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The articles([15],[[5],[[1F].[[18],[[4],[[B],[[8], [15],[[12],[[9],[[1], [1B],[[],[[6], [14],[[10],[2], and
[11] provide the notation and terminology for this paper.

1. SOME PROPERTIES OFPRODUCTS
The following propositions are true:

(1) For every functionF and for all sets, x; and for every subsef; of F(i) such that
(proj(F,i))~1({x1}) meets(proj(F,i)) (A1) holdsx; € A;.

(2) Forallfunctiond=, f and for all set$, x; such thak; € F(i) andf € [TF holdsf +-(i,x1) €
MF.

(3) For every functionF and for every set such thati € domF and []F # 0 holds
rngprojF,i) = F(i).

(4) For every functiorF and for every set such thai € domF holds (proj(F,i))X(F(i)) =
MF.

(5) For all functionsF, f and for all sets, x; such that; € F(i) andi € domF andf € [1F
holds f +- (i,x1) € (proj(F,i))~1({x}).

(6) LetF, f be functionsjy, i, X2 be sets, andy, be a subset df (i;). Suppose; € F(i1)
andi; € domF and f € [TF. If i1 # iz, then f € (proj(F,i2)) 1(Az) iff -+ (i1,%) €
(proj(F,iz))~*(Ag).

(7) LetF be a function,iy, iz, xo be sets, and\; be a subset oF (i2). Suppose(F # 0
andx, € F(i1) andi; € domF andi, € domF andA; # F (i2). Then(proj(F,i1)) "1 ({x2}) C
(proj(F,iz))~1(Az) if and only ifi; = i, andxp € A,.

The schemé&lProductExdeals with a non empty set, a topological space yielding nonempty
many sorted seB indexed by4, and a binary predicat®, and states that:
There exists an elemeffitof []B such that for every elemenbf 4 holds?|[f (i), i]
provided the parameters satisfy the following condition:
e For every elemeritof 4 there exists an elemerbf B(i) such thatP[x;i].
One can prove the following propositions:

(8) Letl be a non empty set] be a topological space yielding nonempty many sorted set
indexed by, i be an element df, andf be an element qf]J. Then(proj(J,i))(f) = f(i).

1 © Association of Mizar Users


http://mizar.org/JFM/Vol12/yellow17.html

THE TICHONOV THEOREM 2

(9) Letl be a non empty set] be a topological space yielding nonempty many sorted set
indexed byl, i be an element of, x; be an element od(i), andA; be a subset al(i). If
(proj(3,i)) " ({x1}) meets(proj(J,i))1(A1), thenx; € A;.

(10) Letl be a non empty sef] be a topological space yielding nhonempty many sorted set
indexed byl, andi be an element df. Then(proj(J,i))‘l(QJ(i)) =QnJ.

(11) Letl be a non empty set] be a topological space yielding nonempty many sorted set
indexed by, i be an element df, x; be an element ai(i), andf be an element f]J. Then

f - (i,x1) € (proj(d,i)) *({xe})-

(12) Letl be a non empty sef] be a topological space yielding honempty many sorted set
indexed by, i1, i» be elements of, x, be an element af(i1), andA; be a subset al(iy). If
Az # Qyi), then(proj(J,i1)) 1 ({x2}) C (proj(d,iz)) *(Az) iff i1 =i> andxz € A,.

(13) Letl be a non empty sef] be a topological space yielding honempty many sorted set
indexed byl, i1, i» be elements df, x, be an element af(i1 ), A, be a subset af(i»), andf be
an element ofJ. If iy # i, thenf € (proj(J,iz)) ~1(Az) iff f+-(i1,%2) € (proj(J,iz)) 1(Az).

2. SOME PROPERTIES OFCOMPACT SPACES

One can prove the following two propositions:

(15E] Let T be a non empty topological structure. Thens compact if and only if for every
family F of subsets of such thaf is open and2t C |JF there exists a family of subsets
of T such thalG C F andQy C UG andG s finite.

(16) LetT be a non empty topological space @be a prebasis of. ThenT is compact if and
only if for every subseF of B such thatQt C |JF there exists a finite subs€ of F such
thatQr CUG.

3. THE TICHONOV THEOREM

Next we state several propositions:

(17) Letl be a non empty sef] be a topological space yielding honempty many sorted set
indexed byl, andA be a set. Supposk < the product prebasis far. Then there exists an
element of | and there exists a subsit of J(i) such tha#y; is open andproj(J,i))~1(Ay) =
A

(18) Letl be a non empty set] be a topological space yielding nonempty many sorted set
indexed byl, i be an element df, x; be an element al(i), andA be a set. Supposke the
product prebasis fod and (proj(J,i))*({x1}) € A. ThenA = Qp or there exists a subset
A; of J(i) such thatg # Qi) andxy € Ay andA; is open andA = (proj(J, iN~(A).

(19) Letl be a non empty sef] be a topological space yielding honempty many sorted set
indexed byl, i be an element of, andF; be a non empty family of subsets dfi). If
Qji) € UFy, thenQpy € U{(proj(J, i))~1(A1) : Ay ranges over elements Bf}.

(20) Letl be a non empty sef] be a topological space yielding honempty many sorted set
indexed byl, i be an element df, x; be an element al(i), andG be a subset of the product
prebasis for). Supposeproj(J,i))~({x1}) € UG and for every sef such thatA < the
product prebasis faf andA € G holds (proj(J,i))~*({x1}) Z A. ThenQp; C UG.

(21) Letl be a non empty set] be a topological space yielding nonempty many sorted set
indexed by, i be an element df, andF be a subset of the product prebasisJoiSuppose
that for every finite subsés of F holdsQp;  UG. Let x; be an element al(i) andG be
a finite subset oF. Supposéproj(J,i))~1({x1}) € UG. Then there exists a sétsuch that
A ¢ the product prebasis fdrandA € G and (proj(J,i))*({x1}) C A.

1 The proposition (14) has been removed.
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(22) Letl be a non empty sef] be a topological space yielding honempty many sorted set
indexed byl, i be an element df, andF be a subset of the product prebasisJoiSuppose
that for every finite subsé® of F holdsQp; € UG. Letx; be an element o¥(i) andG be a
finite subset of . Supposéproj(J,i))~1({x:}) C UG. Then there exists a subsit of J(i)
such that; # Qi) andx; € A and(proj(J,i)) (A1) € G andA is open.

(23) Letl be a non empty sef] be a topological space yielding nhonempty many sorted set
indexed byl, i be an element df, andF be a subset of the product prebasisJoiSuppose
for every elementof | holdsJ(i) is compact and for every finite sub<ef F holdsQp; £
UG. Then there exists an elementof J(i) such that for every finite subs& of F holds

(proj(3,i)~*({xa}) Z UG.

(24) Letl be a non empty set arllbe a topological space yielding nonempty many sorted set
indexed byl. If for every element of | holdsJ(i) is compact, thef]J is compact.
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