p, ¢, s will be ele-
ments of the points of Inc-ProjSp(C1), P, @, S will be elements of the lines of
Inc-ProjSp(C1), P’ will be a line of Cy, and &/, ¥/, ¢/, p’ will be elements of the
points of C'y. Let I; be a projective incidence structure, and let s be an element
of the points of I, and let S be an element of the lines of I;. The predicate
s | S is defined as follows:

(Def.4)  (s,S) € the incidence of I;.

One can prove the following propositions:

7) s |Sif and only if (s,S) € I¢,.

8) Ifp=p and P = P’ then p| P if and only if p’ € P'.
There exist a/, V', ¢ such that a’ # V' and b’ # ¢’ and ¢ # d'.
For every a’ there exists b’ such that a’ # 0.

Ifp|Pand g|Pand p|Q and q | Q, then p=qgor P =Q.
For every p, q there exists P such that p | P and ¢q | P.

~~ A~~~
—_ = —
— o ©

— O~ — — — ~—

If a =a and b = b and ¢ = ¢/, then d/, b’ and ¢ are collinear if and
only if there exists P such that a | P and b | P and ¢ | P.
(14)  There exist p, P such that p{ P.
For simplicity we follow the rules: C; is a projective space defined in terms
of collinearity, a, b, ¢, d, p, q are elements of the points of Inc-ProjSp(C), P,
Q, S, M, N are elements of the lines of Inc-ProjSp(C1), and o', V', ¢, d', p’ are
elements of the points of C;. One can prove the following propositions:
(15)  For every P there exist a, b, ¢ such that a # b and b # ¢ and ¢ # a and
a|Pandb| P andc|P.
(16)  Suppose that
(i) alM,
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(i) b M,
(iii) c|N,
(v) »plM,
(vi) p|N,
(vil) a| P,
(viii) ¢ | P,
(ix) b|Q,
x) d|@,
(xi) ptP,
(xil) pt@Q,
(xii) M # N.

Then there exists ¢ such that ¢ | P and ¢q | Q.
(17)  Iffor every a’, V/, ¢, d' there exists p’ such that o/, b’ and p’ are collinear

and ¢, d and p’ are collinear, then for every M, N there exists g such
that g | M and ¢ | N.

(18)  If there exist elements p, p1, 7, r1 of the points of C; such that for no
element s of the points of C'; holds p, p1 and s are collinear and r, r1 and
s are collinear, then there exist M, N such that for no ¢ holds ¢ | M and
q|N.

(19)  Suppose for every elements p, p1, q, q1, T2 of the points of C; there exist
elements r, r1 of the points of Cy such that p, ¢ and r are collinear and
p1, q1 and 71 are collinear and r9, r and 71 are collinear. Then for every
a, M, N there exist b, ¢, S such that a | Sand b| S and ¢ | S and b | M
and ¢ | N.

We now define two new predicates. Let x, y, z be arbitrary. We say that z,
y, z are mutually different if and only if:

(Def.5) x#yandy+#zand z # x.
Let u be arbitrary. We say that z, y, z, u are mutually different if and only if:
(Def.6) x#yandy+#zand z# x and u # x and u # y and u # z.

We now define two new predicates. Let Cy be a projective incidence structure,
and let a, b be elements of the points of C9, and let M be an element of the
lines of Cy. The predicate a,b | M is defined as follows:

(Def.7)  a|M and b| M.
Let ¢ be an element of the points of Cy. The predicate a, b, c | M is defined by:
(Def.8) a|M and b| M and c| M.

We now state three propositions:

(20)  Suppose that
(i) for all elements py, 72, q, 71, q1, p,  of the points of Cy such that pq,
ro and ¢ are collinear and r1, ¢; and g are collinear and p1, 1 and p are
collinear and 73, ¢; and p are collinear and p1, g1 and r are collinear and
ro, 71 and r are collinear and p, ¢ and r are collinear holds p1, 7o and ¢
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are collinear or p1, ro and r1 are collinear or p1, r1 and ¢ are collinear or
ro, 71 and ¢ are collinear.

Let p, q, r, s, a, b, ¢ be elements of the points of Inc-ProjSp(C7). Let L,
Q, R, S, A, B, C be elements of the lines of Inc-ProjSp(C7). Suppose

that

(i) qtL,

(iii) r{L,

(iv) ptQ,

(v) st@,
(vi) ptR,
(vil) rtR,

(Viii) qt s,

(ix) st8S,

x)  a,p,s|L,
(Xi) a? Q’ r | Q7
(xii)  b,q,s| R,

(xiii)  b,p,7 | S,
xiv)  epqlA,
(xv) ¢8| B,
(xvi) a,b|C.
Then ct C.

(21)  Suppose that

(i) for all elements o, p1, pe, ps, ¢1, g2, g3, 71, T2, 3 of the points of C such
that o # q1 and p; # q1 and 0 # ¢ and p2 # g2 and o # g3 and p3 # g3
and o, p; and ps are not collinear and o, p; and ps are not collinear and
0, po and ps are not collinear and py, po» and rg are collinear and ¢, g
and rg are collinear and po, p3 and ry are collinear and g2, q3 and r; are
collinear and p1, p3 and ro are collinear and ¢y, g3 and ry are collinear
and o, p; and ¢ are collinear and o, po and ¢ are collinear and o, p3 and
q3 are collinear holds 71, o and 73 are collinear.
Let o, by, a1, ba, ag, b3, as, r, s, t be elements of the points of Inc-ProjSp(C).
Let C3, C4, C5, Ay, Ay, Az, By, By, B3 be elements of the lines of
Inc-ProjSp(Cy). Suppose that

(ii) o, bl, al ’ Cg,
(iii) 0, a2, b2 ’ C4,
(iV) 0,as, b3 ’ C5,
(V) ag,ag,t ’ Al,
(Vi) as,r,aq ‘ Ag,
(Vii) as, s, al ‘ Ag,
(viii)  t,bo,bs | Bi,
(IX) bl,?",bg | By,
(X) blysabQ | B37
(xi) Cs, Cy4, C5 are mutually different,
(xii)) o #ay,
(xiil) o # ag,
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(xiv) o0 # as,
(xv) o0# by,
(xvi) 0 # by,
(xvil) o # bs,
(Xviii) aj 75 bl,
(XiX) a9 75 bQ,
(XX) as 75 bg.
Then there exists an element O of the lines of Inc-ProjSp(C';) such that
r,s,t ] O.

(22)  Suppose that

(i)  for all elements o, pi1, p2, P3, q1, 92, g3, 71, T2, r3 of the points of Cy
such that o # po and o # ps and ps # p3 and p; # p2 and p; # p3 and
0# q2 and o # g3 and g2 # g3 and q1 # ¢q2 and ¢q1 # g3 and o, p; and
q1 are not collinear and o, p; and ps are collinear and o, p; and p3 are
collinear and o, q; and ¢o are collinear and o, ¢; and g3 are collinear and
p1, g2 and rg are collinear and ¢, ps and rg are collinear and p1, g3 and r9
are collinear and p3, g1 and r9 are collinear and ps, q3 and rq are collinear
and p3, g2 and r; are collinear holds r1, 9 and r3 are collinear.
Let o, a1, ao, ag, b1, by, b3, c1, c2, c3 be elements of the points of
Inc-ProjSp(Cy). Let Aj, Ay, As, By, Ba, Bs, Cs, Cy, C5 be elements
of the lines of Inc-ProjSp(C7). Suppose that

0, a1, ag, ag are mutually different,

A
o Te
P -—

)

(iii) o, b1, by, by are mutually different,

(iv) As # Ba,

(v) ol As,

(Vi) o | Bg,

(Vii) as, bg, C1 ‘ Al,
(Viii) as, bl, C9 ‘ Bl,

(ix)  a1,b2,c3| Cs,

(X) al,b3,02 ‘ AQ,
(Xi) as, bg, C1 ‘ BQ,
(Xii) as, bl, C3 ‘ C4,
(Xiii) b1, b9, b3 ‘ Ag,
(Xiv) ai,as, as ‘ Bg,
(XV) C1,C9 ‘ C5.

Then c3 | Cs.

A projective incidence structure is called a projective space defined in terms
of incidence if:

(Def.9) (i) for all elements p, ¢ of the points of it and for all elements P, @ of
the lines of it such that p | P and ¢ | P and p | @Q and ¢ | @ holds p = ¢
or P=0Q,

(ii)  for every elements p, g of the points of it there exists an element P of
the lines of it such that p | P and ¢ | P,
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(iii)  there exists an element p of the points of it and there exists an element
P of the lines of it such that pt P,

(iv)  for every element P of the lines of it there exist elements a, b, ¢ of the
points of it such that a # b and b # cand ¢ # a and a | P and b | P and
c| P,

(v)  for all elements a, b, ¢, d, p, g of the points of it and for all elements
M, N, P, Q of the lines of it such that a | M and b | M and ¢ | N and
d|Nandp|Mandp|Nanda|Pandc|Pand b | Q and d| Q and
pt P and pt @ and M # N there exists an element ¢ of the points of it
such that ¢ | P and ¢ | Q.

Let Cy be a projective space defined in terms of collinearity.
Then Inc-ProjSp(C1) is a projective space defined in terms of incidence.
A projective space defined in terms of incidence is 2-dimensional if:
(Def.10)  for every elements M, N of the lines of it there exists an element ¢ of
the points of it such that ¢ | M and ¢ | N.
A projective space defined in terms of incidence is at least 3-dimensional if:
(Def.11)  there exist elements M, N of the lines of it such that for no element ¢
of the points of it holds ¢ | M and ¢ | N.
A projective space defined in terms of incidence is at most 3-dimensional if:

(Def.12)  for every element a of the points of it and for every elements M, N of
the lines of it there exist elements b, ¢ of the points of it and there exists
an element S of the lines of it such that a | S and b | S and ¢ | S and
b| M and c| N.

A projective space defined in terms of incidence is 3-dimensional if:
(Def.13) it is at most 3-dimensional and it is at least 3-dimensional.

A projective space defined in terms of incidence is Fanoian if:

(Def.14)  Let p, q, r, s, a, b, ¢ be elements of the points of it . Let L, Q, R, S,
A, B, C be elements of the lines of it . Suppose that

i) qtrL,

(i) rtL,

(ii) pt@,

(iv) st@Q,

(v) ptR,
(vii) qt5,
(Viii) 518,

(iX) a7p’ 5 | L7

(X) a? q’ r | Q’

(xi) b,q,5|R,
(xii)  b,p,r| S,
(xili) ¢p,q|A4,
(xiv) e s| B,
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(xv) a,b|C.
Then ct C.
A projective space defined in terms of incidence is Desarguesian if:

(Def.15)  Let o, by, ay, by, aa, bs, as, r, s, t be elements of the points of it . Let
Cs, Cy, Cs, Ay, Ag, A3, B1, By, B3 be elements of the lines of it . Suppose

that
i) o,bl,al ’ Cg,
(i) o,a2,ba | Cy,
(iii) o, as,b3 | Cs,
(iV) ag,ag,t ’ Al,
(V) as,r,al ’ Ag,
(vi) ag,s,a;1 | As,
(vii)  t,bo,bs | By,
(Viii) bl, r, bg ‘ BQ,
(iX) bl,S,bQ | Bg,
(x) Cs, Cy4, C5 are mutually different,
(xi) o#ai,

(xii) o # ag,

(xiil) o # as,

(xiv) o0 # by,

() o b,

(vi) 0% by,
(Xvii) aq 75 bl,
(Xviii) a9 75 bg,

(xix)  ag # bs.

Then there exists an element O of the lines of it such that r,s,t | O.

A projective space defined in terms of incidence is Pappian if:

(Def.16)  Let o, a1, ag, as, by, be, bs, 1, ¢, c3 be elements of the points of it .
Let A1, As, A3, By, By, B3, C3, C4, C5 be elements of the lines of it .
Suppose that

i) o, ay, ag, az are mutually different,
(ii) o, b1, b, b3 are mutually different,
(iii) As # Bs,

(IV) o | A37

(v) ol Bs,

(Vi) as, bg, C1 ‘ Al,
(vii) a3,b1,c2 | By,
(Vlll) ai, b27 Cc3 | 037

(iX) ai, bg, Co ‘ AQ,

(x) a3, by, c1 | By,

(Xl) a, b17 Cc3 | C47
(Xiii) ai,as,as ‘ Bg,
(xiv)  ¢1,c2 | Cs.
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Then ¢35 | Cs.
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Summary. We study the theory of one-dimensional congruence of
segments. The theory is characterized by a suitable formal axiom system;
as a model of this system one can take the structure obtained from any
weak directed geometrical bundle, with the congruence interpreted as in
the case of ”classical” vectors. Preliminary consequences of our axiom
system are proved, basic relations of maximal distance and of midpoint
are defined, and several fundamental properties of them are established.

MML Identifier: AFVECTO1.

The papers [8], [2], [3], [10], [7], [4], [1], [5], [6], and [9] provide the terminology
and notation for this paper. In the sequel A; will be a weak affine vector space.
Let us consider A;, and let a, b, ¢, d be elements of the points of A;. The
predicate a,b&c, d is defined as follows:

(Def.1)  a,b=c¢,dora,b=d,c.
An affine structure is called a weak segment-congruence space if:

(Def.2) (i)  there exist elements a, b of the points of it such that a # b,
(ii)  for all elements a, b of the points of it holds a,b = b, a,
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(iii)  for all elements a, b of the points of it such that a,b = a,a holds a = b,

(iv) for all elements a, b, ¢, d, p, q of the points of it such that a,b = p,q
and ¢,d = p,q holds a,b = c,d,

(v) for every elements a, ¢ of the points of it there exists an element b of
the points of it such that a,b = b, ¢,

(vi)  for all elements a, a’, b, V', p of the points of it such that a # o’ and
b#b and p,a = p,a’ and p,b = p,b’ holds a,b = a’,V,

(vii)  for all elements a, b of the points of it holds a = b or there exists an
element ¢ of the points of it such that a # ¢ and a,b = b, ¢ or there exist
elements p, p’ of the points of it such that p # p’ and a,b = p,p’ and
a,p= p,band a,p’ = p',b,

(viii)  for all elements a, b, V', p, p’, ¢ of the points of it such that a,b = b, ¢
and b,b' = p,p’ and b,p = p,b' and b,p’ = p', b holds a,b’ =V, c,

(ix) for all elements a, b, b', ¢ of the points of it such that a # ¢ and b # V'
and a,b = b,c and a,b’ = V', c there exist elements p, p’ of the points of
it such that p # p’ and b,b’ = p,p’ and b,p = p,b’ and b,p’ = p', ¥,

(x) for all elements a, b, ¢, p, p’, q, ¢ of the points of it such that a,b = p,p’
and a,¢c = ¢,¢ and a,p = p,b and a,q = ¢,c and a,p’ = p',b and
a,q = ¢, cthere exist elements r, r’ of the points of it such that b,c = r, 7’
and b,r = r,cand b, = 1/, c.

We adopt the following rules: A; is a weak segment-congruence space and a,
b, V', b, c, d, p, p’ are elements of the points of A;. Let us consider A;, and let
a, b, ¢, d be elements of the points of A;. The predicate a,b&c, d is defined by:

(Def.3)  a,b= c,d.

We now state several propositions:

(1)  a,b&a,b.

(2) Ifa,b&c,d, then ¢,d&a,b.

(3) Ifa,b&c,d, then a,b&d,c.

(4) If a,b&c,d, then b,a&c,d.

(5)  For all a, b holds a,a&b,b.

(6) If a,b&c,c, then a = 0.

(7) Ifa,b&p,p and p,p’&b,c and a,b&b,c and a,p&p,b and a,p’&p’, b,
then a = c.

(8) If a,b&a,b and a,b/&a,b’ and a,b&a,b”, then b = b or b = b” or
b/ — b//.

