JOURNAL OF FORMALIZED MATHEMATICS Volume 10, Released 1998, Published 2003 Inst. of Computer Science, Univ. of Białystok

On the Dividing Function of the Simple Closed Curve into Segments

Yatsuka Nakamura Shinshu University Nagano

Summary. At the beginning, the concept of the segment of the simple closed curve in 2-dimensional Euclidean space is defined. Some properties of segments are shown in the succeeding theorems. At the end, the existence of the function which can divide the simple closed curve into segments is shown. We can make the diameter of segments as small as we want.

MML Identifier: JORDAN7.

WWW: http://mizar.org/JFM/Vol10/jordan7.html

The articles [19], [22], [20], [1], [23], [17], [2], [3], [4], [21], [10], [11], [12], [14], [15], [18], [7], [6], [8], [5], [13], [16], and [9] provide the notation and terminology for this paper.

1. DEFINITION OF THE SEGMENT AND ITS PROPERTY

In this paper p, p_1, q denote points of E^2_T.

The following three propositions are true:

(1) Let P be a compact non empty subset of E^2_T. Suppose P is a simple closed curve. Then W_{min}(P) ∈ LowerArc(P) and E_{max}(P) ∈ LowerArc(P) and W_{min}(P) ∈ UpperArc(P) and E_{max}(P) ∈ UpperArc(P).

(2) For every compact non empty subset P of E^2_T and for every q such that P is a simple closed curve and q ≤_P W_{min}(P) holds q = W_{min}(P).

(3) For every compact non empty subset P of E^2_T and for every q such that P is a simple closed curve and q ∈ P holds W_{min}(P) ≤_P q.

Let P be a compact non empty subset of E^2_T and let q_1, q_2 be points of E^2_T. The functor Segment(q_1,q_2,P) yields a subset of E^2_T and is defined as follows:

(Def. 1) Segment(q_1,q_2,P) = { {p : q_1 ≤_P p ∧ p ≤_P q_2}, if q_2 ≠ W_{min}(P), {p_1 : q_1 ≤_P p_1 ∨ q_1 ∈ P ∧ p_1 = W_{min}(P)}, otherwise.

One can prove the following propositions:

(4) For every compact non empty subset P of E^2_T such that P is a simple closed curve holds Segment(W_{min}(P),E_{max}(P),P) = UpperArc(P) and Segment(E_{max}(P),W_{min}(P),P) = LowerArc(P).

1 © Association of Mizar Users

(5) Let P be a compact non empty subset of E^2_T and q_1, q_2 be points of E^2_T. If P is a simple closed curve and q_1 ≤_P q_2, then q_1 ∈ P and q_2 ∈ P.

(6) Let P be a compact non empty subset of E^2_T and q_1, q_2 be points of E^2_T. If P is a simple closed curve and q_1 ≤_P q_2, then q_1 ∈ Segment(q_1,q_2,P) and q_2 ∈ Segment(q_1,q_2,P).

(7) Let P be a compact non empty subset of E^2_T and q_1 be a point of E^2_T. If q_1 ∈ P and P is a simple closed curve, then q_1 ∈ Segment(q_1,W_{min}(P),P).

(8) Let P be a compact non empty subset of E^2_T and q be a point of E^2_T. If P is a simple closed curve and q ∈ P and q ≠ W_{min}(P), then Segment(q,q,P) = {q}.

(9) Let P be a compact non empty subset of E^2_T and q_1, q_2 be points of E^2_T. If P is a simple closed curve and q_1 ≠ W_{min}(P) and q_2 ≠ W_{min}(P), then W_{min}(P) /∈ Segment(q_1,q_2,P).

(10) Let P be a compact non empty subset of E^2_T and q_1, q_2, q_3 be points of E^2_T. Suppose P is a simple closed curve and q_1 ≤_P q_2 and q_2 ≤_P q_3 and q_1 = q_2 and q_1 = W_{min}(P) and q_1 ≠ q_3 and q_2 = q_3 and q_2 = W_{min}(P). Then Segment(q_1,q_2,P) ∩ Segment(q_2,q_3,P) = {q_2}.

