JOURNAL OF FORMALIZED MATHEMATICS Volume 10, Released 1998, Published 2003 Inst. of Computer Science, Univ. of Białystok

A Theory of Boolean Valued Functions and Partitions

Shunichi Kobayashi Shinshu University

Nagano

Kui Jia Shinshu University Nagano

Summary. In this paper, we define Boolean valued functions. Some of their algebraic properties are proved. We also introduce and examine the infimum and supremum of Boolean valued functions and their properties. In the last section, relations between Boolean valued functions and partitions are discussed.

MML Identifier: BVFUNC_1.

WWW: http://mizar.org/JFM/Vol10/bvfunc_1.html

The articles [11], [4], [13], [1], [16], [15], [14], [2], [3], [9], [12], [8], [10], [7], [5], and [6] provide the notation and terminology for this paper.

1. BOOLEAN OPERATIONS

In this paper Y denotes a set.

Let k, l be boolean sets. The functor k ⇒ l is defined as follows:

(Def. 1) k ⇒ l = ¬k ∨ l.

The functor k ⇔ l is defined as follows:

(Def. 2) k ⇔ l = ¬(k ⊕ l).

Let us note that the functor k ⇔ l is commutative.

Let k, l be boolean sets. Note that k ⇒ l is boolean and k ⇔ l is boolean. Let us note that every set which is boolean is also natural. Let k, l be boolean sets. Let us observe that k ≤ l if and only if:

(Def. 3) k ⇒ l = true.

We introduce k ⋐ l as a synonym of k ≤ l.

2. BOOLEAN VALUED FUNCTIONS

Let us consider Y . The functor BVF(Y ) is defined as follows:

(Def. 4) BVF(Y ) = Boolean^Y .

Let Y be a set. Note that BVF(Y ) is functional and non empty. Let Y be a set. Note that every element of BVF(Y ) is boolean-valued. In the sequel Y is a non empty set.

Let a be a boolean-valued function and let x be a set. We introduce Pj(a,x) as a synonym of a(x).

1 © Association of Mizar Users

Let us consider Y and let a be an element of BVF(Y ). Then ¬a is an element of BVF(Y ). Let b be an element of BVF(Y ). Then a ∧ b is an element of BVF(Y ).

Let p, q be boolean-valued functions. The functor p∨q yielding a function is defined as follows: (Def. 5) dom(p∨q) = dom p∩domq and for every set x such that x ∈ dom(p∨q) holds (p∨q)(x) = p(x) ∨ q(x).

Let us note that the functor p ∨ q is commutative. The functor p ⊕ q yields a function and is defined by: (Def. 6) dom(p⊕q) = dom p∩domq and for every set x such that x ∈ dom(p⊕q) holds (p⊕q)(x) = p(x) ⊕ q(x).

Let us note that the functor p ⊕ q is commutative.

Let p, q be boolean-valued functions. One can check that p ∨ q is boolean-valued and p ⊕ q is boolean-valued.

Let A be a non empty set and let p, q be elements of Boolean^A. Then p ∨ q is an element of Boolean^A and it can be characterized by the condition: (Def. 7) For every element x of A holds (p ∨ q)(x) = p(x) ∨ q(x). Then p ⊕ q is an element of Boolean^A and it can be characterized by the condition: (Def. 8) For every element x of A holds (p ⊕ q)(x) = p(x) ⊕ q(x).

Let us consider Y and let a, b be elements of BVF(Y ). Then a ∨ b is an element of BVF(Y ). Then a ⊕ b is an element of BVF(Y ).

Let p, q be boolean-valued functions. The functor p ⇒ q yields a function and is defined as follows:

(Def. 9) dom(p ⇒ q) = dom p ∩ domq and for every set x such that x ∈ dom(p ⇒ q) holds (p ⇒ q)(x) = p(x) ⇒ q(x).