Let us consider Ay, a, b. We say that a, b are in a maximal distance if and
only if:
(Def.4)  there exist p, p’ such that p # p’ and a,b&p,p’ and a,p&p,b and
a,p’&p,b.
Let us consider A1, a, b, c. We say that b is a midpoint of a, ¢ if and only if:

(Def.5) a=band b=canda=cora=canda,bare in a maximal distance
or a # ¢ and a,b&b, c.
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Next we state three propositions:

(11)%2 If a # b and a, b are not in a maximal distance, then there exists ¢ such

that a # ¢ and a,b& b, c.

(12) If a, b are in a maximal distance and a, b& b, ¢, then a = c.
(13) If a, b are in a maximal distance, then a # b.
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Summary. We mean by a normal form a finite set of ordered
pairs of subsets of a fixed set that fulfils two conditions: elements of it
consist of disjoint sets and elements of it are incomparable w.r.t. inclu-
sion. The underlying set corresponds to a set of propositional variables
but is arbitrary. The correspodents to a normal form of a formula, e.g.
a disjunctive normal form, is as follows. The normal form is the set of
disjuncts and a disjunct is an ordered pair consisting of the sets of propos-
tional variables that occur in the non-negated and negated disjunct. The
requirement that the element of a normal form consists of disjoint sets
means that contradictory disjuncts have been removed, and the second
condition means that the absorption law has been used to shorten the
normal form. We construct a lattice (N, L, M) , where alUb = p(aUb) and
a b= pe, c being the set of all pairs (X1 U Y1, Xo UYa), (X1,X2) € a
and (Y1,Y2) € b, which consist of disjoint sets. ua denotes here the set
of all minimal, w.r.t. inclusion, elements of a. We prove that the lattice
of normal forms over a set defined in this way is distributive and that
is the minimal element of it.

MML Identifier: NORMFORM.

The terminology and notation used here have been introduced in the following
articles: [8], [9], [3], [4], [1], [5], [2], [6], [10], [7], and [11]. In the sequel A, B,
C, D will be sets. We now state two propositions:

(1) If AC Band C C D and B misses D, then A misses C.

(2) IfA\BCC(C,then ACBUC.

In the sequel A, B will denote Boolean domains and z, y will denote elements
of [ A, B]. We now define five new constructions. Let us consider A, B, x, y.
The predicate x C y is defined by:

(Def.1)  x1 Cyy and x9 C ya.

The functor x Uy yielding an element of [ A, B is defined as follows:
(Def.2) aUy=(x1Uyy,z2 Uy2).

The functor x Ny yielding an element of | A, B is defined as follows:
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(Def.3) xNy={(x1Ny1,z2Ny2).
The functor z \ y yields an element of | A, B ] and is defined as follows:

(Defd)  z\y = (z1\y1, 72\ y2)-
The functor z—y yields an element of [ A, B and is defined as follows:

(Def.5)  z+y = (z1-y1,22-Y2)-
In the sequel X will be a set and a, b, ¢ will be elements of | A, B]. We now
state a number of propositions:

()
=~

L aubne=(aUb)N(aUc).
IfaCcand bCc, thenaUb C c.
aCaUband b C aUb.

If a=aUb, then b C a.

IfaCbh, thencUa CcUband aUcCbUc.
(a\b)Ub=aUb.

Ifa\bCec¢ thena CbUec.

IfaCbUc, thena\cCb.

In the sequel a will be an element of [ Fin X, Fin X ]. Let A be a set. The
functor FinUnion,4 yields a binary operation on [Fin A, Fin A{ and is defined
by:

W N NN DN DN
S © 00 N O Ot

(3) aCa.

(4) IfaCbandbCa,then a=>b.

(5) IfaCbandbCec thenaCe.

(6) alUb= (a1Ub1,a2Ub2).

(7) anb=(ay Nby,az Nba).

(8) a\b={a1\b1,az\ b2).

(9) a=b={a1=b1,az-b2).

(10) (aUb)y =a1Uby and (aUb)g = ag U ba.
(11)  (anb)y =a3Nby and (aNb)g = az N ba.
(12)  (a\b)1 =a1\b1 and (a\b)2 = a2\ ba.
(13) (a;b)l = a1-by and (a;b)z = ag—by.
(14) aUa=a.

(15) aUb=DbUa.

(16) aUbUc=aU(bUc).

(17)  ana=a.

(18) anb=bna.

(19) anbnec=an(bnec).

(200 an(bUc)=anbUanNec.

(21) aUbna=a.

(22) an(bUa)=a.

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(

w
—_
~—

IThe proposition (23) was either repeated or obvious.
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(Def.6)  for all elements x, y of | Fin A, Fin A ] holds FinUnion 4(z, y) = z U y.

In the sequel A will denote a set. Let X be a non-empty set, and let A
be a set, and let B be an element of Fin X, and let f be a function from X
into [ Fin A, Fin AJ. The functor FinUnion(B, f) yields an element of [ Fin A,
Fin A ] and is defined as follows:

(Detf.7)  FinUnion(B, f) = FinUniona-> 5 f.

The following propositions are true:

(32)  FinUniony is idempotent.

(33) FinUniong4 is commutative.

(34)  FinUniony is associative.

(35)  For every non-empty set X and for every function f from X into [ Fin A,
Fin A] and for every element B of Fin X and for every element x of X
such that z € B holds f(z) C FinUnion(B, f).

(36)  (04,04) is a unity w.r.t. FinUniony.

(37)  FinUnion4 has a unity.

(38) ]-FinUnionA = <0A7 OA)

(39)  For every element z of [ Fin A, Fin A ] holds 1rinUnion, C .

(40)  For every non-empty set X and for every function f from X into [ Fin A,

Fin A ] and for every element B of Fin X and for every element c of | Fin A,
Fin A ] such that for every element x of X such that € B holds f(x) C ¢
holds FinUnion(B, f) C c.

(41)  For every non-empty set X and for every element B of Fin X and for
all functions f, g from X into [Fin A, Fin A] such that f | B =g | B
holds FinUnion(B, f) = FinUnion(B, g).

Let us consider X. The functor DP(X) yields a non-empty subset of [ Fin X,
Fin X ] and is defined as follows:

(Def.8) DP(X) = {a: ay misses ag }.
The following proposition is true
(42)  For every element y of [ Fin X, Fin X | holds y € DP(X) if and only if
y1Nyz = 0.
In the sequel x, y will denote elements of [ Fin X, Fin X | and a, b will denote
elements of DP(X). We now state several propositions:

(43) If y € DP(X) and = € DP(X), then y Ux € DP(X) if and only if
y1 Nzg Uz Ny = 0.

(44) ay1Nag = 0.

(45)  If x C b, then x is an element of DP(X).

(46)  For no arbitrary x holds z € a1 and = € as.

(47) If aUb ¢ DP(X), then there exists an element p of X such that p € ay

and p € bg or p € by and p € as.
(48)  aq misses ag.
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(49) If xq misses zg, then z is an element of DP(X).
(50)  For all sets V, W such that V' C a7 and W C ag holds (V, W) is an
element of DP(X).

In this article we present several logical schemes. The scheme LambdaX
concerns a non-empty set A, a non-empty set 3, a non-empty subset C of A,
and a unary functor F yielding an element of C and states that:

there exists a function f from B into C such that for every element x of B
holds f(x) = F(x)
for all values of the parameters.

The scheme BinOpLambdaX deals with a non-empty set A, a non-empty
subset B of A, and a binary functor F yielding an element of B and states that:

there exists a binary operation o on B such that for all elements a, b of B
holds o(a, b) = F(a,b)
for all values of the parameters.

For simplicity we follow a convention: A will be a set, x will be an element
of [Fin A, Fin A, a, b, ¢, s, t will be elements of DP(A), and B, C, D will be
elements of Fin DP(A). Let us consider A. The normal forms over A yields a
non-empty subset of Fin DP(A) and is defined as follows:

(Def.9)  thenormal forms over A={B:a€ BAbe BAa Cb= a=b}.
In the sequel K, L, M are elements of the normal forms over A. Next we
state three propositions:

(51) 0 € thenormal forms over A.

(52) If B € thenormal forms over A and @ € B and b € B and a C b, then
a=nb.

(53) If for all @, b such that a € B and b € B and a C b holds a = b, then
B € thenormal forms over A.

We now define two new functors. Let us consider A, B. The functor uB
yielding an element of the normal forms over A is defined by:

(Def.10) wB={t:s€ BAsCts s=t}.
Let us consider C. The functor B ~ C' yielding an element of FinDP(A) is
defined as follows:
(Def.1l) B~C=DP(A)N{sUt:se BAte C}.
The following propositions are true:
(54) B~C=DPA)N{sUt:se€ BAte(C}.
(55) If x € B~ C, then there exist b, ¢ such that b € B and ¢ € C and
r=>bUc.
Ifbe Band ce Cand bUc e DP(A), thenbUce B~ C.
Ifbe Bandce Canda=bUc,thenaec B~ C.
If a € uB, then a € B but if b € B and b C a, then b = a.
If a € uB, then a € B.
Ifa € uB and b € B and b C a, then b = a.

o6
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(61) If a € B and for every b such that b € B and b C a holds b = a, then
a € ubB.

We now define two new functors. Let us consider A. The functor L4 yields
a binary operation on the normal forms over A and is defined by:

(Def.12)  Ua(K, L) = p(K UL).
The functor M4 yielding a binary operation on the normal forms over A is de-
fined by:
(Def.13)  Ma(K, L) = p(K ~ L).
One can prove the following propositions:
(62) Ua(K,L)=u(KUL).
(63) Ma(K, L) = u(K ~ ).
Let A be a non-empty set, and let B be a non-empty subset of A, and let O

be a binary operation on B, and let a, b be elements of B. Then O(a, b) is an
element of B.

One can prove the following propositions:

(64) uBC B.

(65) If b € B, then there exists ¢ such that ¢ C b and ¢ € uB.
66) uK =K.

(67) w(BUC)C uBUC.

(68) w(pBUC)=pnBUC).

(69)  wu(BUpC)=p(BUC).

(70) I1fBCC,then B~DCC~D.
(71) (B~ C)CuB~C.

(12) B~C=C"B.

(73) I BCC, then D~BCD~C.
(74)  p(pB~C)=uwB"0)

(75) (B~ pC)=uwB"0)

(76) K~ (L~M)=K~L~M

(77) K~ (LUM)=K~LUK" M.
(18 BCB~B

(79) WK~ K) = pK.

Let us consider A. The lattice of normal forms over A yields a lower bound
lattice and is defined as follows:

(Def.14)  thelattice of normal forms over A = (the normal forms over A, 4,M4).

The following propositions are true:
(80)  Thelattice of normal forms over A = (the normal forms over A, 4, M4).
(81)  The lattice of normal forms over A is a distributive lattice.

(82)  The carrier of thelattice of normal forms over A =
the normal forms over A.
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(83)  The join operation of thelattice of normal forms over A = Ll 4.
(84)  The meet operation of thelattice of normal forms over A =M 4.
(85) 0 is an element of the carrier of the lattice of normal forms over A.
(86) L Thelattice of normal forms over A = 0.
(87)  The join operation of the lattice of normal forms over A has a unity.
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Summary. This series of papers is devoted to the notion of the
ordered ring, and one of its most important cases: the notion of ordered
field. It follows the results of [5]. The idea of the notion of order in
the ring is based on that of positive cone i.e. the set of positive elements.
Positive cone has to contain at least squares of all elements, and has to be
closed under sum and product. Therefore the key notions of this theory
are that of square, sum of squares, product of squares, etc. and finally
elements generated from squares by means of sums and products. Part I
contains definitions of all those key notions and inclusions between them.

MML Identifier: 0_RING_1.

The papers [1], [2], [6], [3], and [4] provide the notation and terminology for
this paper. For simplicity we adopt the following convention: i, j, k, n will be
natural numbers, R will be a field structure, z, y will be scalars of R, and f
will be a finite sequence of elements of the carrier of R. Let us consider R, f,
k. Let us assume that 0 # k and k& < len f. The functor f ° k yields a scalar of
R and is defined by:

(Def.l)  f°k= f(k).
Let us consider R, z. The functor 22 yields a scalar of R and is defined as
follows:
(Def.2) 22 =z-z.
Let us consider R, x. We say that z is a square if and only if:
(Def.3)  there exists a scalar y of R such that z = y2.
Let us consider R, f. We say that f is a sequence of sums of squares if and
only if:
(Def4) lenf # 0 and f° 1 is a square and for every n such that n # 0 and
n < len f there exists y such that y is a square and f°(n+1) = f°n+y.

Let us consider R, x. We say that z is a sum of squares if and only if:
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(Def.5)  there exists f such that f is a sequence of sums of squares and x =
fClenf.
Let us consider R, f. We say that f is a sequence of products of squares if
and only if:

(Def.6) lenf # 0 and f° 1 is a square and for every n such that n # 0 and
n < len f there exists y such that y is a square and f° (n+1)= f°n-y.

Let us consider R, x. We say that x is a product of squares if and only if:

(Def.7)  there exists f such that f is a sequence of products of squares and
x=flenf.

Let us consider R, f. We say that f is a sequence of sums of products of
squares if and only if:

(Def.8) lenf # 0 and f° 1 is a product of squares and for every n such that
n # 0 and n < len f there exists y such that y is a product of squares and
fe(n+1l)=f°n+uy.

Let us consider R, z. We say that x is a sum of products of squares if and
only if:

(Def.9)  there exists f such that f is a sequence of sums of products of squares
and x = f°len f.

Let us consider R, f. We say that f is a sequence of amalgams of squares if
and only if:
(Def.10) (i) lenf #0,
(ii)  for every n such that n # 0 and n <len f holds f ° n is a product of
squares or there exist ¢, j such that f°n= f°i-f°jandi#0andi <n
and j # 0 and j < n.

Let us consider R, x. We say that x is a amalgam of squares if and only if:
(Def.11)  there exists f such that f is a sequence of amalgams of squares and
x=f°lenf.
Let us consider R, f. We say that f is a sequence of sums of amalgams of
squares if and only if:

(Def.12)  lenf # 0 and f ° 1 is a amalgam of squares and for every n such that
n # 0 and n < len f there exists y such that y is a amalgam of squares
and f°(n+1)=f°n+uy.

Let us consider R, z. We say that z is a sum of amalgams of squares if and
only if:

(Def.13)  there exists f such that f is a sequence of sums of amalgams of squares
and x = f°len f.

Let us consider R, f. We say that f is a generation from squares if and only
if:
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(Def.14) (i) lenf #0,
(ii)  for every n such that n # 0 and n < len f holds f ° n is a amalgam of
squares or there exist 4, j such that f°n = f°i-f°jor f°n=f°i+f°j
buti#0and i <n and j # 0 and j < n.

Let us consider R, x. We say that x is generated from squares if and only if:
(Def.15)  there exists f such that f is a generation from squares and = = f°len f.

The following propositions are true:

(1) If z is a square, then x is a sum of squares and z is a product of squares
and x is a sum of products of squares and x is a amalgam of squares and
x is a sum of amalgams of squares and x is generated from squares.

(2) If x is a sum of squares, then z is a sum of products of squares and z
is a sum of amalgams of squares and z is generated from squares.

(3) If z is a product of squares, then z is a sum of products of squares and
x is a amalgam of squares and z is a sum of amalgams of squares and z
is generated from squares.

(4) If x is a sum of products of squares, then x is a sum of amalgams of
squares and x is generated from squares.

(5) If z is a amalgam of squares, then z is a sum of amalgams of squares
and x is generated from squares.

