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Summary. A new concept of weakly separated subsets and subspaces of topological
spaces is described in Mizar formalizm. Based(dn [1], in comparison with the notion of sep-
arated subsets (subspaces), some properties of such subsets (subspaces) are discussed. Some
necessary facts concerning closed subspaces, open subspaces and the union and the meet of
two subspaces are also introduced. To present the main theorems we first formulate basic
definitions. LetX be a topological space. Two subsAgsandA; of X are calledveakly sep-
aratedif A1\ A andAy \ A; are separated. Two subspasgsandX; of X are calledveakly
separatedif their carriers are weakly separated. The following theorem contains a useful
characterization of weakly separated subsets in the special case®wbe¥® is equal to the
carrier ofX. A; and A are weakly separated iff there are such subsets ofpar@ G closed
(open) and C open (closed, respectively), that#, = CLUC,UC, G C A, & C Ay and
C C A1NAy. Next theorem divided into two parts contains similar characterization of weakly
separated subspaces in the special case when the unferantiX; is equal toX. If X; meets
Xz, then X and X are weakly separated iff eithern Xs a subspace of Xor X, is a subspace
of X; or there are such open (closed) subspaceand % of X that Y is a subspace of and
Y, is a subspace of Xand either X is equal to the union of ¥nd % or there is a(n) closed
(open, respectively) subspace Y of X being a subspace of the maetrd % and with the
property that X is the union of alliYY, and Y. If X; misses X then X and X are weakly
separated iff X and X are open (closed) subspaces of Kloreover, the following simple
characterization of separated subspaces by means of weakly separated ones is d¥tained.
and % are separated iff there are weakly separated subspacasd of X such that Xis a
subspace ofY X; is a subspace ofpYand either Y misses ¥ or the meet of Yand ¥ misses
the union of X and %.

MML Identifier: TSEP_1.

WWW: http://mizar.org/JFM/Vol4d/tsep_1.html

The articlesl[4],[[6],[3],[[2], and [5] provide the notation and terminology for this paper.

1. SOME PROPERTIES OF SUBSPACES OF TOPOLOGICAL SPACES

In this papeiX denotes a topological space.
We now state a number of propositions:

(1) For every topological structudé and for every subspacé of X holds the carrier 0Ky is
a subset oK.

(2) Every topological structur¥ is a subspace of.

(8) For every strict topological structukeholdsX[Qx = X.

1 © Association of Mizar Users
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(4) For all subspace$;, X, of X holds the carrier 0K; C the carrier ofX; iff X; is a subspace
of Xo.

(5) LetX be a topological structure angt, X, be subspaces of. Suppose the carrier of
X1 = the carrier ofX,. Then the topological structure & = the topological structure of,.

(6) LetXy, X2 be subspaces of. SupposeX; is a subspace of; andX; is a subspace of;.
Then the topological structure &f = the topological structure of;.

(7) For every subspacg of X holds every subspace ¥i is a subspace of.

(8) LetXg be a subspace of, C, A be subsets oK, andB be a subset aXyg. SupposeC is
closed andC C the carrier ofXp andA C C andA = B. ThenB is closed if and only ifA is
closed.

(9) LetXg be a subspace of, C, A be subsets oK, andB be a subset 0Ky. SupposeC is
open andC C the carrier ofXp andA C C andA = B. ThenB is open if and only ifA is open.

(10) LetX be a non empty topological structure aiglbe a non empty subset ¥t Then there
exists a strict non empty subspaggof X such thatdy = the carrier ofXp.

(11) LetXp be a subspace of andA be a subset oX. Supposeé\ = the carrier ofXg. ThenXp
is a closed subspace Hfif and only if Ais closed.

(12) LetXp be a closed subspace Xf A be a subset aX, andB be a subset oXp. If A= B,
thenB is closed iffAis closed.

(13) For every closed subspaXg of X holds every closed subspaceXfis a closed subspace
of X.

(14) LetX be a non empty topological spacg, be a closed non empty subspaceeiandX;
be a non empty subspace Xf Suppose the carrier of; C the carrier ofX;. ThenX; is a
closed non empty subspaceXf.

(15) LetX be a non empty topological space afyglbe a non empty subset &f. Supposedy
is closed. Then there exists a strict closed non empty subsfaoeX such thatAg = the
carrier ofXg.

Let X be a topological structure and lgtbe a subspace of. We say that; is open if and only
if:
(Def. 1) For every subseét of X such thatA = the carrier ofl; holdsA is open.

Let X be a topological space. Observe that there exists a subsp&gagto€h is strict and open.

