JOURNAL OF FORMALIZED MATHEMATICS
Volume12, Released 2000, ~Published 2003
Inst. of Computer Science, Univ. of Bialystok

Meet Continuous Lattices Revisited

Artur Kornitowicz
University of Biatystok

Summary. This work is a continuation of formalization of [13]. Theorems from
Chapter lll, Section 2, pp. 153-156 are proved.

MML Identifier: WAYBEL30.

WWW: http://mizar.org/JFM/Voll2/waybel30.html

The articles([2B],[19],129],130],1311,[17],18],[112],[128],[122],[132],. [21], 121] [ 11], 1241[12] L13],
[14], [1Q], [15], [16], [17], [4], [25], [26], [20], [18], [27], 5], [6], and[[19] provide the notation and
terminology for this paper.

The following propositions are true:

(1) For every sek and for every non empty s& holdsxNn|JD = [J{xNd : d ranges over
elements oD}.

(2) LetRbe anonempty reflexive transitive relational structure @ a non empty directed
subset of lds(R), C). ThenJD is an ideal ofR.

Let R be a non empty reflexive transitive relational structure. Observe(ltig(R), C) is up-
complete.
Next we state two propositions:

(3) LetRbe anon empty reflexive transitive relational structure R a non empty directed
subset oflds(R), C). Then su = |JD.

(4) LetRbe asemilattice) be a non empty directed subsetlifs(R), C), andx be an element
of (Ids(R), C). Then sup{x} MD) = J{xNd: d ranges over elements Bf}.

Let Rbe a semilattice. Observe th@dls(R), C) satisfies MC.

Let R be a non empty trivial relational structure. Observe that every topological augmentation
of Ris trivial.

We now state three propositions:

(5) LetSbe a Scott complete top-latticE,be a complete lattice, arlbe a Scott topological
augmentation of . Suppose the relational structure®¥ the relational structure af. Then
the FR-structure oA = the FR-structure o%.

(6) LetN be aLawson complete top-lattiCEbe a complete lattice, amklbe a Lawson correct
topological augmentation @f. Suppose the relational structurehof the relational structure
of T. Then the FR-structure & = the FR-structure of.

(7) LetN be a Lawson complete top-latticBpe a Scott topological augmentationMfA be
a subset oN, andJ be a subset d&. If A=J andJ is closed, ther is closed.
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Let A be a complete lattice. Note thatA) is non empty.

Let Sbe a Scott complete top-lattice. Note thiatS), C) is complete and non trivial.

LetN be a Lawson complete top-lattice. Observe {jaglN), C) is complete and non trivial and
(A(N), C) is complete and non trivial.

Next we state several propositions:

(8) LetT be anon empty reflexive relational structure. Tiogm) C {W\ TF;W ranges over
subsets of, F ranges over subsets ®f W € o(T) A Fis finite}.

(9) For every Lawson complete top-lattibeholdsA(N) = the topology ofN.
(10) For every Lawson complete top-lattieholdsa(N) C A(N).

(11) LetM, N be complete lattices. Suppose the relational structuk4 efthe relational struc-
ture ofN. ThenA(M) = A(N).

(12) For every Lawson complete top-lattideand for every subset of N holdsX € A(N) iff X
is open.

Let us note that every reflexive non empty FR-structure which is trivial and topological space-
like is also Scott.

Let us note that every complete top-lattice which is trivial is also Lawson.

One can verify that there exists a complete top-lattice which is strict, continuous, lower-bounded,
meet-continuous, and Scott.

Let us observe that there exists a complete top-lattice which is strict, continuous, compact,
Hausdorff, and Lawson.

We now state the proposition

(13) LetN be a meet-continuous lattice aAde a subset di. If A has the property (S), then
TA has the property (S).

Let N be a meet-continuous lattice and Febe a property(S) subset bf. Observe thatA is

property(S).
One can prove the following propositions:

(14) LetN be a meet-continuous Lawson complete top-lat&iee a Scott topological augmen-
tation ofN, andA be a subset d¥l. If A€ A(N), thentA e o(S).

(15) LetN be a meet-continuous Lawson complete top-lat&iee a Scott topological augmen-
tation of N, A be a subset dfl, andJ be a subset d& If A=J, then if Ais open, therfJ is
open.

(16) LetN be a meet-continuous Lawson complete top-latiee a Scott topological augmen-
tation of N, x be a point ofS, y be a point ofN, andJ be a basis of. If x=Yy, then{TAA
ranges over subsets Nf A € J} is a basis ok.

(17) LetN be a meet-continuous Lawson complete top-lati&iee a Scott topological augmen-
tation of N, X be an upper subset df, andY be a subset d&. If X =Y, then IntX = IntY.

(18) LetN be a meet-continuous Lawson complete top-lat&iee a Scott topological augmen-
tation ofN, X be a lower subset df, andY be a subset d. If X =Y, thenX =Y.

(19) LetM, N be complete lattices,; be a Lawson correct topological augmentatioigfand
L, be a Lawson correct topological augmentatiorNof Suppose/a(N), C) is continuous.
Then the topology of L1, (L, qua topological space)= A([M, N]).

(20) LetM, N be complete lattice® be a Lawson correct topological augmentatiof i, N ],
Q be a Lawson correct topological augmentatioiMofandR be a Lawson correct topological
augmentation ofN. Suppose(d(N),C) is continuous. Then the topological structure of
P = [ Q, (Rquatopological space):
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(21) For every meet-continuous Lawson complete top-latticend for every element of N
holdsxm is continuous.