The functor p ⇔ q yielding a function is defined as follows:

(Def. 10) dom(p ⇔ q) = dom p ∩ domq and for every set x such that x ∈ dom(p ⇔ q) holds (p ⇔ q)(x) = p(x) ⇔ q(x).

Let us note that the functor p ⇔ q is commutative.

Let p, q be boolean-valued functions. One can check that p ⇒ q is boolean-valued and p ⇔ q is boolean-valued.

Let A be a non empty set and let p, q be elements of Boolean^A. Then p ⇒ q is an element of Boolean^A and it can be characterized by the condition:

(Def. 11) For every element x of A holds (p ⇒ q)(x) = ¬Pj(p,x) ∨ Pj(q,x).

Then p ⇔ q is an element of Boolean^A and it can be characterized by the condition: (Def. 12) For every element x of A holds (p ⇔ q)(x) = ¬(Pj(p,x) ⊕ Pj(q,x)).

Let us consider Y and let a, b be elements of BVF(Y ). Then a ⇒ b is an element of BVF(Y ). Then a ⇔ b is an element of BVF(Y ).

Let us consider Y . The functor false(Y ) yields an element of Boolean^Y and is defined by: (Def. 13) For every element x of Y holds Pj(false(Y ),x) = false.

Let us consider Y . The functor true(Y ) yielding an element of Boolean^Y is defined as follows: (Def. 14) For every element x of Y holds Pj(true(Y ),x) = true.

One can prove the following propositions:

(4)^1 For every boolean-valued function a holds ¬¬a = a.

1 The propositions (1)–(3) have been removed.

(5) For every element a of Boolean^Y holds ¬true(Y ) = false(Y ) and ¬false(Y ) = true(Y ). (6) For all elements a, b of Boolean^Y holds a ∧ a = a. (7) For all elements a, b, c of Boolean^Y holds (a ∧ b) ∧ c = a ∧ (b ∧ c). (8) For every element a of Boolean^Y holds a ∧ false(Y ) = false(Y ). (9) For every element a of Boolean^Y holds a ∧ true(Y ) = a. (10) For every element a of Boolean^Y holds a ∨ a = a. (11) For all elements a, b, c of Boolean^Y holds (a ∨ b) ∨ c = a ∨ (b ∨ c). (12) For every element a of Boolean^Y holds a ∨ false(Y ) = a. (13) For every element a of Boolean^Y holds a ∨ true(Y ) = true(Y ). (14) For all elements a, b, c of Boolean^Y holds a ∧ b ∨ c = (a ∨ c) ∧ (b ∨ c). (15) For all elements a, b, c of Boolean^Y holds (a ∨ b) ∧ c = a ∧ c ∨ b ∧ c. (16) For all elements a, b of Boolean^Y holds ¬(a ∨ b) = ¬a ∧ ¬b. (17) For all elements a, b of Boolean^Y holds ¬(a ∧ b) = ¬a ∨ ¬b.

Let us consider Y and let a, b be elements of Boolean^Y . The predicate a ⋐ b is defined as follows:

(Def. 15) For every element x of Y such that Pj(a,x) = true holds Pj(b,x) = true.

Let us note that the predicate a ⋐ b is reflexive.

The following propositions are true:

(18) For all elements a, b, c of Boolean^Y holds if a ⋐ b and b ⋐ a, then a = b and if a ⋐ b and b ⋐ c, then a ⋐ c.

(19) For all elements a, b of Boolean^Y holds a ⇒ b = true(Y ) iff a ⋐ b. (20) For all elements a, b of Boolean^Y holds a ⇔ b = true(Y ) iff a = b. (21) For every element a of Boolean^Y holds false(Y ) ⋐ a and a ⋐ true(Y ).

3. INFIMUM AND SUPREMUM Let us consider Y and let a be an element of Boolean^Y . The functor INFa yields an element of Boolean^Y and is defined as follows:

(Def. 16) INFa = { true(Y ), if foreveryelement x of Y holds Pj(a,x) = true, false(Y ), otherwise.