(6) If z is a sum of amalgams of squares, then z is generated from squares.
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Summary. This series of papers is devoted to the notion of the
ordered ring, and one of its most important cases: the notion of ordered
field. It follows the results of [6]. The idea of the notion of order in
the ring is based on that of positive cone i.e. the set of positive elements.
Positive cone has to contain at least squares of all elements, and has to be
closed under sum and product. Therefore the key notions of this theory
are that of square, sum of squares, product of squares, etc. and finally
elements generated from squares by means of sums and products. Part
IT contains the classification of sums of such elements.

MML Identifier: 0_RING_2.

The terminology and notation used here are introduced in the following articles:
(1], 2], [7], [3], [4], and [5]. In the sequel R is a field structure and z, y are
scalars of R. One can prove the following propositions:

(1)
(2)

3)

If z is a square and y is a square or x is a sum of squares and ¥y is a
square, then x 4 y is a sum of squares.

If z is a sum of products of squares and y is a square or x is a sum of
products of squares and y is a product of squares, then x + y is a sum of
products of squares.

If x is a amalgam of squares and y is a product of squares or x is
a amalgam of squares and y is a amalgam of squares or = is a sum of
amalgams of squares and y is a square or z is a sum of amalgams of
squares and y is a product of squares or x is a sum of amalgams of
squares and y is a amalgam of squares, then = + y is a sum of amalgams
of squares.

If x is a square and y is a sum of squares or z is a square and y is a
product of squares or x is a square and y is a sum of products of squares
or x is a square and y is a amalgam of squares or x is a square and y is
a sum of amalgams of squares or x is a square and y is generated from
squares, then x + y is generated from squares.
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If z is a sum of squares and y is a sum of squares or x is a sum of
squares and y is a product of squares or x is a sum of squares and y is a
sum of products of squares or x is a sum of squares and y is a amalgam
of squares or x is a sum of squares and y is a sum of amalgams of squares
or = is a sum of squares and y is generated from squares, then = + y is
generated from squares.

If x is a product of squares and y is a square or x is a product of squares
and y is a sum of squares or x is a product of squares and y is a product
of squares or z is a product of squares and y is a sum of products of
squares or x is a product of squares and y is a amalgam of squares or
x is a product of squares and y is a sum of amalgams of squares or z
is a product of squares and y is generated from squares, then x + y is
generated from squares.

If z is a sum of products of squares and y is a sum of squares or z is
a sum of products of squares and y is a sum of products of squares or x
is a sum of products of squares and y is a amalgam of squares or x is a
sum of products of squares and y is a sum of amalgams of squares or x is
a sum of products of squares and y is generated from squares, then z 4+ y
is generated from squares.

If x is a amalgam of squares and y is a square or x is a amalgam of
squares and y is a sum of squares or x is a amalgam of squares and y is a
sum of products of squares or x is a amalgam of squares and y is a sum
of amalgams of squares or x is a amalgam of squares and y is generated
from squares, then = 4 y is generated from squares.

If z is a sum of amalgams of squares and ¥ is a sum of squares or x is a
sum of amalgams of squares and ¥ is a sum of products of squares or x is
a sum of amalgams of squares and y is a sum of amalgams of squares or
x is a sum of amalgams of squares and y is generated from squares, then
T + y is generated from squares.

If = is generated from squares and y is a square or x is generated from
squares and y is a sum of squares or z is generated from squares and y
is a product of squares or x is generated from squares and y is a sum of
products of squares or x is generated from squares and y is a amalgam
of squares or x is generated from squares and y is a sum of amalgams of
squares or x is generated from squares and y is generated from squares,
then = 4 y is generated from squares.
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Summary. This series of papers is devoted to the notion of the
ordered ring, and one of its most important cases: the notion of ordered
field. It follows the results of [6]. The idea of the notion of order in
the ring is based on that of positive cone i.e. the set of positive elements.
Positive cone has to contain at least squares of all elements, and has to be
closed under sum and product. Therefore the key notions of this theory
are that of square, sum of squares, product of squares, etc. and finally
elements generated from squares by means of sums and products. Part
III contains the classification of products of such elements.

MML Identifier: 0_RING_3.

The papers [1], [2], [7], [3], [4], and [5] provide the terminology and notation for
this paper. In the sequel R will denote a field structure and x, y will denote
scalars of R. Next we state a number of propositions:

(1)
2)

If x is a square and y is a square, then x - y is a product of squares.

If z is a product of squares and y is a square, then x - y is a product of
squares.

If x is a square and y is a product of squares or z is a square and y is
a amalgam of squares, then z - y is a amalgam of squares.

If z is a product of squares and y is a product of squares or x is a
product of squares and y is a amalgam of squares, then x -y is a amalgam
of squares.

If x is a amalgam of squares and y is a square or x is a amalgam of
squares and y is a product of squares or x is a amalgam of squares and y
is a amalgam of squares, then z - y is a amalgam of squares.

If x is a square and y is a sum of squares or z is a square and y is a
sum of products of squares or x is a square and ¥ is a sum of amalgams
of squares or z is a square and y is generated from squares, then x - y is
generated from squares.
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If x is a sum of squares and y is a square or x is a sum of squares and y
is a sum of squares or z is a sum of squares and y is a product of squares
or x is a sum of squares and y is a sum of products of squares or x is a
sum of squares and y is a amalgam of squares or x is a sum of squares
and y is a sum of amalgams of squares or = is a sum of squares and y is
generated from squares, then x - i is generated from squares.

If z is a product of squares and y is a sum of squares or x is a product of
squares and y is a sum of products of squares or x is a product of squares
and y is a sum of amalgams of squares or z is a product of squares and y
is generated from squares, then x - y is generated from squares.

If x is a sum of products of squares and y is a square or x is a sum of
products of squares and y is a sum of squares or x is a sum of products of
squares and y is a product of squares or z is a sum of products of squares
and y is a sum of products of squares or z is a sum of products of squares
and y is a amalgam of squares or x is a sum of products of squares and y
is a sum of amalgams of squares or z is a sum of products of squares and
y is generated from squares, then x - y is generated from squares.

If x is a amalgam of squares and y is a sum of squares or x is a amalgam
of squares and y is a sum of products of squares or x is a amalgam of
squares and y is a sum of amalgams of squares or z is a amalgam of
squares and y is generated from squares, then x -y is generated from
squares.

If x is a sum of amalgams of squares and y is a square or x is a sum of
amalgams of squares and y is a sum of squares or x is a sum of amalgams
of squares and y is a product of squares or x is a sum of amalgams of
squares and y is a sum of products of squares or z is a sum of amalgams
of squares and y is a amalgam of squares or x is a sum of amalgams of
squares and y is a sum of amalgams of squares or x is a sum of amalgams
of squares and y is generated from squares, then z - y is generated from
squares.

If x is generated from squares and y is a square or x is generated from
squares and y is a sum of squares or x is generated from squares and y
is a product of squares or x is generated from squares and y is a sum of
products of squares or x is generated from squares and y is a amalgam
of squares or x is generated from squares and y is a sum of amalgams of
squares or x is generated from squares and y is generated from squares,
then z - y is generated from squares.
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Summary. This article defines ordered n-tuples, projections and
Cartesian products for n=5. We prove many theorems concerning the
basic properties of the n-tuples and Cartesian products that may be uti-
lized in several further, more challenging applications. A few of these
theorems are a strightforward consequence of the regularity axiom. The
article originated as an upgrade of the article [5].

MML Identifier: MCART_2.

The notation and terminology used in this paper are introduced in the following
articles: [4], [3], [6], [2], [1], and [5]. For simplicity we follow a convention: v
will be arbitrary, xi, x2, x3, x4, x5 will be arbitrary, y1, y2, y3, y4, ys will be
arbitrary, z will be arbitrary, X, X1, Xo, X3, X4, X5 will denote sets, Y, Y7,
Yo, Y3, Yy, Y5, Y, Y7 will denote sets, Z will denote a set, x¢ will denote an
element of X1, x7 will denote an element of X5, xg will denote an element of
X3, and zg will denote an element of X4. We now state two propositions:
(1) If X # (), then there exists Y such that Y € X and for all Y7, Y3, Y3,
Yy, Ys, Y such that Y7 € Yo and Ys € Y3 and Y3 € Y4 and Yy € Y5 and
Ys € Y5 and Yi € Y holds Y] misses X.
(2) If X £ (), then there exists Y such that Y € X and for all Y7, Y3, Y3,
Yy, Ys, Ys, Y7 such that Y7 € Y5 and Ys € Y3 and Y3 € Yy and Yy € Y5
and Y5 € Ys and Ys € Y7 and Y7 € Y holds Y] misses X.

Let us consider z1, z2, 3, T4, 5. The functor (z1,z9, x3, 4, x5) is defined
as follows:

(Def.1)  (x1, 22,23, 24, 25) = ({(x1, T2, T3, T4), T5).
One can prove the following propositions:
(3)  (x1,x9,23, 24, m5) = ({{{x1,22), 23), 24), x5).
(4)  (x1,29,23, 24, 25) = ({21, 22, X3, 24),T5).
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(5) <£L’1,£L'2,l‘3,l‘4,l‘5) = (<$1,$2,$3),$4,l‘5>.

(6) ($1,$2,£C3,£C4,£C5) = ((1‘1,%2),%3,%4,%5).

(1) If {x1,22,23,74,75) = (Y1,Y2, Y3, Y4, Y5), then 1 = y1 and x3 = y2 and
r3 =y3 and x4 = y4 and x5 = y5.

(8) If X # 0, then there exists v such that v € X and for no x1, xe, 3, 4,
x5 holds z1 € X or x5 € X but v = (x1, x2, 3, 4, T5).

Let us consider Xi, X5, X3, X4, X5. The functor [ X1, Xo, X3, X4, X5

yields a set and is defined as follows:

(Def.2) [ Xy, Xo, X3, Xy, X5] =[[ Xy, Xo, X3, X4, X51.
The following propositions are true:
(9) X1, Xoy X5, Xy, X5 =FEEEXD, X2, X3d, Xuf, X5
(10)  [Xy, Xo, X3, X4, X5 =[[ X1, Xo, X3, X4, X51.
(11)  [Xy, Xo, X3, X4, X5] =[[ Xy, Xo, X3, X4, X51.
(13) X3 # 0 and X5 # () and X3 # () and X4 # () and X5 # 0 if and only if

[:Xl, Xg, Xg, X4, X52] 75 0.

(14)  Suppose X7 # 0 and X5 # () and X3 # 0 and X4 # () and X5 # 0.
Then if [ZXl, Xg, X3, X4, X5] = [1Y1, Yé, Yé, Y4, Y5 Z], then X1 = Y1 and
Xo=Ys and X3 =Y3and X4 =Y; and X5 = Y5.

(15) If [2X1, Xg, Xg, X4, X52] 75 @ and [2X1, Xg, Xg, X4, X5:] = [:Yl, YQ,
Y3, Yy, Y5 ], then X; = Y] and Xy = Y, and X3 = Y3 and X4 = Yj and
X5 =Ys5.

(16) HIX, X, X, X, X|{=[Y,Y,Y, Y, Y] then X =Y.

In the sequel x19 will be an element of X5. We now state the proposition

(17) If X7 # 0 and X5 # 0 and X5 # () and X4 # () and X5 # (), then for
every element x of [ X1, Xo, X3, X4, X5 there exist zg, x7, x3, T9, T10
such that z = (z¢, z7, zs, T9, T10)-

We now define five new functors. Let us consider X, X, X3, X4, X5. Let
us assume that X; # () and Xy # () and X3 # 0 and Xy # 0 and X5 # (0. Let
x be an element of [ X7, X9, X3, X4, X5]. The functor 7 yields an element of
X1 and is defined as follows:

(Def.3) if x = (21,29, 23,4, 25), then 1 = x7.

The functor x2 yields an element of X5 and is defined as follows:
(Def.4) if x = (1,22, 23,24, 25), then zo = xa.

The functor zg yielding an element of X3 is defined as follows:
(Def.5) if x = (1,2, 23,24, x5), then z3 = x3.

The functor x4 yielding an element of X, is defined as follows:
(Def.6) if x = (w1, 22,23, 24, 25), then x4 = x4.

The functor =5 yields an element of X5 and is defined by:
(Def.7) if x = (1,22, 23,24, x5), then x5 = x5.
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One can prove the following propositions:

(18)  Suppose X7 # () and X # 0 and X3 # 0 and Xy # () and X5 # 0.
Then for every element z of [ X1, Xo, X3, X4, X5 ] and for all 1, z9, x3,
x4, 5 such that © = (x1,x9,x3, x4, 25) holds 1 = 21 and x9 = z9 and
rg3 = x3 and x4 = x4 and =5 = 5.

(19) If Xy # 0 and Xo # () and X3 # () and Xy # 0 and X5 # (), then for
every element x of [ X1, Xo, X3, X4, X5] holds x = (21,22, 23,24, x5).

(20)  Suppose X; # 0 and X5 # ) and X3 # 0 and Xy # 0 and X5 # (. Let x
be an element of [ X1, Xo, X3, Xy, X5]. Then 21 = rquaanyyi1, and
T2 = rquaanyiji, and r3 = rquaanyyyg and r4 = r quaanyig and
Ty = T quaanys.

(21) IfX1 g [ZXl, XQ, Xg, X4, X5 ] or X1 g [ZXQ, X3, X4, X5, X1 ] or X1 g
[1X3, X4, X5, Xl, XQ] or X1 g [ZX4, X5, Xl, Xg, Xg] or X1 g [ZX5, Xl,
XQ, X3, X4 Z], then X1 = @

(22) If [IXl, Xg, X3, X4, X5] meets [ZYl, Yg, Yé, Y4, Y5 Z], then X1 meets Yl
and X9 meets Y5 and X3 meets Y3 and X, meets Y, and X5 meets Ys.

(23) o}, {we}, {zs}, {za}, {zs}] = {(21, 22, 23, 34, 25) }.

For simplicity we adopt the following rules: A; is a subset of X7, Ay is a
subset of X5, As is a subset of X3, A4 is a subset of X4, As is a subset of
X5, and x is an element of [ X7, X2, X3, X4, X5]. One can prove the following
propositions:

(24)  Suppose X7 # 0 and Xy # 0 and X3 # () and X4 # () and X5 # (). Then
for all x1, x9, x3, T4, T5 such that x = (x1,x9, 23,24, 25) holds x1 = 1
and z9 = o and g3 = z3 and x4 = x4 and x5 = 5.

(25) If X7 #0 and X9 # () and X3 # ) and X4 # 0 and X5 # 0 and for all
xg, T7, Ty, Tg, T10 such that x = (xg, x7, T8, T9, r10) holds y; = z¢, then
Y1 = 21.

(26) If X1 # 0 and X2 # 0 and X3 # 0 and X4 # () and X5 # () and for all
xg, T7, Ty, Tg, T10 such that x = (xg, x7, T8, 9, r10) holds yo = 7, then
Y2 = 22.

(27) If X1 # 0 and X5 # 0 and X3 # 0 and X4 # () and X5 # () and for all
xg, T7, Ty, Tg, T19 such that x = (xg, x7, T8, 9, 10) holds y3 = zg, then
Ys = 3.

(28) If X1 # 0 and X9 # () and X3 # () and X4 # 0 and X5 # () and for all
xg, T7, Ty, Tg, x10 such that x = (xg, x7, T8, 9, 10) holds y4 = zg, then
Yqg = 24.

(29) If X7 #0 and X9 # () and X3 # () and X4 # 0 and X5 # 0 and for all
xg, T7, T, Tg, T10 such that x = (xg, x7, 8, T9,x10) holds y5 = x19, then
Ys = Ts5.

(30) If z € [ X1, Xo, X3, X4, X5 ], then there exist x1, zo, x3, 24, 5 such
that 1 € X7 and z9 € X5 and 3 € X3 and x4 € X4 and x5 € X5 and
z = (T1,72,T3,T4,T5).
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(31)  (x1,x2,x3,24,25) € [ X1, X9, X3, Xy, X5 if and only if z; € X; and
T € X9 and x3 € X3 and z4 € X, and x5 € X5.