Let X be a non empty topological space. Observe that there exists a subspéaaeehath is
strict, open, and non empty.

One can prove the following propositions:

(16) LetXp be a subspace of andA be a subset oK. Suppose = the carrier oiXy. ThenXg
is an open subspace ¥fif and only if Ais open.

(17) LetXy be an open subspace Xf A be a subset oK, andB be a subset oXp. If A= B,
thenB is open iffAis open.

(18) For every open subspakg of X holds every open subspaceXfis an open subspace of
X.

(19) LetX be a non empty topological spacg, be an open subspace Xf andX; be a non
empty subspace of. Suppose the carrier of; C the carrier ofX;. ThenX; is an open
subspace oXj.

(20) LetX be a non empty topological space akgbe a non empty subset Bf Supposéy is
open. Then there exists a strict open non empty subsgaoéX such thatdg = the carrier

of Xo.
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2. OPERATIONS ON SUBSPACES OF TOPOLOGICAL SPACES

In the sequeK denotes a non empty topological space.
Let X be a non empty topological structure andXgf X2 be non empty subspacesXf The
functorXy U X, yields a strict non empty subspaceXofind is defined as follows:

(Def. 2) The carrier oKy U X, = (the carrier ofX;) U (the carrier ofXy).

Let us note that the functof; U Xz is commutative.
In the sequekK, Xz, X3 are non empty subspacesXf
We now state several propositions:

(21) (XpUX2)UX3 = XU (X2UX3).
(22) X is a subspace of; UX.

(23) Let X, X be non empty subspaces X¥f ThenX; is a subspace oX; if and only if
X1 U Xz = the topological structure of;.

(24) For all closed non empty subspadgsX; of X holdsX; U X; is a closed subspace Xf
(25) For all open non empty subspacés X, of X holdsX; U X; is an open subspace Xt

Let X be a topological structure and 8f, X, be subspaces of. We say thalX; missesX; if
and only if:

(Def. 3) The carrier oK; misses the carrier of,.

Let us note that the predica¥g missesX; is symmetric. We introduck; meetsX; as an antonym
of X3 missesXs.

Let X be a non empty topological structure andXet X, be non empty subspacesXf Let us
assume thaX; meetsX,. The functorX; N X, yielding a strict non empty subspaceXfs defined
by:

(Def. SE] The carrier ofX; N X, = (the carrier ofX;) N (the carrier 0fXy).

In the sequeki, Xz, X3 denote non empty subspacesof
We now state several propositions:

(9Fi)  If X; meetsXy, thenXy N X, = Xo N Xy, and
(i) if Xg meetsXz andX; N Xz meetsXs or X, meetsXs andX; meetsX; N Xz, then(XgNXa) N
X3 =X N (X2NX3).
(30) If X3 meetsXy, thenX; N Xz is a subspace of; andX; N X, is a subspace of;.
(31) LetXy, X2 be non empty subspacesXfsuch thaX; meetsX;. Then
(i) Xjis asubspace of; iff X; N X, = the topological structure of;, and
(i) Xz is asubspace of; iff X; N X, = the topological structure of;.

(32) For all closed non empty subspacgs X, of X such thatX; meetsX, holdsX; N X; is a
closed subspace of.

(33) For all open non empty subspacgs X, of X such thatX; meetsX; holdsX; N Xz is an
open subspace .

(34) If X3 meetsXy, thenX; N X; is a subspace of; U X.

(35) For every non empty subspa¥ef X such thatX; meetsY andY meetsX; holds (X; U
X)NY =X NYUXoNY andY N (X1 UX2) =Y NX UYNXa.

(36) For every non empty subspacef X such thaiX; meetsX; holdsX; N X UY = (X UY)N
(XZ UY) andYUX1NX; = (YUXl) n (YUXz).

1 The definition (Def. 4) has been removed.
2 The propositions (26)—(28) have been removed.




SEPARATED AND WEAKLY SEPARATED SUBSPACES OF. . 4

3. SEPARATED AND WEAKLY SEPARATED SUBSETS OF TOPOLOGICAL SPACES

In the sequeK denotes a topological space aiyd A, denote subsets &f.
One can prove the following propositions:

(37) For all subsets, Ay of X such thatd; andA; are separated holdg missesA;.
(38) If A is closed andy; is closed, ther\; missesA; iff A; andA; are separated.
(39) IfAJUA;zis closed and\; andA; are separated, théy is closed andy; is closed.
(40) If A; missesA, andA; is open, ther\; missesA,.

(41) If Agis open and?; is open, ther\; missesA; iff A; andA; are separated.

(42) If AfUAy is open andd; andA; are separated, theéq is open andd; is open.

