JOURNAL OF FORMALIZED MATHEMATICS Volume 15, Released 2003, Published 2003 Inst. of Computer Science, Univ. of Białystok

Transitive Closure of Fuzzy Relations^1

Takashi Mitsuishi Miyagi University

Grzegorz Bancerek Białystok Technical University

MML Identifier: LFUZZY_1.

WWW: http://mizar.org/JFM/Vol15/lfuzzy_1.html

The articles [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], [?], and [?] provide the notation and terminology for this paper.

1. INCLUSION OF FUZZY SETS In this paper X, Y are non empty sets.

Let X be a non empty set. Observe that every membership function of X is real-yielding. Let f , g be real-yielding functions. The predicate f ⊑ g is defined by:

(Def. 1) dom f ⊆ domg and for every set x such that x ∈ dom f holds f (x) ≤ g(x).

Let X be a non empty set and let f , g be membership functions of X. Let us observe that f ⊑ g if and only if:

(Def. 2) For every element x of X holds f (x) ≤ g(x). We introduce f ⊆ g as a synonym of f ⊑ g.

Let X, Y be non empty sets and let f , g be membership functions of X, Y . Let us observe that f ⊑ g if and only if:

(Def. 3) For every element x of X and for every element y of Y holds f (⟨x, y⟩) ≤ g(⟨x, y⟩).

Next we state several propositions:

(1) For all membership functions R, S of X such that for every element x of X holds R(x) = S(x) holds R = S.

(2) Let R, S be membership functions of X, Y . Suppose that for every element x of X and for every element y of Y holds R(⟨x, y⟩) = S(⟨x, y⟩). Then R = S.

(3) For all membership functions R, S of X holds R = S iff R ⊆ S and S ⊆ R. (4) For every membership function R of X holds R ⊆ R.

(5) For all membership functions R, S, T of X such that R ⊆ S and S ⊆ T holds R ⊆ T. (6) Let X, Y , Z be non empty sets, R, S be membership functions of X, Y , and T , U be membership functions of Y , Z. If R ⊆ S and T ⊆ U, then R T ⊆ S U.

1This work has been partially supported by Polish Academy of Sciences and Japan Society for the Promotion of Science when the first author was visiting Białystok Technical University as postdoctoral fellow

1 © Association of Mizar Users

TRANSITIVE CLOSURE OF FUZZY RELATIONS 2

Let X be a non empty set and let f , g be membership functions of X. Let us notice that the functor min( f ,g) is commutative. Let us observe that the functor max( f ,g) is commutative.

We now state two propositions:

(7) For all membership functions f , g of X holds min( f ,g) ⊆ f . (8) For all membership functions f , g of X holds f ⊆ max( f ,g).

2. PROPERTIES OF FUZZY RELATIONS Let X be a non empty set and let R be a membership function of X, X. We say that R is reflexive if and only if:

(Def. 4) Imf(X,X) ⊆ R.

Let X be a non empty set and let R be a membership function of X, X. Let us observe that R is reflexive if and only if:

(Def. 5) For every element x of X holds R(⟨x, x⟩) = 1.

Let X be a non empty set and let R be a membership function of X, X. We say that R is symmetric if and only if:

(Def. 6) converseR = R.

Let X be a non empty set and let R be a membership function of X, X. Let us observe that R is symmetric if and only if:

(Def. 7) For all elements x, y of X holds R(⟨x, y⟩) = R(⟨y, x⟩).

Let X be a non empty set and let R be a membership function of X, X. We say that R is transitive if and only if:

(Def. 8) R R ⊆ R.

Let X be a non empty set and let R be a membership function of X, X. Let us observe that R is transitive if and only if:

(Def. 9) For all elements x, y, z of X holds R(⟨x, y⟩) ⊓ R(⟨y, z⟩) ⪯ R(⟨x, z⟩).

Let X be a non empty set and let R be a membership function of X, X. We say that R is antisymmetric if and only if:

(Def. 10) For all elements x, y of X such that R(⟨x, y⟩) ≠ 0 and R(⟨y, x⟩) ≠ 0 holds x = y.

Let X be a non empty set and let R be a membership function of X, X. Let us observe that R is antisymmetric if and only if:

(Def. 11) For all elements x, y of X such that R(⟨x, y⟩) ≠ 0 and x ≠ y holds R(⟨y, x⟩) = 0.

Let us consider X. One can check that Imf(X,X) is symmetric, transitive, reflexive, and antisymmetric.

Let us consider X. Observe that there exists a membership function of X, X which is reflexive, transitive, symmetric, and antisymmetric.

We now state two propositions:

(9) For all membership functions R, S of X, X such that R is symmetric and S is symmetric holds conversemin(R,S) = min(R,S).

(10) For all membership functions R, S of X, X such that R is symmetric and S is symmetric holds conversemax(R,S) = max(R,S).