Let N be a meet-continuous Lawson complete top-lattice andibetan element dfl. Observe

thatxm [ is continuous.
One can prove the following two propositions:

(22) LetN be a meet-continuous Lawson complete top-lattice sucHdilt), C) is continuous.
ThenN satisfies conditions of topological semilattice.

(23) LetN be a meet-continuous Lawson complete top-lattice. Supfm@¢), C) is continu-
ous. TherN is Hausdorff if and only if for every subs#tof [ N, (N qua topological space):
such thaiX = the internal relation oN holdsX is closed.

Let N be a non empty reflexive relational structure andddie a subset oi. The functorx?
yielding a subset ol is defined as follows:

(Def. 1) X% = {u;uranges over elements bt Ap. non empty directed subset of (U< SUPD = X meets
D)}.
Let N be a non empty reflexive antisymmetric relational structure and et an empty subset
of N. Note thatX? is empty.
The following propositions are true:

(24) For every non empty reflexive relational structrand for all subset8, J of N such that
AC JholdsA® C J°.

(25) For every non empty reflexive relational structdrend for every element of N holds
0 =1x.

(26) For every Scott top-lattidd and for every upper subs¥tof N holds IntX € X°.

(27) For every non empty reflexive relational structttend for all subsetX, Y of N holds
X0uy® C XuYyo.

(28) For every meet-continuous lattibeand for all upper subsed$, Y of N holdsX°uUY? =
XUYO.

(29) LetSbe a meet-continuous Scott top-lattice dntbe a finite subset db. Then IntF C
U{fx xranges over elements 8f x € F }.

(30) LetN be a Lawson complete top-lattice. Thinis continuous if and only iN is meet-
continuous and Hausdorff.

Let us mention that every complete top-lattice which is continuous and Lawson is also Hausdorff
and every complete top-lattice which is meet-continuous, Lawson, and Hausdorff is also continuous.
Let N be a non empty FR-structure. We say thihas small semilattices if and only if the

condition (Def. 2) is satisfied.

(Def. 2) Letxbe apoint ofN. Then there exists a generalized basis x such that for every subset
Aof N if AeJ, then sulpA) is meet-inheriting.

We say thalN has compact semilattices if and only if the condition (Def. 3) is satisfied.

(Def. 3) Letxbe a point ofN. Then there exists a generalized basi$ x such that for every subset
Aof N if AeJ, then sulpA) is meet-inheriting andk is compact.

We say thalN has open semilattices if and only if the condition (Def. 4) is satisfied.

(Def. 4) Letx be a point ofN. Then there exists a baslof x such that for every subsgétof N if
A € J, then sulfA) is meet-inheriting.
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One can check the following observations:

x every non empty topological space-like FR-structure which has open semilattices has also
small semilattices,

x every non empty topological space-like FR-structure which has compact semilattices has
also small semilattices,

x every non empty FR-structure which is anti-discrete has also small semilattices and open
semilattices, and

x every non empty FR-structure which is reflexive, trivial, and topological space-like has also
compact semilattices.

Let us note that there exists a top-lattice which is strict, trivial, and lower.
Next we state several propositions:

(31) LetN be top-poset with g.l.b.’s satisfying conditions of topological semilatticeGabd a
subset oN. If sub(C) is meet-inheriting, then syB) is meet-inheriting.

(32) LetN be a meet-continuous Lawson complete top-lattice%ibe a Scott topological aug-
mentation ofN. Then for every poink of Sthere exists a basi of x such that for every
subsetV of Ssuch thaW € J holdsW is a filter of Sif and only if N has open semilattices.

(33) LetN be a Lawson complete top-latticepe a Scott topological augmentationMfandx
be an element dll. Then{infA; A ranges over subsets 8f xe A A A€ ()} C {infJ;J
ranges over subsetsNf xeJ A J € A(N)}.

(34) LetN be a meet-continuous Lawson complete top-latt®bée a Scott topological aug-
mentation ofN, and x be an element oN. Then {infA;A ranges over subsets &
xe A AN Aea(9} ={infJ;Jranges over subsetsNf x€ J A J € A(N)}.

(35) LetN be a meet-continuous Lawson complete top-lattice. THhéncontinuous if and only
if N has open semilattices afd(N), C) is continuous.

Let us observe that every Lawson complete top-lattice which is continuous has also open semi-
lattices.

LetN be a continuous Lawson complete top-lattice. One can verify &), C) is continuous.

One can prove the following propositions:

(36) Every continuous Lawson complete top-lattice is compact and Hausdorff, has open semi-
lattices, and satisfies conditions of topological semilattice.

(37) Every Hausdorff Lawson complete top-lattice with open semilattices and satisfying condi-
tions of topological semilattice has compact semilattices.

(38) LetN be a meet-continuous Hausdorff Lawson complete top-latticexdmedan element of
N. Thenx = | [y{infV;V ranges over subsetsNf xcV AV € A(N)}.

(39) LetN be a meet-continuous Lawson complete top-lattice. Théncontinuous if and only
if for every elemenix of N holdsx = | |\ {infV;V ranges over subsets bf xeV A V €

A(N)}.

(40) LetN be a meet-continuous Lawson complete top-lattice. Thémnalgebraic if and only
if N has open semilattices ad(N), C) is algebraic.

Let N be a meet-continuous algebraic Lawson complete top-lattice. Observetht C) is
algebraic.
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