(32) If for every z holds z € Z if and only if there exist x1, x9, 3, T4, T35
such that 1 € X; and 29 € X5 and z3 € X3 and z4 € X4 and z5 € Xj5
and z = (1, x2, T3, T4, x5), then Z = [ X7, Xo, X3, X4, X5].

(33)  Suppose X1 # 0 and Xo # 0 and X3 # () and X4 # () and X5 # ) and
Y1 # 0 and Yo # 0 and Y3 # 0 and Yy # () and Y5 # 0. Let x be an
element of | X1, Xo, X3, X4, X5]. Then for every element y of [ Y7, Ys,
Y3, Yy, Y5 ] such that © = y holds 1 = y1 and z9 = y2 and 23 = yg and
4 = ygq and x5 = ys.

(34)  For every element z of [ X1, Xo, X3, X4, X5 such that x € [ 4, As,
As, Ay, As] holds x1 € Ay and x9 € Ay and 23 € Az and 24 € A4 and
ry € As.

(35) If X; CYyand Xo CY; and X3 C Yy and Xy C Y, and X5 C Y3, then
EXq, Xo, X3, Xy, X5] CEY, Yo, V3, Yy, Vs

Let us consider Xl, XQ, Xg, X4, X5, Al, Ag, Ag, A4, A5. Then [1A1, Ag, A3,
Ay, Asis a subset of [ X1, Xo, X3, X4, X51.
The following three propositions are true:

(36) If X; # 0 and Xo # (), then for every element z1; of | X1, X5 there
exists an element xg of X7 and there exists an element x7 of X5 such that
Tr11 = (acg,aw).

(37) If X7 # 0 and X5 # () and X3 # (), then for every element x11 of | X7,
X9, X3 there exist xg, 7, g such that 11 = (xg, 27, x3).

(38) If X; # 0 and Xo # 0 and X3 # (0 and X4 # 0, then for every
element z17 of [ Xy, Xo, X3, X4 there exist xg, x7, 3, 9 such that
11 = <$67$77$87$9>'
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Summary. The article contains part 3 of the set of papers con-
cerning the theory of algebraic structures, based on the book [11] pp.
13-15 (pages 6-8 for English edition).

First the basic structure (F, 0, 1, T) is defined, where T is a ternary
operation on F (three-argument operations have been introduced in the
article [9]). Following it, the basic axioms of a Ternary Field are displayed,
the mode is defined and its existence proved. The basic properties of a
Ternary Field are also contemplated there.

MML Identifier: ALGSTR_3.

The articles [13], [12], [3], [4], [1], [2], [6], [5], [7], [8], [10], and [9] provide the
notation and terminology for this paper. We consider ternary field structures
which are systems
(a carrier, a zero, a unity, a operation),
where the carrier is a non-empty set, the zero is an element of the carrier, the
unity is an element of the carrier, and the operation is a ternary operation on
the carrier.
In the sequel F' denotes a ternary field structure. Let us consider F'. A scalar
of F'is an element of the carrier of F'.
In the sequel a, b, ¢ are scalars of F'. Let us consider F, a, b, c. The functor
T(a,b,c) yields a scalar of F' and is defined by:
(Def.1)  T(a,b,c) = (the operation of F)(a, b, c).
Let us consider F'. The functor Og yielding a scalar of F' is defined as follows:
(Def.2) 0 = the zero of F.

Let us consider F'. The functor 1 yields a scalar of F' and is defined by:
(Def.3)  1p = the unity of F.

The ternary operation Tk on R is defined as follows:
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(Def.4)  for all real numbers a, b, ¢ holds Tg(a, b, ¢) =a-b+ c.

The ternary field structure Ry is defined by:
(Def.5) R, = (R,0,1,Tg).
Let a, b, ¢ be scalars of R;. The functor T¢(a, b, c) yields a scalar of Ry and
is defined by:
(Def.6)  T¢(a,b,c) = (the operation of R¢)(a, b, c).
We now state several propositions:
(1)  For every scalar a of Ry holds a is a real number.
(2)  For every real number a holds a is a scalar of Ry.
(3)  For all real numbers u, v/, v, v' such that u # ' there exists a real
number x such that u-z+v=u" -2+ v
(5)2 For all scalars u, a, v of R; and for all real numbers z, z, y such that
u=z and a =z and v = y holds T(u,a,v) =z -z +y.
(6) 0=0g,.
(7)) 1=1g,.
A ternary field structure is called a ternary field if:
(Def?) (l) Oit 75 1it7
(ii)  for every scalar a of it holds T(a, 1, 0it) = a,
i) for every scalar a of it holds T(1,a,0i) = a,
(iv) for all scalars a, b of it holds T(a, O3, b) = b,
) for all scalars a, b of it holds T(0i,a,b) = b,
)

(vi for every scalars u, a, b of it there exists a scalar v of it such that
T(u,a,v) = b,
(vii)  for all scalars u, a, v, v’ of it such that T(u,a,v) = T(u,a,v") holds
/
v=1,

(viii)  for all scalars a, a’ of it such that a # o’ for every scalars b, b’ of it
there exist scalars u, v of it such that T(u,a,v) =b and T(u,a’,v) =¥,
(ix)  for all scalars u, u’ of it such that u # v’ for every scalars v, v’ of it
there exists a scalar a of it such that T(u,a,v) = T(v/,a,v’),
(x) for all scalars a, a, u, v/, v, v’ of it such that T(u,a,v) = T(v/,a,v")
and T(u,a’,v) = T(v,a’,v") holds a = a’ or u = u'.
We adopt the following convention: F' is a ternary field and a, o/, b, ¢, =, 2/,
u, u’, v, v are scalars of F'. We now state several propositions:
(8) Ifa+#d and T(u,a,v) = T(v,a,v') and T(u,a’,v) = T(v/,a’,v), then
u=1u and v ="'
) For every a, b, ¢ there exists x such that T(a,b,z) = c.
(10) If T(a,b,z) = T(a,b, ), then z = 2.
(11)  If a # Op, then for every b, ¢ there exists x such that T(a,z,b) = c.
(12) If a # 0 and T(a,z,b) = T(a,xz’,b), then x = 2/
(13)  If a # Op, then for every b, ¢ there exists x such that T(x,a,b) = c.

2The proposition (4) was either repeated or obvious.
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(14) TIfa#0p and T(z,a,b) = T(2',a,b), then x = .
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Summary. The article contains a definition and basic properties
of a o-additive, nonnegative measure, with values in R, the enlarged set

of real numbers, where R denotes set R = R U {—o0, 400} - by [11]. We
present definitions of o-field of sets, o-additive measure, measurable sets,
measure zero sets and the basic theorems describing relationships between
the notions mentioned above. The work is the third part of the series of
articles concerning the Lebesgue measure theory.

MML Identifier: MEASURE1.

The papers [13], [12], [7], [8], [5], [6], [1], [10], [2], [9], [3], and [4] provide the
terminology and notation for this paper. Omne can prove the following four
propositions:
(1)  For all sets X, Y holds U{X,Y,0} = U{X,Y}.
(2)  For every natural number n holds n =0orn=1or 1 <n.
(4)! For all Real numbers z, y, s, t such that O < z and Og < s and z < y
and s <t holds x +s <y +t.
(5)  For all Real numbers x, y, z such that Oy <y and Og < zand x = y+2
and y < +oo holds z =z — y.
Let X be a set. A set is called a non-empty family of subsets of X if:
(Def.1) it # () and for an arbitrary A such that A € it holds A € 2%,
One can prove the following propositions:
(6) For every set X and for every subset A of X holds {A} is a non-empty
family of subsets of X.
(7)  For every set X and for all subsets A, B of X holds {4, B} is a non-
empty family of subsets of X.

(8)  For every set X and for all subsets A, B, C of X holds {A,B,C} is a
non-empty family of subsets of X.

IThe proposition (3) was either repeated or obvious.
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(9)  For every set X holds {0} is a non-empty family of subsets of X.
(10)  For every set X holds {0, X} is a non-empty family of subsets of X.
(12)2 For every set X holds 2% is a non-empty family of subsets of X.

The scheme DomsetFamFEx concerns a set A, and a unary predicate P, and
states that:

there exists a non-empty family F' of subsets of A such that for every set B
holds B € F if and only if B C A and P[B]
provided the following condition is satisfied:

e there exists a set B such that B C A and P[B].

Let X be a set, and let S be a non-empty family of subsets of X. The functor
X \ S yielding a non-empty family of subsets of X is defined as follows:

(Def.2)  for every set A holds A € X \ S if and only if there exists a set B such
that B€ S and A = X \ B.

We now state three propositions:
(13)  For every set X and for every non-empty family S of subsets of X and
for every set A holds A € X \ S if and only if there exists a set B such
that B € S and A= X\ B.

(14)  For every set X and for every non-empty family S of subsets of X holds
S=X\(X\29).
(15)  For every set X and for every non-empty family S of subsets of X holds
NS =X \UX\S) and US =X\ N(X \ 5).
Let X be a set. A non-empty family of subsets of X is said to be a field of
subsets of X if:

(Def.3)  for every set A such that A € it holds X \ A € it and for all sets A, B
such that A € it and B € it holds AU B € it.

The following propositions are true:
(17)®  For every set X and for every field S of subsets of X holds S = X \ S.

(18)  For every set X and for an arbitrary M holds M is a field of subsets of
X if and only if there exists a non-empty family S of subsets of X such
that M = S and for every set A such that A € S holds X \ A € S and for
all sets A, B such that A € S and B € S holds AUB € S.

(19)  For every set X and for every non-empty family S of subsets of X holds
S is a field of subsets of X if and only if for every set A such that A € S
holds X \ A € S and for all sets A, B such that A € S and B € S holds
ANBeS.

(20)  For every set X and for every field S of subsets of X and for all sets A,
B such that A € S and B € S holds A\ B € S.

(21)  For every set X and for every field S of subsets of X holds 0 € S and
Xes.

2The proposition (11) was either repeated or obvious.
3The proposition (16) was either repeated or obvious.
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Let X be a set, and let S be a non-empty family of subsets of X, and let F'
be a function from S into R, and let A be an element of S. Then F(A) is a Real
number.

Let F be a function from N into R, and let n be a natural number. Then
F(n) is a Real number.

Let X be a set, and let S be a non-empty family of subsets of X, and let F’
be a function from S into R. We say that F' is non-negative if and only if:

(Def.4)  for every element A of S holds O < F(A).

We now state the proposition
(23)* For every set X and for every field S of subsets of X there exists a
function M from S into R such that M is non-negative and M (() = O
and for all elements A, B of S such that AN B = () holds M(AU B) =
M(A) + M(B).
Let X be a set, and let S be a field of subsets of X. A function from S into
R is called a measure on S if:
(Def.5) it is non-negative and it(()) = Og and for all elements A, B of S such
that AN B = holds it(A U B) = it(A) + it(B).
Next we state two propositions:

(25)% For every set X and for every field S of subsets of X and for every
measure M on S and for all elements A, B of S such that A C B holds
M(A) < M(B).

(26) For every set X and for every field S of subsets of X and for every
measure M on S and for all elements A, B of S such that A C B and
M(A) < 400 holds M(B\ A) = M(B) — M(A).

Let X be a set, and let S be a field of subsets of X, and let A, B be elements
of S. Then AU B is an element of S.

Let X be a set, and let S be a field of subsets of X, and let A, B be elements
of S. Then AN B is an element of S.

Let X be a set, and let S be a field of subsets of X, and let A, B be elements
of S. Then A\ B is an element of S.

The following proposition is true

(27)  For every set X and for every field S of subsets of X and for every
measure M on S and for all elements A, B of S holds M(A U B) <
M(A)+ M(B).

Let X be a set, and let S be a field of subsets of X, and let M be a measure
on S, and let A be a set. We say that A is measurable w.r.t. M if and only if:

(Def6) A€ S.

The following proposition is true

4The proposition (22) was either repeated or obvious.
5The proposition (24) was either repeated or obvious.
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(29)® For every set X and for every field S of subsets of X and for every
measure M on S holds () is measurable w.r.t. M and X is measurable
w.r.t. M and for all sets A, B such that A is measurable w.r.t. M and B
is measurable w.r.t. M holds X \ A is measurable w.r.t. M and AU B is
measurable w.r.t. M and AN B is measurable w.r.t. M.

Let X be a set, and let S be a field of subsets of X, and let M be a measure
on S. An element of S is called a set of measure zero w.r.t. M if:

(Def.7)  M(it) = 0.

The following propositions are true:

(31)7 For every set X and for every field S of subsets of X and for every
measure M on S and for every element A of S and for every set B of
measure zero w.r.t. M such that A C B holds A is a set of measure zero
w.r.t. M.

(32)  For every set X and for every field S of subsets of X and for every
measure M on S and for all sets A, B of measure zero w.r.t. M holds
AU B is a set of measure zero w.r.t. M and AN B is a set of measure
zero w.r.t. M and A\ B is a set of measure zero w.r.t. M.

(33) For every set X and for every field S of subsets of X and for every
measure M on S and for every element A of S and for every set B of
measure zero w.r.t. M holds M(AUB) = M(A) and M(ANB) = 0z and
M(A\ B) = M(A).

(34)  For every set X and for every subset A of X there exists a function F
from N into 2% such that g F' = {A}.

(35)  For every set X and for every subset A of X there exists a function F'
from N into {A} such that for every natural number n holds F(n) = A.

Let X be a set. A non-empty family of subsets of X is said to be a denu-
merable family of subsets of X if:

(Def.8)  there exists a function F' from N into 2% such that it = rng F.

We now state several propositions:
(37)® For every set X and for every denumerable family S of subsets of X
there exists a function F from N into 2% such that S = rng F.

(38)  For every set X and for every subsets A, B, C' of X there exists a
function F from N into 2% such that rng ' = {4, B,C} and F(0) = A
and F'(1) = B and for every natural number n such that 1 < n holds
F(n)=_C.

(39) For every set X and for all subsets A, B of X holds {4, B,(} is a
denumerable family of subsets of X.

5The proposition (28) was either repeated or obvious.
"The proposition (30) was either repeated or obvious.
8The proposition (36) was either repeated or obvious.
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(40)  For every set X and for every subsets A, B of X there exists a function
F from N into 2% such that rng F' = {A, B} and F(0) = A and for every
natural number n such that 0 < n holds F(n) = B.

(41)  For every set X and for all subsets A, B of X holds {4, B} is a denu-
merable family of subsets of X.

(42)  For every set X and for every denumerable family S of subsets of X
holds X \ S is a denumerable family of subsets of X.
Let X be a set. A non-empty family of subsets of X is said to be a o-field
of subsets of X if:

(Det.9)  for every set A such that A € it holds X \ A € it and for every denu-
merable family M of subsets of X such that M C it holds |J M € it.

One can prove the following propositions:

(44)? For every set X and for every non-empty family S of subsets of X such
that S is a o-field of subsets of X holds S is a field of subsets of X.

(45)  For every set X and for every o-field S of subsets of X holds () € S and
Xes.

(46)  For every set X and for every o-field S of subsets of X and for all sets
A, B such that A€ Sand Be€ Sholds AUBe€ Sand ANB¢€S.

(47)  For every set X and for every o-field S of subsets of X and for all sets
A, B such that A € S and B € S holds A\ B € S.

(48)  For every set X and for every o-field S of subsets of X holds § = X'\ S.

(49)  For every set X and for every non-empty family S of subsets of X holds
S is a o-field of subsets of X if and only if for every set A such that A € S
holds X \ A € S and for every denumerable family M of subsets of X
such that M C S holds M € S.

Let X be a set, and let S be a o-field of subsets of X. A function from N
into S is said to be a sequence of separated subsets of .S if:

(Def.10)  for all natural numbers n, m such that n # m holds it(n) Nit(m) = 0.