The functor SUPa yields an element of Boolean^Y and is defined by: (Def. 17) SUP a = { false(Y ), if foreveryelement x of Y holds Pj(a,x) = false, true(Y ), otherwise.

We now state two propositions:

(22) For every element a of Boolean^Y holds ¬INFa = SUP ¬a and ¬SUP a = INF¬a. (23) INFfalse(Y ) = false(Y ) and INFtrue(Y ) = true(Y ) and SUP false(Y ) = false(Y ) and SUP true(Y ) = true(Y ).

Let us consider Y . Observe that false(Y ) is constant. Let us consider Y . One can check that true(Y ) is constant.

Let Y be a non empty set. Note that there exists an element of Boolean^Y which is constant. We now state several propositions:

(24) For every constant element a of Boolean^Y holds a = false(Y ) or a = true(Y ). (25) For every constant element d of Boolean^Y holds INFd = d and SUPd = d. (26) For all elements a, b of Boolean^Y holds INF(a ∧ b) = INFa ∧ INFb and SUP(a ∨ b) = SUP a ∨ SUPb.

(27) For every element a of Boolean^Y and for every constant element d of Boolean^Y holds INF(d ⇒ a) = d ⇒ INFa and INF(a ⇒ d) = SUP a ⇒ d.

(28) For every element a of Boolean^Y and for every constant element d of Boolean^Y holds INF(d ∨ a) = d ∨ INFa and SUP(d ∧ a) = d ∧ SUP a and SUP(a ∧ d) = SUP a ∧ d.

(29) For every element a of Boolean^Y and for every element x of Y holds Pj(INF a,x) ⋐ Pj(a,x). (30) For every element a of Boolean^Y and for every element x of Y holds Pj(a,x) ⋐ Pj(SUP a,x).

4. BOOLEAN VALUED FUNCTIONS AND PARTITIONS

Let us consider Y , let a be an element of Boolean^Y , and let P_1 be a partition of Y . We say that a is dependent of P_1 if and only if:

(Def. 18) For every set F such that F ∈ P_1 and for all sets x_1, x_2 such that x_1 ∈ F and x_2 ∈ F holds a(x_1) = a(x_2).

Next we state two propositions:

(31) For every element a of Boolean^Y holds a is dependent of I (Y ). (32) For every constant element a of Boolean^Y holds a is dependent of O(Y ).

Let us consider Y and let P_1 be a partition of Y . We see that the element of P_1 is a subset of Y . Let us consider Y , let x be an element of Y , and let P_1 be a partition of Y . Then EqClass(x,P_1) is an element of P_1. We introduce Lift(x,P_1) as a synonym of EqClass(x,P_1).

Let us consider Y , let a be an element of Boolean^Y , and let P_1 be a partition of Y . The functor INF(a,P_1) yields an element of Boolean^Y and is defined by the condition (Def. 19).

(Def. 19) Let y be an element of Y . Then

(i) if for every element x of Y such that x ∈ EqClass(y,P_1) holds Pj(a,x) = true, then Pj(INF(a,P_1),y) = true, and (ii) if it is not true that for every element x of Y such that x ∈ EqClass(y,P_1) holds Pj(a,x) = true, then Pj(INF(a,P_1),y) = false.

Let us consider Y , let a be an element of Boolean^Y , and let P_1 be a partition of Y . The functor SUP(a,P_1) yields an element of Boolean^Y and is defined by the condition (Def. 20).

(Def. 20) Let y be an element of Y . Then

(i) if there exists an element x of Y such that x ∈ EqClass(y,P_1) and Pj(a,x) = true, then Pj(SUP(a,P_1),y) = true, and (ii) if it is not true that there exists an element x of Y such that x ∈ EqClass(y,P_1) and Pj(a,x) = true, then Pj(SUP(a,P_1),y) = false.

Next we state a number of propositions:

(33) For every element a of Boolean^Y and for every partition P_1 of Y holds INF(a,P_1) is dependent of P_1.