(11) Let P be a compact non empty subset of E^2_T and q_1, q_2 be points of E^2_T. Suppose P is a simple closed curve and q_1 ≤_P q_2 and q_1 ≠ W_{min}(P) and q_2 ≠ W_{min}(P). Then Segment(q_1,q_2,P) ∩ Segment(q_2,W_{min}(P),P) = {q_2}.

(12) Let P be a compact non empty subset of E^2_T and q_1, q_2 be points of E^2_T. Suppose P is a simple closed curve and q_1 ≤_P q_2 and q_1 ≠ q_2 and q_1 ≠ W_{min}(P). Then Segment(q_2,W_{min}(P),P) ∩ Segment(W_{min}(P),q_1,P) = {W_{min}(P)}.

(13) Let P be a compact non empty subset of E^2_T and q_1, q_2, q_3, q_4 be points of E^2_T. Suppose P is a simple closed curve and q_1 ≤_P q_2 and q_2 ≤_P q_3 and q_3 ≤_P q_4 and q_1 ≠ q_2 and q_2 ≠ q_3. Then Segment(q_1,q_2,P) misses Segment(q_3,q_4,P).

(14) Let P be a compact non empty subset of E^2_T and q_1, q_2, q_3 be points of E^2_T. Suppose P is a simple closed curve and q_1 ≤_P q_2 and q_2 ≤_P q_3 and q_1 ≠ W_{min}(P) and q_1 ≠ q_2 and q_2 ≠ q_3. Then Segment(q_1,q_2,P) misses Segment(q_3,W_{min}(P),P).

2. A FUNCTION TO DIVIDE THE SIMPLE CLOSED CURVE

In the sequel n is a natural number.

One can prove the following propositions:

(15) Let P be a non empty subset of E^n_T and f be a map from I into (E^n_T)↾P. Suppose P ≠ /0 and f is a homeomorphism. Then there exists a map g from I into E^n_T such that f = g and g is continuous and one-to-one.

(16) Let P be a non empty subset of E^n_T and g be a map from I into E^n_T. Suppose g is continuous and one-to-one and rngg = P. Then there exists a map f from I into (E^n_T)↾P such that f = g and f is a homeomorphism.

One can verify that every finite sequence of elements of R which is increasing is also one-to-one. Next we state several propositions:

(17) For every finite sequence f of elements of R such that f is increasing holds f is one-to-one.

(18) Let A be a subset of E^2_T and p_1, p_2 be points of E^2_T. Suppose A is an arc from p_1 to p_2. Then there exists a map g from I into E^2_T such that g is continuous and one-to-one and rngg = A and g(0) = p_1 and g(1) = p_2.

(19) Let P be a non empty subset of E^2_T, p_1, p_2, q_1, q_2 be points of E^2_T, g be a map from I into E^2_T, and s_1, s_2 be real numbers. Suppose that P is an arc from p_1 to p_2 and g is continuous and one-to-one and rngg = P and g(0) = p_1 and g(1) = p_2 and g(s_1) = q_1 and 0 ≤ s_1 and s_1 ≤ 1 and g(s_2) = q_2 and 0 ≤ s_2 and s_2 ≤ 1 and s_1 ≤ s_2. Then LE q_1, q_2, P, p_1, p_2.

ON THE DIVIDING FUNCTION OF THE SIMPLE . . . 3

(20) Let P be a non empty subset of E^2_T, p_1, p_2, q_1, q_2 be points of E^2_T, g be a map from I into E^2_T, and s_1, s_2 be real numbers. Suppose that g is continuous and one-to-one and rngg = P and g(0) = p_1 and g(1) = p_2 and g(s_1) = q_1 and 0 ≤ s_1 and s_1 ≤ 1 and g(s_2) = q_2 and 0 ≤ s_2 and s_2 ≤ 1 and LE q_1, q_2, P, p_1, p_2. Then s_1 ≤ s_2.