We now state the proposition

(51)0 For every set X and for every o-field S of subsets of X and for every
function F' from N into S and for every function M from S into R holds
M - F is a function from N into R.
Let X be a set, and let S be a o-field of subsets of X, and let F' be a function
from N into S. Then rng F' is a non-empty family of subsets of X.
Let X be a set, and let S be a o-field of subsets of X, and let F' be a function
from N into S, and let M be a function from S into R. Then M - F is a function
from N into R.

Next we state several propositions:

9The proposition (43) was either repeated or obvious.
0The proposition (50) was either repeated or obvious.
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(52)  For every set X and for every o-field S of subsets of X and for every
function F' from N into S holds rng F' is a denumerable family of subsets
of X.

(53)  For every set X and for every o-field S of subsets of X and for every
function F' from N into S holds |Jrng F' is an element of S.

(54)  For every set X and for every o-field S of subsets of X and for every
function F from N into S and for every function M from S into R such
that M is non-negative holds M - F' is non-negative.

(55)  For every set X and for every o-field S of subsets of X and for every
Real numbers a, b there exists a function M from S into R such that for
every element A of S holds if A = (), then M(A) = a but if A # (), then
M(A) =b.

(56)  For every set X and for every o-field S of subsets of X there exists a
function M from S into R such that for every element A of S holds if
A =0, then M(A) =0z but if A # 0, then M(A) = +oo.

(57)  For every set X and for every o-field S of subsets of X there exists
a function M from S into R such that for every element A of S holds
M(A) = 0g.

(58)  For every set X and for every o-field S of subsets of X there exists a
function M from S into R such that M is non-negative and M (()) = O
and for every sequence F' of separated subsets of S holds > (M - F) =
M(Urng F).

Let X be a set, and let S be a o-field of subsets of X. A function from S
into R is said to be a o-measure on S if:

(Def.11) it is non-negative and it(()) = O and for every sequence F of separated
subsets of S holds > (it - F) = it(Urng F).

Let X be a set. We see that the o-field of subsets of X is a field of subsets
of X.

One can prove the following propositions:

(60)*  For every set X and for every o-field S of subsets of X and for every
o-measure M on S holds M is a measure on S.

(61)  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for all elements A, B of S such that AN B =)
holds M(AU B) = M(A) + M(B).

(62)  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for all elements A, B of S such that A C B holds
M(A) < M(B).

(63)  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for all elements A, B of S such that A C B and
M(A) < 400 holds M(B\ A) = M(B) — M(A).

" The proposition (59) was either repeated or obvious.
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(64) For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for all elements A, B of S holds M (AU B) <
M(A)+ M(B).

Let X be a set, and let .S be a o-field of subsets of X, and let M be a o-
measure on S, and let A be a set. We say that A is measurable w.r.t. M if and
only if:

(Def.12) A€ S.

Next we state two propositions:

(66) 2 For every set X and for every o-field S of subsets of X and for every
o-measure M on S holds ) is measurable w.r.t. M and X is measurable
w.r.t. M and for all sets A, B such that A is measurable w.r.t. M and B
is measurable w.r.t. M holds X \ A is measurable w.r.t. M and AU B is
measurable w.r.t. M and AN B is measurable w.r.t. M.

(67)  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for every denumerable family 7" of subsets of X
such that for every set A such that A € T holds A is measurable w.r.t.
M holds T is measurable w.r.t. M and (7 is measurable w.r.t. M.

Let X be a set, and let S be a o-field of subsets of X, and let M be a
o-measure on S. An element of S is called a set of measure zero w.r.t. M if:

(Def.13)  M(it) = Og-
Next we state three propositions:

(69)'3  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for every element A of S and for every set B of
measure zero w.r.t. M such that A C B holds A is a set of measure zero
w.r.t. M.

(70)  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for all sets A, B of measure zero w.r.t. M holds
AU B is a set of measure zero w.r.t. M and AN B is a set of measure
zero w.r.t. M and A\ B is a set of measure zero w.r.t. M.

(71)  For every set X and for every o-field S of subsets of X and for every
o-measure M on S and for every element A of S and for every set B of
measure zero w.r.t. M holds M(AUB) = M(A) and M (AN B) = 0z and
M(A\ B) = M(A).
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theorem in a plane) !
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Summary. The article begins with basic facts concernig arbitrary
projective spaces. Further we are concerned with Fano projective spaces
(we prove it has a rank of at least four). Finally we confine ourselves to
Desarguesian planes; we define the notion of perspectivity and we prove
the reduction theorem for projectivities with concurrent axes.

MML Identifier: PROJRED1.

The articles [6], [8], [5], [7], [9], [10], [4], [3], [1], and [2] provide the terminology
and notation for this paper. We adopt the following convention: I; will be a
projective space defined in terms of incidence, a, b, ¢, d, p, ¢, o, r, s will be
elements of the points of 11, and A, B, C, P, @ will be elements of the lines of
I;. We now state a number of propositions:

(1)  There exists a such that a { A.

(2)  There exists A such that a { A.

(3) If A+# B, then there exist a, b such that a | A and a { B and b | B and
btA.

(4) 1If a # b, then there exist A, B such that a | A and a{ B and b | B and
bt A.

(5)  There exist A, B, C such that a | Aand a | Band a | C and A # B
and B # C and C # A.

(6)  There exists a such that a{ A and a { B.

(7)  There exists a such that a | A.

(8) Ifa| Aandb| A, then there exists ¢ such that ¢ | A and ¢ # a and
c#b.
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(9) There exists A such that af A and bt A.
(10) IfA#Bando|Aando|Bandp|Aandp#oandq| B, then p # q.

(11) Ifo#aando#band A#Bando|Aando|Banda|Aanda|C
and b | B and b | C, then A # C.

(12)  Supposeo | Aand o| Band A# Banda| A and o# a and b | B and
c|Bandb#canda|Pand b|P and a| @ and ¢ | Q. Then P # Q.

(13) Ifa,b,c| A, then a,c,b | A and b,a,c| A and b,c,a | A and ¢,a,b | A
and ¢,b,a | A.

(14)  Let I; be a Desarguesian projective space defined in terms of incidence.

Let o, by, a1, bs, as, b3, as, r, s, t be elements of the points of I;. Let C1,
Cy, C3, A1, Ay, A3, B1, By, B3 be elements of the lines of I;. Suppose

that
i) o,bl,al ’Cl,

(ii) o,a2,bs | Oy,
(iii) o,as, b3 ’ Cg,
(iV) ag,ag,t ’ Al,
(V) az,r,ai | A27
(Vi) as, s, aj ‘ Ag,

(Vll) t, b27 b3 | Blv

(Vlll) b17 T, b3 | 327
(iX) bl, S, b2 ‘ Bg,
(x) Ci, Cy, C3 are mutually different,
(xi) o#as,

(Xii) (] 75 bl,

(Xiii) 0 # bo,

(XiV) as 75 bg.

Then there exists an element O of the lines of I; such that r,s,¢ | O.

(15)  Suppose there exist A, a, b, ¢, d such that a | A and b | A and ¢ | A and
d| A and a, b, ¢, d are mutually different. Then for every B there exist
p, q, T, s such that p| Band g | B and r | B and s | B and p, ¢, r, s are
mutually different.

We follow a convention: I; will be a Fanoian projective space defined in terms
of incidence, a, b, ¢, d, p, q, r, s will be elements of the points of I;, and A, B,
C,D, L, Q, R, S will be elements of the lines of I;. The following propositions
are true:
(16)  There exist p, ¢, 7, s, a, b, ¢, A, B, C, Q, L, R, S, D such that ¢t L
andrtL and ptQ and st and pt Rand rt R and ¢4 .S and s1 .S
and a,p,s | L and a,q,r | Q and b,q,s | R and b,p,r | S and ¢,p,q | A
and ¢,r,s | B and a,b | C and c1 C.
(17)  There exist a, A, B, C, D such that a | A and a | B and a | C' and
a| D and A, B, C, D are mutually different.

(18)  There exist a, b, ¢, d, A such that a | Aand b| Aand c| Aand d | A
and a, b, ¢, d are mutually different.
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(19)  There exist p, g, 7, s such that p | B and ¢ | B and r | B and s | B and
P, q, , s are mutually different.

We follow a convention: I; will denote a Desarguesian 2-dimensional projec-
tive space defined in terms of incidence, ¢, p, q, x, y will denote elements of
the points of I1, and K, L, R, X will denote elements of the lines of 7. Let
us consider I, K, L, p. Let us assume that p + K and p t L. The functor
mp(K — L) yields a partial function from the points of I; to the points of I
and is defined as follows:

(Def.1)  dommy,(K — L) C the points of I; and for every  holds x € dom 7, (K —
L) if and only if z | K and for all z, y such that = | K and y | L holds
mp(K — L)(z) = y if and only if there exists X such that p | X and z | X
and y | X.

One can prove the following propositions:

(20)  Suppose pt K and pt L. Then
(i) domm,(K — L) C the points of I,
(ii) for every z holds z € domm,(K — L) if and only if z | K,
(iii)  for all «, y such that | K and y | L holds 7,(K — L)(z) = y if and
only if there exists X such that p | X and z | X and y | X.

(21) If pt K, then for every x such that z | K holds m,(K — K)(z) = x.

(22) IfptK and ptL and z | K, then m,(K — L)(z) is an element of the
points of 1.

(23) IfptKandptL and x| K and y = mp(K — L)(x), then y | L.

(24) IfptKandptL and y € rngm,(K — L), then y | L.

(25) Suppose pt K and pt L and ¢ 1 L and ¢ t+ R. Then dom(my(L —
R) - mp(K — L)) = dom7y(K — L) and rng(my(L — R) - mp(K — L)) =
rngmy(L — R).

(26)  Let ay, b1, ag, by be elements of the points of I;. Thenif pt K andpt L
and a1 | K and by | K and 7,(K — L)(a1) = ag and m,(K — L)(b1) = by
and a9 = by, then a; = b1.

(27) IfptKand ptL and | K and x| L, then m,(K — L)(z) = =.

We now state the proposition

(28) Supposept K and pt L and g4 L and ¢t R and ¢ | K and ¢ | L and
c¢| R and K # R. Then there exists an element o of the points of I; such
that ot K and ot R and 7y(L — R) - mp(K — L) = 1,(K — R).
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Summary. The notion of group was defined as a group structure
introduced in the article [6]. The article contains the basic properties of
groups, rings, left- and right-modules of an associative ring.

MML Identifier: MOD_1.

The articles [11], [10], [13], [3], [1], [12], [9], [4], [2], [5], [6], [7], and [8] provide
the notation and terminology for this paper. A group structure is called a group
if:
(Def.1)  for all elements z, y, z of it holds z+y+ 2z =2+ (y+2) and z +0iy = x
and x + —z = Oy.
In the sequel G denotes a group structure and z, y denote elements of G.
We see that the Abelian group is a group.

Let us consider G, x, y. The functor x —'y yielding an element of G is defined
by:

(Def.2) z—"y=x+—y.

In the sequel G denotes a group and u, v, w denote elements of G. One can

prove the following propositions:

(1) (—’U) + v =10¢g.

(2) O0g+v=n.

(3) v+ w=0¢ if and only if —v = w.
(4) —0g=0¢.
(

(i) ——v=ow,
(i) —((—v)+w) = (—w)+ v,
(iv) —(v—"w)=w-"v,
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(v)  —((=v) ~"w)=w+w,
vi) v—"(v+w)=u—"w-"v.
(6) O0c—"v=-vandv—'0g=n.
In the sequel G denotes an Abelian group and u, v, w denote elements of G.
The following four propositions are true:
(7 0 —(+w)=(-w)—-v,
(i) —-—v=w,
(iii) (—v) +w) = (—w) + v,
(iv) v—w)=w—wv,
(v)  —((=v) —w) =w+w,
Vi) u—(v4+w) =u—w-—w.

—(
—(

(8) 0g—v=-vandv—0g=n0.
9) (—u)—v=(—v)—wand (—u)+v=v—uand u—v=(—v)+u and
U—V—wW=u—w-—0.
(10) i)  —(v+w)=(-v) —w,
(i) —((—v)4+w)=v—w,
(i) —(v—w)=(-v)+w,
(iv) —((-v) —w)=v+w,
v) u—(w+w)=u—v—w.
For simplicity we adopt the following convention: R will denote an associative
ring, a, b will denote scalars of R, V will denote a left module over R, and v,
w will denote vectors of V. We now state several propositions:

(11) —(a—0b)=(—a)+0.

(12) a+0r=aand Or +a=a.

(13) Ifa=0g or b=0g, then a-b=0g.

(14) (-1gp)-a=-aand a-—1p = —a.

(15)  a=0g if and only if —a = Og.

(16) v+ —v =0y and (—v) +v = Oy.

(17) -6y =6y.

(18) v+ w = Oy if and only if —v = w.

(19) Oy +v=vandv+ Oy =vand Oy —v=—v and v — Oy = v.
In the sequel x, y denote scalars of R. Next we state several propositions:

(200 Og-v=0y and (—1g)-v=—vand z - (Oy) = Oy.

(21) —z-v=(-z)vandw—z-v=w+ (—x)-v.

(22) z-—v=—-z-0.

(23) z-(v-—w)=z-v—x-w.

(24) v—z - (y-w)=v—z-y-w.

In the sequel F' will be a skew field, = will be a scalar of F'; V will be a left
module over F, and v will be a vector of V. The following two propositions are
true:

(25) x-v=0y if and only if x = 0p or v = Oy.
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(26) If 2 #0p, then 27 - (z-v) = v.
We adopt the following rules: V will denote a left module over R and v, vq,
vo, u, w will denote vectors of V. The following propositions are true:
(27) v—v=0y.

v) —(v—w)=(-v)+w,

vi) —((—v)+w)=v—w,
(vii))  —((—v) —w) =v+w.
29) (u+v)—w=u+(v—w).

)
30) v =w; + vy if and only if v; = v — va.
) v—(u—w)=(v—u)+w.

32) Ifv4+u=wvoru+v=v,then u=0Oy.

In the sequel R denotes an associative ring, V denotes a right module over
R, and v, w denote vectors of V. We now state four propositions:

33) v+ —v=0y and (—v) +v = Oy.

34) —Oy =0y.

35) v+ w= 0Oy if and only if —v = w.

36) Oy +v=vand v+ Oy =vand Oy —v=—v and v — Oy = v.
In the sequel x, y are scalars of R. We now state several propositions:
(37) v-0p=0Oy andv-—1g =—v and (Oy) -z = Oy.

(38) —w-z=v-—zandw—v-x=w+uv-—z.
39) (—v)-x=-v- =z

(40) (w—w)-xz=v-z—w-x.

41) v—w-y-z=v—w-(y-x).

In the sequel F' denotes a skew field, x denotes a scalar of F', V denotes a
right module over F, and v denotes a vector of V. One can prove the following
two propositions:

(42)  wv-z =0y if and only if x = 0 or v = Oy.
(43) Ifx #0p, thenv-z-27! = .

We follow the rules: V' will denote a right module over R and v, v1, vg, u, w

will denote vectors of V. The following propositions are true:
(44) v—v=0y.
(45) (i) ——v=w,
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(vil) —((—v) —w) =v+ w.
(46) (u4v)—w=u+ (v—w).
(47) v = w1 +ve if and only if v; = v — vs.
(48) v—(u—w)=(v—u)+w.
(49) Iv+u=wvoru+v=uv,then u=0Oy.
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Summary. Definition of a finite sequence of the vectors of Left
Module over Associative Ring and some theorems concerning these sums.
Written as a generalization of the article [11].

MML Identifier: LMOD_1.

The terminology and notation used here have been introduced in the following
papers: [10], [3], [2], [4], [6], [12], [9], [5], [1], [7], and [8]. For simplicity we adopt
the following convention: zx is arbitrary, R is an associative ring, a is a scalar
of R, V is a left module over R, and v, vq, vo, w, u are vectors of V. Let us
consider R, V', z. The predicate x € V is defined by:

(Def.1)  x € the carrier of the carrier of V.