(34) For every element a of Boolean^Y and for every partition P_1 of Y holds SUP(a,P_1) is dependent of P_1.

(35) For every element a of Boolean^Y and for every partition P_1 of Y holds INF(a,P_1) ⋐ a. (36) For every element a of Boolean^Y and for every partition P_1 of Y holds a ⋐ SUP(a,P_1). (37) For every element a of Boolean^Y and for every partition P_1 of Y holds ¬INF(a,P_1) = SUP(¬a,P_1).

(38) For every element a of Boolean^Y holds INF(a,O(Y )) = INFa. (39) For every element a of Boolean^Y holds SUP(a,O(Y )) = SUPa. (40) For every element a of Boolean^Y holds INF(a,I (Y )) = a. (41) For every element a of Boolean^Y holds SUP(a,I (Y )) = a.

(42) For all elements a, b of Boolean^Y and for every partition P_1 of Y holds INF(a ∧ b,P_1) = INF(a,P_1) ∧ INF(b,P_1).

(43) For all elements a, b of Boolean^Y and for every partition P_1 of Y holds SUP(a ∨ b,P_1) = SUP(a,P_1) ∨ SUP(b,P_1).

Let us consider Y and let f be an element of Boolean^Y . The functor GPart f yielding a partition of Y is defined by:

(Def. 21) GPart f = {{x;x ranges over elements of Y : f (x) = true},{x^′;x^′ ranges over elements of Y :

f (x^′) = false}} \ {/0}.

The following two propositions are true:

(44) For every element a of Boolean^Y holds a is dependent of GParta.

(45) For every element a of Boolean^Y and for every partition P_1 of Y such that a is dependent of P_1 holds P_1 is finer than GParta.

REFERENCES

[1] Grzegorz Bancerek. Sequences of ordinal numbers. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

ordinal2.html.

[2] Czesław Byliński. Functions and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

funct_1.html.

[3] Czesław Byliński. Functions from a set to a set. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/funct_

2.html.

[4] Czesław Byliński. Some basic properties of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/

zfmisc_1.html.

[5] Shunichi Kobayashi and Kui Jia. A theory of partitions. Part I. Journal of Formalized Mathematics, 10, 1998. http://mizar.org/

JFM/Vol10/partit1.html.

[6] Jarosław Kotowicz. Monotone real sequences. Subsequences. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/seqm_3.html.

[7] Adam Naumowicz and Mariusz Łapiński. On T_1 reflex of topological space. Journal of Formalized Mathematics, 10, 1998. http:

//mizar.org/JFM/Vol10/t_1topsp.html.

[8] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Journal of Formalized Mathematics, 5, 1993. http://mizar.org/JFM/

Vol5/binarith.html.

[9] Beata Padlewska. Families of sets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/setfam_1.html. [10] Konrad Raczkowski and Paweł Sadowski. Equivalence relations and classes of abstraction. Journal of Formalized Mathematics, 1, 1989.

http://mizar.org/JFM/Vol1/eqrel_1.html.

A THEORY OF BOOLEAN VALUED FUNCTIONS AND . . . 6

[11] Andrzej Trybulec. Tarski Grothendieck set theory. Journal of Formalized Mathematics, Axiomatics, 1989. http://mizar.org/JFM/

Axiomatics/tarski.html.

[12] Andrzej Trybulec. Function domains and Frænkel operator. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/

Vol2/fraenkel.html.

[13] Zinaida Trybulec. Properties of subsets. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/subset_1.html. [14] Edmund Woronowicz. Relations and their basic properties. Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/

Vol1/relat_1.html.

[15] Edmund Woronowicz. Interpretation and satisfiability in the first order logic. Journal of Formalized Mathematics, 2, 1990. http:

//mizar.org/JFM/Vol2/valuat_1.html.

[16] Edmund Woronowicz. Many-argument relations. Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/Vol2/

margrel1.html.

Received October 22, 1998 Published January 2, 2004