(21) Let P be a compact non empty subset of E^2_T and e be a real number. Suppose P is a simple closed curve and e > 0. Then there exists a finite sequence h of elements of the carrier of E^2_T such that h(1) = W_{min}(P) and h is one-to-one and 8 ≤ lenh and rngh ⊆ P and for every natural number i such that 1 ≤ i and i < lenh holds h_i ≤_P h_{i+1} and for every natural number i and for every subset W of E^2 such that 1 ≤ i and i < lenh and W = Segment(h_i,h_{i+1},P) holds ØW < e and for every subset W of E^2 such that W = Segment(h_{lenh},h_1,P) holds ØW < e and for every natural number i such that 1 ≤ i and i + 1 < lenh holds Segment(h_i,h_{i+1},P) ∩ Segment(h_{i+1},h_{i+2},P) = {h_{i+1}} and Segment(h_{lenh},h_1,P) ∩ Segment(h_1,h_2,P) = {h_1} and Segment(h_{lenh−}′_1,h_{lenh},P) ∩ Segment(h_{lenh},h_1,P) = {h_{lenh}} and Segment(h_{lenh−}′_1,h_{lenh},P) misses Segment(h_1,h_2,P) and for all natural numbers i, j such that 1 ≤ i and i < j and j < lenh and i and j are not adjacent holds Segment(h_i,h_{i+1},P) misses Segment(h_j,h_{j+1},P) and for every natural number i such that 1 < i and i + 1 < lenh holds Segment(h_{lenh},h_1,P) misses Segment(h_i,h_{i+1},P).

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.

org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/finseq_1.html.

[3] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[4] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[5] Czesław Byliński and Piotr Rudnicki. Bounding boxes for compact sets in E^2. Journal of Formalized Mathematics, 9, 1997. http:

//mizar.org/JFM/Vol9/pscomp_1.html.

[6] Agata Darmochwał. Compact spaces. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/compts_1.html.

[7] Agata Darmochwał. Families of subsets, subspaces and mappings in topological spaces. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/tops_2.html.

[8] Agata Darmochwał. The Euclidean space. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/euclid.html.

[9] Agata Darmochwał and Yatsuka Nakamura. Metric spaces as topological spaces — fundamental concepts. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/topmetr.html.

[10] Agata Darmochwał and Yatsuka Nakamura. The topological space E^2_T . Arcs, line segments and special polygonal arcs. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/topreal1.html.

[11] Agata Darmochwał and Yatsuka Nakamura. The topological space E^2_T . Simple closed curves. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/topreal2.html.

[12] Alicia de la Cruz. Totally bounded metric spaces. Journal of Formalized Mathematics, 3, 1991. http://mizar.org/JFM/Vol3/tbsp_

1.html.

[13] Adam Grabowski and Yatsuka Nakamura. The ordering of points on a curve. Part II. Journal of Formalized Mathematics, 9, 1997.

http://mizar.org/JFM/Vol9/jordan5c.html.

[14] Jarosław Kotowicz and Yatsuka Nakamura. Introduction to Go-Board — part I. Journal of Formalized Mathematics, 4, 1992. http:

//mizar.org/JFM/Vol4/goboard1.html.

[15] Yatsuka Nakamura and Andrzej Trybulec. Adjacency concept for pairs of natural numbers. Journal of Formalized Mathematics, 8, 1996.

http://mizar.org/JFM/Vol8/gobrd10.html.

[16] Yatsuka Nakamura and Andrzej Trybulec. A decomposition of simple closed curves and the order of their points. Journal of Formalized Mathematics, 9, 1997. http://mizar.org/JFM/Vol9/jordan6.html.

[17] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/JFM/

Vol5/binarith.html.

[18] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/pre_topc.html.

ON THE DIVIDING FUNCTION OF THE SIMPLE . . . 4

[19] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[20] Andrzej Trybulec. Subsets of real numbers. Journal of Formalized Mathematics, Addenda, 2003. http://mizar.org/JFM/Addenda/

numbers.html.

[21] Wojciech A. Trybulec. Pigeon hole principle. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/finseq_

4.html.

[22] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [23] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

Received June 16, 1998 Published January 2, 2004