The following two propositions are true:

(1) =z €V if and only if = € the carrier of the carrier of V.

(2) wveV.

We adopt the following convention: F', G, H will denote finite sequences of
elements of the carrier of the carrier of V', f will denote a function from N into
the carrier of the carrier of V', and 4, j, k, n will denote natural numbers. Let
us consider R, V', F'. The functor > F yielding a vector of V is defined by:

(Def.2)  there exists f such that Y. F = f(len F') and f(0) = Oy and for all j,
v such that j <len F and v = F(j + 1) holds f(j + 1) = f(j) + v.

One can prove the following propositions:

(3)  If there exists f such that v = f(len F') and f(0) = ©y and for all j,
v such that j < len F' and v = F(j + 1) holds f(j + 1) = f(j) + v, then
u=>y F.
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(4) There exists f such that Y. F = f(len F') and f(0) = Oy and for all 7,
v such that j <len F and v = F(j 4+ 1) holds f(j + 1) = f(j) + v.
(5) 1If k € Segn and len F' = n, then F(k) is a vector of V.
(6) IflenF =lenG+ 1 and G = F | SeglenG and v = F(len F'), then
NF=%G+w.
(M) X(F~G)=XF+>G.
(8) IflenF = lenG and len F = len H and for every k such that k €
Seglen F holds H (k) = mxF + 7 G, then > H =3 F+ > G.
(9) Iflen F =lenG and for all k, v such that k& € Seglen F' and v = G(k)
holds F(k) =a-v, then > F =a-Y G.
(10) Iflen F =lenG and for every k such that k& € Seglen I holds G(k) =
a-mpF, then > G=a-> F.
(11) Iflen F = lenG and for all k, v such that k € Seglen F' and v = G(k)
holds F (k) = —v, then Y FF = — 3 G.
(12) Iflen F = len G and for every k such that k € Seglen I holds G(k) =
—7mpF, then > G=—>"F.
(13) IflenF = lenG and len F = len H and for every k such that k €
Seglen F holds H (k) = nxF — G, then > H =5 F — Y G.
(14) Ifrng F =rngG and F is one-to-one and G is one-to-one, then Y F =
> G.
(15)  For all F', G and for every permutation f of dom F' such that len F' =
len G and for every i such that ¢ € dom G holds G(i) = F(f(i)) holds

S F=YG.

(16)  For every permutation f of dom F such that G = F-f holds > FF = > G.
(17) > Ethe carrier of the carrier of V = Oy
(18) > (v) =w.

(19) > {v,u) =v+u.

(20) > {(v,u,w) =v+u+w.

(21) @3- €the carrier of the carrier of V = Ov.
(22) a-Y(v)=a-wv.

(23) a-Y(v,u)=a-v+a-u.

(24) a-Y(vyu,w)=a-v+a-u+a-w.
(25) = 3" €the carrier of the carrier of V = OV
(26) —>(v) =—w.

27 =X (v,u) =(—v) —u.

(28) —> (v,u,w) =(—v) —u—w.

(29)  X(v,w) =3 (w,v).

(30)  X(v,w) = 3(v) + X(w).

(31) X{6vy,0v)=6y.

(32) > (Oy,v) =vand > (v,0y) =v.
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(33) (v, —v) = Oy and ¥ (—v,0) = Oy.
We now state a number of propositions:
(34) Y (v,—w)=v—wand Y (—w,v) =v—w.
(35)  X{=v,—w) = —(v+w) and Y (~w, —v) = —(v+ w).
(36)  >(u,v,w) = 32(u) + 3(v) + 2 (w).
37 X{u,v,w) = 3u,v) +w.
(38) 2w, v,w) = 3{v, w) + u.
(39) S {u,v,w) =Y (u,w) + v.
(40) 2w, v, w) = > (u, w,v).
(41)  >(u,v,w) = 3(v, u,w).
(42) Z<u7 U? w> = Z<U7 w? u>'
(43)  Xlu,v,w) =3 (w, u,v).
(44)  >(u,v,w) = 3w, v,u).
(45) Z<®V) ®V7 @V> - @V
(46) > (Oy,0y,v) =v and Y (Oy,v,0y) =v and Y (v,Oy,0y) = v.
(47 > (Ov,u,v) =u+v and > (u,v,0y) =u+v and Y (u, Oy, v) = u+w.
(48) Iflen F =0, then >, F = Oy.
(49) Iflen F =1, then > F = F(1).
(50) Iflen F =2 and vy = F(1) and vo = F(2), then Y F = vy + vs.
(51) IflenF =3 and v; = F(1) and vo = F(2) and v = F(3), then ) F =
V1 + v + .
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Summary. Notions of Submodules in Left Module over Associa-
tive Ring and Cosets of Submodules in Left Module over Associative Ring.
A few basic theorems related to these notions are proved. This article
originated as a generalization of the article [12].

MML Identifier: LMOD_2.

The notation and terminology used here are introduced in the following articles:
), (2], [14], [13], [10], [11], [7], (1], (3], 9], [4], [6], and [5]. For simplicity we
follow a convention: x will be arbitrary, R will be an associative ring, a will
be a scalar of R, V, X, Y will be left modules over R, and u, v, vi, v will be
vectors of V. Let us consider R, V. A subset of V is a subset of the carrier of
the carrier of V.
In the sequel Vi, V5, V3 will denote subsets of V. Let us consider R, V, V7.
We say that V7 is linearly closed if and only if:
(Def.1)  for all v, u such that v € V; and u € V; holds v + u € Vj and for all a,
v such that v € V] holds a-v € V.

We now state a number of propositions:

(1) If for all v, u such that v € V; and v € V; holds v + u € V; and for all
a, v such that v € V7 holds a - v € Vi, then V; is linearly closed.

(2) If V4 is linearly closed, then for all v, u such that v € V1 and u € V;
holds v +u € V.

(3) If V; is linearly closed, then for all a, v such that v € V holds a-v € V.
(4) If V; # () and V; is linearly closed, then Oy € V;.
(5)  If V4 is linearly closed, then for every v such that v € V; holds —v € V4.
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(6) If V; is linearly closed, then for all v, u such that v € V7 and u € V;
holds v — u € Vj.

(7)  {Oy} is linearly closed.
(8) If the carrier of the carrier of V' = V7, then V; is linearly closed.

(9) If V; is linearly closed and V5 is linearly closed and V3 = {v +u : v €
Vi Au € Va}, then Vi is linearly closed.
(10)  If V4 is linearly closed and V5 is linearly closed, then Vi N V5 is linearly
closed.

Let us consider R, V. A left module over R is called a submodule of V if:

(Def.2)  the carrier of the carrier of it C the carrier of the carrier of V and the

zero of the carrier of it = the zero of the carrier of V and the addition of
the carrier of it = (the addition of the carrier of V) | | the carrier of the
carrier of it, the carrier of the carrier of it | and the left multiplication
of it = (the left multiplication of V') | | the carrier of R, the carrier of
the carrier of it .

We now state the proposition

(11) If the carrier of the carrier of X C the carrier of the carrier of V
and the zero of the carrier of X = the zero of the carrier of V' and the
addition of the carrier of X = (the addition of the carrier of V') | | the
carrier of the carrier of X, the carrier of the carrier of X | and the left
multiplication of X = (the left multiplication of V') | [ the carrier of R,
the carrier of the carrier of X ], then X is a submodule of V.

We follow a convention: W, Wi, W5 denote submodules of V' and w, w1, ws
denote vectors of W. The following propositions are true:

(12)  The carrier of the carrier of W C the carrier of the carrier of V.
(13)  The zero of the carrier of W = the zero of the carrier of V.

(14)  The addition of the carrier of W = (the addition of the carrier of V') ||
the carrier of the carrier of W, the carrier of the carrier of W .

(15)  The left multiplication of W = (the left multiplication of V) | [ the
carrier of R, the carrier of the carrier of W .

If x € W7 and W7 is a submodule of Wy, then z € Ws.

—_
D

17 If x € W, then x € V.
18 w is a vector of V.

19 Ow = Oy.

20 Ow, = Ow,.

If wq = v and wy = u, then wy + we = v + u.

[\
[\

If w=w, thena-w=a-v.

[\
w

If w = v, then —v = —w.

)
=~

If wqy = v and wy = u, then wq — w9 = v — u.
Oy e W.
@W1€W2.

AN AN N N N N N N S /S
[\) [SV]
(@) —

P N N O e W W D

[\)
D
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Ow e V.

fueW and v e W, then u4+v e W.

IfveW,thena-veW.

IfveW, then —v e W.

fueWand v e W, then u —v e W.

V' is a submodule of V.

If V is a submodule of X and X is a submodule of V, then V = X.

If V is a submodule of X and X is a submodule of Y, then V is a
submodule of Y.

(35) If the carrier of the carrier of W C the carrier of the carrier of W,
then W7 is a submodule of Ws.

(36) If for every v such that v € W7 holds v € Wy, then W7 is a submodule

wW N
oS ©

N N N N N /N /N /N
w w
N =

~— — '~ Y — Y

of WQ.
(37) If the carrier of the carrier of W; = the carrier of the carrier of W,
then W7 = Wa.

(38) If for every v holds v € W if and only if v € Wy, then Wy = Ws.

(39) If the carrier of the carrier of W = the carrier of the carrier of V,
then W = V.

(40)  If for every v holds v € W, then W = V.
(41) If the carrier of the carrier of W = Vi, then Vj is linearly closed.

(42)  If V; # () and V; is linearly closed, then there exists W such that V; =
the carrier of the carrier of W.

Let us consider R, V. The functor 0y yields a submodule of V" and is defined
as follows:

(Def.3)  the carrier of the carrier of Oy = {Oy }.
Let us consider R, V. The functor {2y yielding a submodule of V is defined
by:
(Defd) Qy =V.
The following propositions are true:
43)  The carrier of the carrier of Oy = {Oy }.

44)  If the carrier of the carrier of W = {©y}, then W = 0y.
45 Qy=V.
46 x € Oy if and only if x = Oy.
47 Oy = Oy.
Ow, = Oy,

Oy is a submodule of V.

(SN
o ©
S N e e N N N N N N N

0y is a submodule of W.

ot
—

Oy, is a submodule of Ws.
W is a submodule of Qy .

AN SN N AN AN AN N N N N N
IS
oo

V' is a submodule of Q.
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Let us consider R, V', v, W. The functor v + W yields a subset of V and is
defined by:

(Det.5)

v+W={v4+u:ue W}

Let us consider R, V', W. A subset of V is said to be a coset of W if:

(Def.6)

there exists v such that it = v+ W.

In the sequel B, C' are cosets of W. One can prove the following propositions:

N R N N e e e e i e e R e e e R e e N N N NP
S O O O O O Ot Ot Ot Ot gt Ut
U W NN P O © 00 J O Ot i
S N e e e e e e e e e e e e e e S e e S S N N

NN NN NN oo e
S TR W~ O B g

~ o~~~
0 949N
O 00
— — —

0)

v+W={v4+u:ue W}

There exists v such that C = v+ W,

If Vi =v+ W, then V; is a coset of W.

x € v+ W if and only if there exists u such that v € W and x = v + u.
Oy € v+ W if and only if v € W.

vev+ W.

Oy + W = the carrier of the carrier of W.

v+ 0y = {’U}

v + Qy = the carrier of the carrier of V.

Oy € v+ W if and only if v + W = the carrier of the carrier of W.

v € W if and only if v + W = the carrier of the carrier of W.

If v e W, then a-v+ W = the carrier of the carrier of W.
ueWifandonlyifv+W =v+u+W.

ueWifandonly if v+W = (v —u) + W.

veu+Wifand only ifu+ W =v+ W.
fuevi+Wandu€uvg+ W, thenvy + W =wvy +W.
IfveW,thena-vev+ W.

IfveW, then —vev+W.

u+vev+ Wifand only if u e W.
v—u€v+ Wifand only if u € W.

u € v+ W if and only if there exists v such that v1 € W and u = v+wv1.
u € v+ W if and only if there exists v such that v1 € W and u = v—wvy.
There exists v such that v; € v + W and vo € v+ W if and only if

v, — v € W.

If v+ W = u+ W, then there exists v1 such that v; € W and v4v; = .
If v+ W = u+ W, then there exists v1 such that v; € W and v—v; = .
v+ Wy =v+ Wy if and only if W = Wa.

If v+ Wy =u+ Wy, then Wy = Ws.

In the sequel C; denotes a coset of W7 and Cy denotes a coset of Ws. Next
we state a number of propositions:

(81)
(82)
(83)

There exists C' such that v € C.
C is linearly closed if and only if C' = the carrier of the carrier of W.
If Cl = 02, then W1 = WQ.
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{v} is a coset of Oy .
If V7 is a coset of Oy, then there exists v such that Vi = {v}.
The carrier of the carrier of W is a coset of W.

oo Q0
-~

The carrier of the carrier of V is a coset of 2y,.

Qo
oo

If V7 is a coset of Qy/, then V7 = the carrier of the carrier of V.

Oy € C if and only if C = the carrier of the carrier of W.

u € Cifand only if C =u+ W.

Ifu € C and v € C, then there exists v such that v; € W and u+v; = v.
Ifu € Cand v € C, then there exists vq such that v; € W and u—v; = v.
There exists C' such that v1 € C' and v9 € C if and only if v1 — vy € W.
If we Band u e C, then B=C.

NeliNe)
_= O

AN N N N N N N N N N
Nel co
DO Ne)

~— T Y N N N N N Y N
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Summary. Definition of sum, direct sum and intersection of sub-
modules. We prove a number of theorems related to these notions. This
article originated as a generalization of the article [10].

MML Identifier: LMOD_3.

The terminology and notation used here are introduced in the following papers:
(1), (12], [14], 9, 8], [13), (2], [11], [7), [3], [4]. [5], and [6]. For simplicity we
adopt the following rules: R denotes an associative ring, V denotes a left module
over R, W, Wy, Wy, W3 denote submodules of V', wu, uq, us, v, v1, vg denote
vectors of V', and z is arbitrary. Let us consider R, V', Wi, Ws. The functor
W1 + Wy yields a submodule of V' and is defined by:

(Def.1)  the carrier of the carrier of Wi +Wo ={v+u:v e Wy Aue Wa}.

Let us consider R, V', Wy, W5. The functor W1 N Wy yielding a submodule
of V is defined by:
(Def.2)  the carrier of the carrier of W, N Wy = (the carrier of the carrier of

W1)N (the carrier of the carrier of Ws).

One can prove the following propositions:

(1)  The carrier of the carrier of W1 + Wy ={v+u:ve Wiy Au e Wa}.

(2) If the carrier of the carrier of W = {v +u:v € Wi Au € Wa}, then
W =W + Wa.

(3)  The carrier of the carrier of W7 N Wy = (the carrier of the carrier of
W1)N (the carrier of the carrier of Wy).

(4) If the carrier of the carrier of W = (the carrier of the carrier of Wi)N
(the carrier of the carrier of Wy), then W = Wy N Wa.

'Supported by RPBP.IT1-24.C6
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x € Wi + Wy if and only if there exist v1, v9 such that vy € Wy and

vy € Wy and & = v1 + v9.

If v e Wy or ve W, then v € Wy + Wa.

x € WiN Wy if and only if z € Wy and = € Whs.

W4+W=W.

Wi+ We = Wo + W1

Wi+ (Wa + W3) = W1 + Wa + W3,

W7y is a submodule of W7 + Wy and W5 is a submodule of W1 + Wh.
W1 is a submodule of Wy if and only if Wy + Wy = Wo.

Oy +W =W and W + 0y = W.

Oy +Qy =V and Qy +0y = V.

