JOURNAL OF FORMALIZED MATHEMATICS Volume 15, Released 2003, Published 2003 Inst. of Computer Science, Univ. of Białystok

Hilbert Space of Real Sequences

Noboru Endou Gifu National College of Technology

Yasumasa Suzuki Take, Yokosuka-shi

Japan

Yasunari Shidama Shinshu University Nagano

Summary. A continuation of [17]. As the example of real unitary spaces, we introduce the arithmetic addition and multiplication in the set of square sum able real sequences and introduce the scaler products also. This set has the structure of the Hilbert space.

MML Identifier: RSSPACE2.

WWW: http://mizar.org/JFM/Vol15/rsspace2.html

The articles [15], [18], [4], [1], [16], [6], [19], [2], [3], [17], [10], [11], [12], [13], [9], [7], [8], [14], and [5] provide the notation and terminology for this paper.

1. HILBERT SPACE OF REAL SEQUENCES

One can prove the following propositions:

(1) The carrier of l2-Space = the set of l2-real sequences and for every set x holds x is an element of l2-Space iff x is a sequence of real numbers and id_{seq}(x) id_{seq}(x) is summable and for every set x holds x is a vector of l2-Space iff x is a sequence of real numbers and id_{seq}(x) id_{seq}(x) is summable and 0_{l2}-_{Space} = Zeroseq and for every vector u of l2-Space holds u = id_{seq}(u) and for all vectors u, v of l2-Space holds u + v = id_{seq}(u) + id_{seq}(v) and for every real number r and for every vector u of l2-Space holds r · u = r id_{seq}(u) and for every vector u of l2-Space holds −u = −id_{seq}(u) and id_{seq}(−u) = −id_{seq}(u) and for all vectors u, v of l2-Space holds u − v = id_{seq}(u) − id_{seq}(v) and for all vectors v, w of l2-Space holds id_{seq}(v) id_{seq}(w) is summable and for all vectors v, w of l2-Space holds (v|w) = ∑(id_{seq}(v) id_{seq}(w)).

(2) Let x, y, z be points of l2-Space and a be a real number. Then (x|x) = 0 iff x = 0_{l2}-_{Space} and 0 ≤ (x|x) and (x|y) = (y|x) and ((x + y)|z) = (x|z) + (y|z) and ((a · x)|y) = a · (x|y).

Let us observe that l2-Space is real unitary space-like. Next we state the proposition

(3) For every sequence v_1 of l2-Space such that v_1 is a Cauchy sequence holds v_1 is convergent.

Let us observe that l2-Space is Hilbert and complete.

1 © Association of Mizar Users

HILBERT SPACE OF REAL SEQUENCES 2

2. MISCELLANEOUS

We now state several propositions:

(4) Let r_1 be a sequence of real numbers. Suppose for every natural number n holds 0 ≤ r_1(n) and r_1 is summable. Then (i) for every natural number n holds r_1(n) ≤ (∑^κ_{α=0}(r_1)(α))_{κ∈N}(n), (ii) for every natural number n holds 0 ≤ (∑^κ_{α=0}(r_1)(α))_{κ∈N}(n), (iii) for every natural number n holds (∑^κ_{α=0}(r_1)(α))_{κ∈N}(n) ≤ ∑ r_1, and (iv) for every natural number n holds r_1(n) ≤ ∑ r_1.

(5) For all real numbers x, y holds (x + y) · (x + y) ≤ 2 · x · x + 2 · y · y and for all real numbers x, y holds x · x ≤ 2 · (x − y) · (x − y) + 2 · y · y.

(6) Let e be a real number and s_1 be a sequence of real numbers. Suppose s_1 is convergent and there exists a natural number k such that for every natural number i such that k ≤ i holds s_1(i) ≤ e. Then lims_1 ≤ e.

(7) Let c be a real number and s_1 be a sequence of real numbers. Suppose s_1 is convergent.

Let r_1 be a sequence of real numbers. Suppose that for every natural number i holds r_1(i) = (s_1(i) − c) · (s_1(i) − c). Then r_1 is convergent and limr_1 = (lims_1 − c) · (lims_1 − c).

(8) Let c be a real number and s_1, s_2 be sequences of real numbers. Suppose s_1 is convergent and s_2 is convergent. Let r_1 be a sequence of real numbers. Suppose that for every natural number i holds r_1(i) = (s_1(i) − c) · (s_1(i) − c) + s_2(i). Then r_1 is convergent and limr_1 = (lims_1 − c) · (lims_1 − c) + lims_2.

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/ordinal1.

html.

[2] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[3] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[4] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

zfmisc_1.html.

[5] Noboru Endou, Yasumasa Suzuki, and Yasunari Shidama. Real linear space of real sequences. Journal of Formalized Mathematics, 15, 2003. http://mizar.org/JFM/Vol15/rsspace.html.

[6] Krzysztof Hryniewiecki. Basic properties of real numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/real_1.html.

[7] Jarosław Kotowicz. Convergent sequences and the limit of sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/seq_2.html.

[8] Jarosław Kotowicz. Monotone real sequences. Subsequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/seqm_3.html.

[9] Jarosław Kotowicz. Real sequences and basic operations on them. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/

JFM/Vol1/seq_1.html.

[10] Jan Popiołek. Real normed space. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/normsp_1.html.

[11] Jan Popiołek. Introduction to Banach and Hilbert spaces — part I. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/

JFM/Vol3/bhsp_1.html.

[12] Jan Popiołek. Introduction to Banach and Hilbert spaces — part II. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/

JFM/Vol3/bhsp_2.html.

[13] Jan Popiołek. Introduction to Banach and Hilbert spaces — part III. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/

JFM/Vol3/bhsp_3.html.

[14] Konrad Raczkowski and Andrzej Nȩdzusiak. Series. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/

series_1.html.

HILBERT SPACE OF REAL SEQUENCES 3

[15] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[16] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[17] Wojciech A. Trybulec. Vectors in real linear space. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

rlvect_1.html.

[18] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [19] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

Received April 3, 2003 Published January 2, 2004