Qu4+W=Vand W+ Qy=V.

Qy 4+ Qy =V.

wWnw=Ww.

Wi N Wy =Wo N Wh.

Win (WyonWs) =Wy N Wy Ws.

W1 N Wy is a submodule of W7 and Wy N Wy is a submodule of Ws.
W1 is a submodule of Wy if and only if Wy N Wy = Wh.

If W7 is a submodule of Wy, then W7 N W3 is a submodule of Wy N Wi,
If W7 is a submodule of W3, then W7 N Wy is a submodule of Wi,

If W7 is a submodule of Wy and W7 is a submodule of W3, then W7 is

a submodule of Wy N W3,

Oy NW =0y and W N0y = Oy.

0y NQy =0y and Qyp N0y = Oy
QW =Wand WNQy =W.
QyNQy =V.

W1 N Wy is a submodule of W7 + Whs.
WinN Wy + Wy = Wa.
Win (Wy + Wa) = Wi,

One can prove the following propositions:

N N N N N N S
W W W W W w w
0 g O Ot = W N

— N N Y N~ Y

w
Ne)

W1 N Wy + Wo N Wy is a submodule of Wo N (W7 + W3).

If W7 is a submodule of Wy, then WoN (W1 +W3) = WiNWa+WonWs.
Wy + W1 N Ws is a submodule of (W7 + Wa) N (W + Ws).

If W7 is a submodule of Wy, then Wo+WiNW35 = (W1 +Wo)N(Wa+W3).
If Wy is a submodule of W3, then Wy + Wy N W3 = (W7 + Wa) N Ws.
W1 + Wy = Ws if and only if Wy N Wy = Wi,

If W7 is a submodule of Wy, then W7 + W3 is a submodule of Wy + Wi,
If W7 is a submodule of W5, then W7 is a submodule of Wy 4+ Wi,
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(40)  If Wy is a submodule of W3 and W5 is a submodule of W3, then Wy +W,
is a submodule of W3.

(41)  There exists W such that the carrier of the carrier of W = (the carrier
of the carrier of W)U (the carrier of the carrier of Ws) if and only if W;
is a submodule of Wy or Wy is a submodule of Wj.

Let us consider R, V. The functor Sub(V') yields a non-empty set and is
defined by:

(Det.3)  for every z holds x € Sub(V) if and only if = is a submodule of V.

In the sequel D denotes a non-empty set. One can prove the following three
propositions:
(42)  If for every = holds x € D if and only if = is a submodule of V, then
D = Sub(V).
(43) € Sub(V) if and only if z is a submodule of V.
(44) Ve Sub(V).
Let us consider R, V, Wy, Ws. We say that V is the direct sum of Wy and
Wy if and only if:
(Defd) V =Wp+ Wy and Wi N Ws = 0y.

One can prove the following two propositions:

(46)% If V is the direct sum of W7 and Wa, then V is the direct sum of Wy
and Wj.

(47)  V is the direct sum of Oy and Qy and V is the direct sum of Qy and
Oy .
In the sequel Cy will denote a coset of W7 and Cy will denote a coset of Ws.
Next we state several propositions:

(48) If C1 N Cy # 0, then C1 N Cy is a coset of Wy N Wh.

(49)  V is the direct sum of Wj and Wy if and only if for every Cy, Cy there
exists v such that Ch N Cy = {v}.

(50) Wy + Wy = V if and only if for every v there exist v, ve such that
v1 € Wi and vg € Wy and v = v1 + vs.

(51)  If V is the direct sum of Wy and W5 and v = vy + v9 and v = ug + ug
and v1 € Wy and uq1 € Wy and vo € Wy and ug € Wo, then v1 = u; and
V2 = U9g.

(52)  Suppose V = W; + Wy and there exists v such that for all vy, va, uy,
ug such that v = v1 + v and v = uy + uo and v1 € Wy and uy € Wy and
vy € Wy and ug € W5 holds v; = u; and v9 = us. Then V is the direct
sum of Wy and Whs.

In the sequel ¢ will be an element of | the carrier of the carrier of V, the
carrier of the carrier of V' J. Let us consider R, V', v, Wy, Ws. Let us assume
that V' is the direct sum of Wy and Ws. The functor v < (W7, W3) yielding an

2The proposition (45) was either repeated or obvious.
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element of [ the carrier of the carrier of V, the carrier of the carrier of V' { is
defined as follows:
(Def.5) V= (U < (Wl, Wg))l —I—(U < (Wl, Wg))z and (U < (Wl, Wg))l € Wi and
(U < (Wl,Wg))z € Ws.
The following propositions are true:
(563) If V is the direct sum of W; and Wy and ¢ + t2 = v and t; € W and
tog € Wy, then t = v < (W, Ws).
(54) If V is the direct sum of W7 and Wy, then
(v (Wi, Wa))1 + (v < (W1, Wa))2 = v.
(55)  If V is the direct sum of W7 and Wy, then (v <1 (W1, Wh))1 € Wh.
(56)  If V is the direct sum of W7 and Wy, then (v <1 (W1, Wa))a € Wa.
(57) If V is the direct sum of W7 and Wy, then
(U < (Wl, Wg))l = (U < (WQ, Wl))Z-
(58)  If V is the direct sum of W; and W, then
(v (W1, Wa))2 = (v (Wa, Wi))1.
In the sequel A;, As will denote elements of Sub(V'). Let us consider R, V.

The functor SubJoin V' yields a binary operation on Sub(V') and is defined as
follows:

(Def.6) for all Ay, As, Wi, Wy such that A; = W; and As = Wy holds
(SubJoin V)(Al, Ag) = Wl + Wg.
Let us consider R, V. The functor SubMeet V' yielding a binary operation
on Sub(V) is defined as follows:
(Def.7)  for all Ay, As, Wi, Wy such that A; = W; and Ay = Wy holds
(SubMeet V)(Al, Ag) =WiNWs.
In the sequel o is a binary operation on Sub(V). Next we state several
propositions:
(59) If Ay =W; and Ay = Ws, then SubJoin V(A41, Ag) = Wi + Wh.
(60) If for all Ay, Ay, Wy, W such that A1 = W; and Ay = W5 holds o(A4,
Ay) = Wi + Wy, then o = SubJoin V.
(61) If Ay = W7 and Ay = Ws, then SubMeet V(Al, Ag) = Wi N Ws.
(62) If for all Ay, Ay, Wy, Wy such that A1 = W; and Ay = W5 holds o(A4,
Ay) = Wi N Wa, then o = SubMeet V.
(Sub(V'), SubJoin V, SubMeet V) is a lattice.
(Sub(V'), SubJoin V, SubMeet V'
(Sub(V'), SubJoin V, SubMeet V'
(Sub(V'), SubJoin V, SubMeet V'
(Sub(V), SubJoin V, SubMeet V

D O
- W

is a lower bound lattice.
is an upper bound lattice.

(@)
(=)

is a bound lattice.

e e e R
D
at

~— — ~— ~— —

D
3
S~ S S

is a modular lattice.
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Summary. Notion of linear combination of vectors in Left Mod-
ule over Associative Ring, defined as a function from the carrier of Left
Module over Associative Ring to the carrier of this Ring. The following
operations are included: addition, subtraction of combinations and mul-
tiplication of a combination by a scalar of the Ring. Following it, the sum
of a finite set of vectors and the sum of linear combinations is defined.
Many theorems are proved. This article originated as a generalization of
the article [19].

MML Identifier: LMOD_4.

The articles [22], [7], [5], [3], [6], [8], [21], [17], [15], [16], [2], [4], [18], [20], [1],
[9], [10], [11], [13], [12], and [14] provide the terminology and notation for this
paper. For simplicity we follow a convention: R will be an associative ring, V'
will be a left module over R, a, b will be scalars of R, x will be arbitrary, i will
be a natural number, u, v, vy, ve, vy Will be vectors of V', F, G will be finite
sequences of elements of the carrier of the carrier of V., A, B will be subsets of
V, and f will be a function from the carrier of the carrier of V into the carrier
of R. Let D be a non-empty set. Then () is a subset of D.

Let us consider R, V. A subset of V is said to be a finite subset of V' if:
(Def.1) it is finite.
In the sequel S, T denote finite subsets of V. Let us consider R, V, S, T.

Then S UT is a finite subset of V. Then SN T is a finite subset of V. Then
S\ T is a finite subset of V. Then S—=T is a finite subset of V.

Let us consider R, V. The functor Oy yields a finite subset of V' and is
defined as follows:

(Def.2) 0y = 0.

'Supported by RPBP.IT1-24.C6
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One can prove the following proposition

(2)2 0y =0.
Let us consider R, V', T'. The functor > T yields a vector of V' and is defined
as follows:

(Def.3)  there exists F' such that rng F' = T and F is one-to-one and ). 7 = > F.

One can prove the following two propositions:

(3) There exists F' such that rng F' = T and F' is one-to-one and Y T =
S F.

(4) IfrngF =T and F is one-to-one and v = Y F, then v = > T.

Let us consider R, V', v. Then {v} is a finite subset of V.

Let us consider R, V', v1, va. Then {v1,v9} is a finite subset of V.

Let us consider R, V', v1, vg, v3. Then {vy,vy,v3} is a finite subset of V.

We now state a number of propositions:

> (0y) = Oy.

Y {v} =w.

If v1 # vo, then > {vy,v9} = v1 + va.

If v1 # vo and vy # v3 and vy # vs, then > {v1,ve,v3} = v1 + vy + vs.

If T misses S, then Y} (TUS)=>T+>S.

S(TUS) = (ST +58) - S(TN8).

S(TN8) = (ST +58) - S(TUS).

YAT\S)=2(Tus)-X 5.

SATN\S) =T -3(T'NS).

S(T=S)=3(TUS)—-X(TnNnS).

S(T=8) = S(T\ 8) + XS\ T).
Let us consider R, V. An element of (the carrier of R)the carrier of the carrier of V

is called a linear combination of V' if:

(Def.4)  there exists T" such that for every v such that v ¢ T holds it(v) = Op.
In the sequel K, L, Ly, Lo, L3 are linear combinations of V. We now state
the proposition
(16)  There exists T such that for every v such that v ¢ T holds L(v) = Og.

the carrier of the carrier of V'

S Ot

===~~~
— © oo

—_ —_
= [\ (e]
P N i N N S N N D A N

e N N N e N
— —
ot w

In the sequel E is an element of (the carrier of R)
Next we state the proposition

(17)  If there exists T such that for every v such that v ¢ T holds E(v) = Og,
then E is a linear combination of V.

Let us consider R, V, L. The functor support L yields a finite subset of V'
and is defined as follows:

(Def.5)  support L = {v: L(v) # Og}.

The following propositions are true:

2The proposition (1) was either repeated or obvious.
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(18) supportL = {v: L(v) # Or}.
(19) =z € support L if and only if there exists v such that z = v and L(v) #
Or.
(20) L(v) = 0p if and only if v ¢ support L.
Let us consider R, V. The functor Orc, yielding a linear combination of V'
is defined by:
(Def.6)  supportOrc, = 0.
We now state two propositions:
(21) L =0, if and only if support L = 0.
(22) OLCV (U) = OR.
Let us consider R, V, A. A linear combination of V is called a linear combi-
nation of A if:

(Def.7)  supportit C A.

We now state the proposition
(23) If support L C A, then L is a linear combination of A.
In the sequel [ will denote a linear combination of A. We now state several
propositions:
(24) supportl C A.
(25) If AC B, then [ is a linear combination of B.
(26) Opc, is a linear combination of A.
(27)  For every linear combination | of Oipe carrier of the carrier of v holds I =
Orcy, -
(28) L is a linear combination of support L.

Let us consider R, V, F, f. The functor fF yields a finite sequence of
elements of the carrier of the carrier of V' and is defined by:

(Def.8)  len(fF) = len F and for every i such that i € dom(fF') holds (fF)(i) =
f(?TZF) . 7TZ'F.
We now state several propositions:

(29) len(fF)=1lenF.

(30)  For every i such that ¢ € dom(fF') holds (fF)(i) = f(mF) - m F.

(31) If lenG = len F' and for every i such that ¢ € dom G holds G(i) =
f(mF) - mF, then G = fF.

If i € dom F and v = F(i), then (fF)(i) = f(v) - v.

fethe carrier of the carrier of V' = Ethe carrier of the carrier of V-

[y ={f(v)-v).

flur,v2) = (f(v1) - v1, f(v2) - v2).

flvr,v2,v3) = (f(v1) - v1, f(v2) - va, f(v3) - v3).

fFE~G)=(fF)" (fG).

Let us consider R, V', L. The functor > L yields a vector of V' and is defined
as follows:

32

N N N N N N
w W
(ST

~—_ T — O
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(Def.9)  there exists F' such that F' is one-to-one and rng F' = support L and
> L =%(LF).
The following propositions are true:
(38) There exists F' such that F' is one-to-one and rng F' = support L and

S L=Y(LF).
(39) If F is one-to-one and rng F' = support L and v = Y (LF'), then u =
L.

(40) If Op # 1R, then A # () and A is linearly closed if and only if for every
[ holds > 1 € A.

(41) > Orc, = Oy.

(42)  For every linear combination I of Otne carrier of the carrier of v holds > 1 =
Oy.

(43)  For every linear combination [ of {v} holds Y 1 =1(v) - v.

(44)  If v1 # vg, then for every linear combination [ of {vy,vs} holds > 1 =
l(’Ul) U1 + l(vg) c V9.

(45)  If support L = (), then Y L = Oy.

(46)  If support L = {v}, then > L = L(v) - v.

(47)  If support L = {v1,v2} and vy # vy, then Y L = L(v1) - v1 + L(va) - va.

Let us consider R, V, Ly, Ls. Let us note that one can characterize the
predicate L1 = Ly by the following (equivalent) condition:
(Def.10)  for every v holds Ly (v) = La(v).

Next we state the proposition
(48)  If for every v holds Lj(v) = La(v), then L; = Lo.
Let us consider R, V', Ly, Ly. The functor Ly + Ly yielding a linear combi-
nation of V is defined by:
(Def.11)  for every v holds (L1 + L2)(v) = Li(v) + La(v).
The following propositions are true:
(49)  If for every v holds L(v) = Li(v) + La(v), then L = L + L.
(50) (L1 + LQ)(’U) = Ll(?)) + Lg(v).
(51)  support(L; + L) C support Ly U support Ls.
(52)

52 If L is a linear combination of A and Ls is a linear combination of A,

then Lq + Lo is a linear combination of A.

(53)  For every commutative ring R and for every left module V over R and
for all linear combinations L1, Lo of V holds L1 + Ly = Lo + L.

(54) Ly + (Ly+ L3) = Ly + Lo + Ls.
(55)  For every commutative ring R and for every left module V over R and
for every linear combination L of V holds L+01,c,, = L and Orc,, +L = L.

Let us consider R, V', a, L. The functor a - L yielding a linear combination
of V is defined as follows:

(Def.12)  for every v holds (a - L)(v) = a - L(v).



LINEAR COMBINATIONS IN LEFT MODULE OVER ... 299

One can prove the following propositions:
(56)  If for every v holds K (v) = a- L(v), then K =a- L.
(57)  (a-L)(v) =a-L(v).
(58)  support(a - L) C support L.
In the sequel Ry denotes an integral domain, V; denotes a left module over
R1, L4 denotes a linear combination of V1, and aq denotes a scalar of R1. Next
we state several propositions:

(59)  If a3 # Og,, then support(a; - Ly) = support Ly.
(60) Or-L=0rc,-.
(61) If L is a linear combination of A, then a - L is a linear combination of
A.
(62) (a+b)-L=a-L+b-L.
(63) a-(L1+L2):a~L1+a-L2.
(64) a-(b-L)=a-b-L.
(65) (1g)-L=L.
Let us consider R, V', L. The functor —L yields a linear combination of V'
and is defined as follows:
(Def.13) —L=(-1p)- L.
One can prove the following propositions:
(66) —L—(-1p)-L.
(67)  (~L)(v) = ~L(v).
( ) If L1 + Ly = Orcy then Lo = —L;.
(69) support —L = support L.
(70)  If L is a linear combination of A, then —L is a linear combination of A.
(711) ——L=1L.
Let us consider R, V', Ly, Lo. The functor L — Ly yields a linear combination
of V and is defined by:
(Def.14) Ll — L2 = Ll + —Lg.
One can prove the following propositions:
(72) L1 —Ly=L1+ —Lo.
(73) (L1 — L2)(v) = L1(v) — La(v).
(74)  support(L; — Lo) C support L1 U support Ls.
(75)

75 If Ly is a linear combination of A and L is a linear combination of A,

then L; — Lo is a linear combination of A.
(76) L—L=0yq,.
(77)  Y(L1+ Le) =3 L1+ Lo
For simplicity we adopt the following convention: R will be an integral do-
main, V will be a left module over R, L, L1, Lo will be linear combinations of
V, and a will be a scalar of R. We now state three propositions:

(718) Y -L)=a-Y L.
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(719 S —-L=-Y1L.
(80)  >2(L1—L2) =3 L1 — 3 Lo.
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Summary. Notion of submodule generated by a set of vectors and
linear independence of a set of vectors. A few theorems originated as a
generalization of the theorems from the article [18].

MML Identifier: LMOD_5.

The articles [22], [5], [3], [2], [4], [6], [21], [16], [14], [15], [1], [17], [19], [20],
(7], 8], [9], [12], [11], [10], and [13] provide the terminology and notation for
this paper. For simplicity we adopt the following rules: x is arbitrary, R is an
associative ring, V is a left module over R, v, vy, vy are vectors of V, A, B
are subsets of V', and [ is a linear combination of A. We now define two new
predicates. Let us consider R, V', A. We say that A is linearly independent if
and only if:
(Def.1)  for every [ such that Y1 = ©y holds support! = {).

A is linearly dependent stands for A is not linearly independent.

One can prove the following propositions:

2)2 If A C B and B is linearly independent, then A is linearly independent.

(

(3) IfOr # 1g and A is linearly independent, then Oy ¢ A.

(4) mtho carrier of the carrier of V' is hneaﬂy independent'

(5) If Og # 1g and {v1,vy} is linearly independent, then v; # Oy and
V2 75 @V.

(6) 1If Op # 1g, then {v, Oy} is linearly dependent and {Oy,v} is linearly
dependent.

LSupported by RPBP.II11-24.C6
2The proposition (1) was either repeated or obvious.
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For simplicity we follow the rules: R will be an integral domain, V will be

a left

module over R, W will be a submodule of V, A, B will be subsets of V,

and [ will be a linear combination of A. Let us consider R, V, A. The functor
Lin(A) yields a submodule of V' and is defined as follows:

(Def.2)

the carrier of the carrier of Lin(A) = {>1}.

One can prove the following propositions:

(7)
(8)
9)
(10)

If the carrier of the carrier of W = {}"{}, then W = Lin(A).
The carrier of the carrier of Lin(A) = {>"1}.

x € Lin(A) if and only if there exists [ such that z = > 1.

If x € A, then z € Lin(A).

We now state several propositions:

(11)  Lin(the carrier of the carrier of V') = Ov-.
(12) IfLin(A) =0y, then A=0 or A= {Oy}.
(13) If Or # 1 and A = the carrier of the carrier of W, then Lin(A) = W.
(14) If Ogp # 1r and A = the carrier of the carrier of V, then Lin(A) = V.
(15) If A C B, then Lin(A) is a submodule of Lin(B).
(16) If Lin(A) =V and A C B, then Lin(B) = V.
(17)  Lin(AU B) = Lin(A) + Lin(B).
(18) Lin(AN B) is a submodule of Lin(A) N Lin(B).
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Summary. Continues the analysis of the classical language of first

order (see [6], [1], [3], [4], [2]). Three connectives :

truth, negation and

conjuction are primary (see [6]). The others (alternative, implication and
equivalence) are defined with respect to them (see [1]). We prove some
important tautologies of the calculus of propositions. Most of them are
given as axioms of the classical logical calculus (see [5]). In the last part
of our article we give some basic rules of inference.

MML Identifier: PROCAL_1.

The notation and terminology used here have been introduced in the papers [3]
and [4]. In the sequel p, q, r, s are elements of CQC—WFF. One can prove the
following propositions:

(1)
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—(p A —p) € Taut.

pV —p € Taut.
p=pV q € Taut.

q = pV q € Taut.

pVq= (—p=q) € Taut.
=(pV q) = —p A —~q € Taut.
-pA—q= —(pVq) € Taut.
pVq=qVpe Taut.
-pV p € Taut.

—(pV q) = —p € Taut.

pV p=p € Taut.
p=pV p € Taut.

p A —p = q € Taut.
(p=q) = —pVq € Taut.
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(15)  pAg= —(p= —q) € Taut.

(16)  —=(p = —q) = p A q € Taut.

(17)  ~(pAq) = —pV —q € Taut.

(18)  —pV-qg= =(pAgq) € Taut.

(19) pAgq= p e Taut.

(20) pAgqg= pVqeE Taut.

(21)  pAgq=>q € Taut.

(22) p=pAp e Taut.

(23) (p&q) = (p=q) € Taut.

(24) (peq)= (¢=p) € Taut.

(25) pVqgVr=pV(qVr)ec Taut.

(26) pAgAr=pA(qgAr) € Taut.

(27) pV(gVr)=pVqVre Taut.

(28) p= (¢=pAgq) € Taut.

(29) (p=q) = ((¢=p) = (p& q) € Taut.
(30) pVg<& qVp e Taut.

(31) (pAg=71)= (p=(¢=r)) € Taut.

The following propositions are true:

(32) (p=(¢g=71)) = (pAg=r) € Taut.

(33) (r=p =(r=q) = (r=pAq) € Taut.
(34) (pVvVg=>r)=(p=r)V(¢g=r) € Taut.
35) (p=r)=((¢g=1r)=(pVqg=r)) € Taut.
(36) (p=r)A(g=r1)= (pVq=r) € Taut.
(37)  (p= qA—q) = —p € Taut.

(38) (pVg A(pVr)=pVqgArec Taut.

(39) pA(gVr)=pAqVpAr € Taut.

(40) (pVvr)A(gVr)=pAqVr e Taut.

(41) (pV@ Ar=pArVgAr e Taut.

(42)  If p € Taut, then p V ¢ € Taut.

(43) If g € Taut, then pV ¢ € Taut.

(44) If p A ¢ € Taut, then p € Taut.

(45)  If p A ¢ € Taut, then g € Taut.

(46)  If p A ¢ € Taut, then p V g € Taut.

(47)  If p € Taut and ¢q € Taut, then p A g € Taut.
(48) If p = q € Taut, then pV r = ¢V r € Taut.
(49) If p = g € Taut, then rV p = r V ¢ € Taut.
(50) If p = g € Taut, then r A p = r A g € Taut.
(51) If p = q € Taut, then p Ar = g Ar € Taut.
(52) If r = p € Taut and r = ¢ € Taut, then r = p A ¢ € Taut.
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If p= r € Taut and ¢ = r € Taut, then pV ¢ = r € Taut.
If pV g € Taut and —p € Taut, then g € Taut.

If pV g € Taut and —q € Taut, then p € Taut.

If p= q € Taut and r = s € Taut, then p Ar = g A s € Taut.
If p= ¢q € Taut and r = s € Taut, then pVr = ¢V s € Taut.
If p A =g = —p € Taut, then p = ¢ € Taut.

References

1]
2]
3]
[4]

[5]
(6]

Grzegorz Bancerek. Connectives and subformulae of the first order language. Formalized
Mathematics, 1(3):451-458, 1990.

Grzegorz Bancerek, Agata Darmochwal, and Andrzej Trybulec. Propositional calculus.
Formalized Mathematics, 2(1):147-150, 1991.

Czestaw Byliniski. A classical first order language. Formalized Mathematics, 1(4):669-676,
1990.

Agata Darmochwal. A first-order predicate calculus. Formalized Mathematics, 1(4):689—
695, 1990.

Andrzej Grzegorczyk. Zarys logiki matematycznej. PWN, Warsaw, 1973.

Piotr Rudnicki and Andrzej Trybulec. A first order language. Formalized Mathematics,
1(2):303-311, 1990.

Received October 23, 1990



308



FORMALIZED MATHEMATICS

Vol.2, No.2, March—April 1991
Université Catholique de Louvain

Calculus of Quantifiers. Deduction
Theorem

Agata Darmochwat
Warsaw Uniwersity
Biatystok

Summary. Some tautologies of the Classical Quantifier Calculus.
The deduction theorem is also proved.

MML Identifier: CQC_THE2.

The papers [11], [13], [8], [2], [5], [3], [12], [10], [9], [1], [6], [4], and [7] provide the
terminology and notation for this paper. For simplicity we adopt the following
convention: X will denote a subset of CQC—WFF, F, G, p, q, r will denote
elements of CQC—WFF, s, h will denote formulae, and z, y will denote bound
variables. Next we state a number of propositions:

(1) IfFp=(¢g=r),thentpAqg=r.

(2) IfFp=(¢g=r),thentqgAp=r.

3) IfFpAg=r,thentp= (¢=r).

(4) IfEpAg=r,thentqg= (p=r).

(5) y € snb(V,s) if and only if y € snb(s) and y # z.

(6) y € snb(3;s) if and only if y € snb(s) and y # z.

(7)  y € snb(s = h) if and only if y € snb(s) or y € snb(h).

(8) y € snb(—s) if and only if y € snb(s).

(9) y € snb(sAh) if and only if y € snb(s) or y € snb(h).
(10) y €snb(sV h) if and only if y € snb(s) or y € snb(h).
(11) 2z ¢ snb(Vyys) and y ¢ snb(V, ys).

(12) = ¢ snb(3,ys) and y ¢ snb(3,ys).
(13) If F is closed, then x ¢ snb(F).
(14) s = h(z) = (s(x)) = (h(z)).

(15) sV h(z) = (s(x)) v (h(z)).
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(16)  Jup(z) = Jup.

(17) Iz #y, then 3,p(y) = Ju(p(y))-

(18) Fp= F.p.

(19) If - p, then - J,p.

(20)  FVuzp= J.p.

(21)  FVep=3Jyp.

(22) Ifkp= qand x ¢ snb(g), then I (3zp) = q.

(23) If = ¢ snb(p), then - (3.p) = p.

(24) If = ¢ snb(p) and + 3,p, then F p.

(25) If p=nh(z)and ¢ = h(y) and y ¢ snb(h), then - p = F,q.

(26) If - p, then - V,p.

(27)  If = ¢ snb(p), then - p = V,p.

(28) If p=h(x) and ¢ = h(y) and = ¢ snb(h), then F V,p = q.

(29) Ify ¢ snb(p), then F Vop = Vyp.

(30) Ifp=nh(z)and g =h(y) and x ¢ snb(h) and y ¢ snb(p), then -V, p =
Vyq.

(31) If z ¢ snb(p), then F (3.p) = Jyp.
One can prove the following propositions:
(32) If p = h(x) and q = h(y) and = ¢ snb(q) and y ¢ snb(h), then
(Fzp) = Fyq.
3)1 EVa(p = q) = (Vap = Va0).
) IfEV.(p=q), then - V,p = V.q.
) - vm(p ~ Q) = (vxp ~ va)'
) IfEV.(p<q), then FV,p & V,q.
) FValp=q) = ((Fp) = 32q)-
) IfEV.(p=q), then F (3,p) = J.q.
) FVYa(pAq) = Vap AVeq and FVep AVaq = Ve(p A q).
) FVa(pAq) & Vap AVag.
42)  FV.(pAq) if and only if - V,p A V,q.
) I—Vmp\/vmqévx(p\/q).
)
)
)
)
)
)
)

44)  F(3epVq) = (3op) V Ieq and F (3pp) V g = Fup V .
45)  + (FapV @) & (F2p) V Fagq.

46) Fd.pVqif and only if - (Ip) V J.q.

A7) F (Fap A q) = (F2p) A Fag.

48)  IfF3.pAgq, then F (I.p) A Jpq.

49 FV,——p=V.pand - V,p = V,—p.

FV,——p < V.p.
51)  F (Fp——p) = Fgp and - (Fpp) = Fp——p.

IThe proposition (33) was either repeated or obvious.
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(52)  F (Jz==p) & Fap

(53) F —=3y—-p=Vypand F Vyp = —~3,p.

(54)  F =3,-p < Yap.

(55) F —=Vup= J,—pand F (I,-p) = ~V.p.

(56) F =V.p < ..

(57) F —=3zp=V,—pand F V,—p= —3,p.

(58) F Vp—p <& —3gp.

(59)  FV.Vyp = VyVep and -V, yp = Yy 0p.

(60) If p=h(x) and ¢ = h(y) and y ¢ snb(h), then - V,V,q = V.p.
(61) F (3z3yp) = FyFep and F (3 yp) = (Fy.p)-

(62) If p=h(z) and ¢ = h(y) and y ¢ snb(h), then F (3zp) = (32,49)-

We now state a number of propositions:

(63)  F (F2Vyp) = YyTap.

(64) F3.p&p.

(65) F (Jap=q) = (Vap = Fuq) and = (Vop = Juq) = Ip = ¢

(66) = (Jzp = q) & (Vap = Fuq).

(67) pr = ¢ if and only if F V,p = J.4.

(68) Ve(p A q) = pAVag.

(69) Ve(p A q) = Vap A g.

(70) If x ¢ snb(p), then - p AV,.q = V.(p A q).

(71) If x ¢ snb(p) and F p A V,q, then F Vi (p A q).

(72) If x ¢ snb(p), then F pV V,q = V. (pVq) and FV,(pV q) = pV V.q.
(73) If x ¢ snb(p), then F pV Vg < Vau(pV q).

(74) If x ¢ snb(p), then F p Vv V,q if and only if - V,(p V q).

(75)  If x ¢ snb(p), then - p A Jpqg= Fop Agand - (Fop A q) = p A Jsgq.
(76) If x ¢ snb(p), then F p A3 g < Jup A g.

(77)  If x ¢ snb(p), then - p A J,q if and only if - J,p A q.

(78) If & ¢ snb(p), then - V,(p = ¢q) = (p = Vq) and F (p = V.q) =

Ve(p = q)

(79) If x ¢ snb(p), then F (p = V,q) & V.(p = q).

(80) If = ¢ snb(p), then F V;(p = ¢) if and only if - p = V,q.

(81) If x ¢ snb(q), then F (pp = q¢) = (Vap = q).

(82) F(Vap=q)=TFop=q.

(83) If x ¢ snb(q), then F V,p = ¢ if and only if - 3,p = ¢.

(84) If = ¢ snb(q), then - ((3pp) = ¢q) = Vo(p = ¢q) and F V. (p = q) =

((Fep) = @).
(85)  If x ¢ snb(q), then F ((3zp) = q) & Va(p = ).
(86) If x ¢ snb(q), then - (3,p) = ¢ if and only if - V. (p = q).
(87) If x ¢ snb(p), then - (,p = q) = (p = J.9).
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(= 3q) = Tp=q

If x ¢ snb(p), then - (p = J,q) < Jop = q.

If x ¢ snb(p), then F p = J,q if and only if - J,p = ¢.
{p} Fp.

Cn({p} U{q}) = Cn{p A q}.

{p,q} b rif and only if {p A g} F r.

The following propositions are true:

(94)
(95)
(96)

If X F p, then X - V,p.
If x ¢ snb(p), then X FV,(p = ¢q) = (p = V.q).
If Fis closed and X U{F} F G, then X F F = G.
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