In the sequeh;, A, are subsets of.
We now state several propositions:

(43) For every subseét of X such thatA; andA; are separated holds NC andA, NC are
separated.

(44) LetB be a subset oK. Supposé; andB are separated @, andB are separated. Then
A1 N A, andB are separated.

(45) LetBbe a subset of. ThenA; andB are separated ar andB are separated if and only
if A1 UA, andB are separated.

(46) A1 andA; are separated if and only if there exist sub§at<C, of X such thaty; C C; and
Ao C Cy, andC; missesA, andC, missesA; andC; is closed and; is closed.

(47) A1 andA; are separated if and only if there exist sub§at<C, of X such thath; C C; and
Ay C Cy andCy NCy missesA; UA, andC; is closed andCs is closed.

(48) A; andA; are separated if and only if there exist sub§at<C, of X such thatA; C C; and
Ay C Cp andC;y missesA; andCy, missesh; andC; is open andC; is open.

(49) A1 andA; are separated if and only if there exist sub§at<C, of X such thaty; C C; and
A, C Cy andCy NCy missesA; UA, andCy is open andC; is open.

Let X be a topological structure and ket, A, be subsets of. We say thaf\; andA, are weakly
separated if and only if;

(Def. 7 A1\ A2 andAy \ A; are separated.

Let us note that the predicafg andA; are weakly separated is symmetric.
In the sequeK denotes a topological space aiyd A, denote subsets of.
Next we state several propositions:

(51&] A1 missesA,; andA; andA; are weakly separated if§; andA; are separated.
(52) If Ay C Ay, thenA; andA; are weakly separated.

(53) For all subsetsy, Ay of X such thath; is closed and?; is closed holds$\; andA; are
weakly separated.

(54) For all subsetsy, Az of X such thatd; is open andy; is open hold#\; andA; are weakly
separated.

3 The definition (Def. 6) has been removed.
4 The proposition (50) has been removed.
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(55) For every subsé& of X such thatA; andA; are weakly separated holdg UC andA, UC
are weakly separated.

(56) LetBs, By be subsets oX. Supposd3; C A, andBy C A;. Supposeéd; andA; are weakly
separated. TheA; UB; andA; UB, are weakly separated.

(57) LetB be a subset oK. Supposeh; andB are weakly separated ard andB are weakly
separated. Thefy N A, andB are weakly separated.

(58) LetB be a subset oX. Supposeé\; andB are weakly separated ard andB are weakly
separated. Thefy UA; andB are weakly separated.

(59) A; andA; are weakly separated if and only if there exist sub€gf<C,, C of X such that
CiN(A1UA) C A andCon (Aq UAz) CAyandCn (A UAz) C A1N A, and the carrier of
X =C1UCuUC andC; is closed and; is closed and is open.

In the sequeK denotes a non empty topological space ApdA, denote subsets of.
One can prove the following propositions:

(60) Supposé\; andA; are weakly separated ad Z A, andA, Z A1. Then there exist non
empty subset€;, C, of X such that

(i) Cyisclosed,
(i) Cyisclosed,
(i)  CiN(ALUAZ) C A,
(iv) Cn (Al UAz) C Ay, and
(v) A1UA2 C CiUC; or there exists a non empty subszif X such thatC is open and
CN(ALUA2) C A1NAz and the carrier oK =C,UC,UC.

(61) Supposé\; UA; = the carrier ofX. ThenA; andA; are weakly separated if and only if
there exist subsets;, C,, C of X such thatA; UA; = CLUC,UC andCy C A; andC, C Ay
andC C Aj N Ay andC; is closed and; is closed and is open.

(62) Supposé\; UA, = the carrier ofX andA; andA; are weakly separated ad Z A, and
Ay Z A;. Then there exist non empty subs€is C, of X such that
(i) Ciisclosed,
(i) Cyisclosed,
(i) CLC A,
(iv) CyC Ay and
(v) A1UA, =C1UGC,; or there exists a non empty sub€atf X such thath; UA, =C;UC,UC
andC C A; N Az andC is open.

(63) A1 andA; are weakly separated if and only if there exist sub€gf<C,, C of X such that
CiN(ALUA2) C A andCon (A UA2) C Ay andC N (ALUAy) C AjN A and the carrier of
X =C1UCUC andC; is open andC; is open and is closed.

(64) Supposé\; andA; are weakly separated ard Z A, andA, Z A;1. Then there exist non
empty subset€;, C, of X such that
(i) Cyisopen,
(i) Cyisopen,
(i) CiN(ALUAR) C A,
(iv) Con(A1UA2) C Ay, and

(V) ALUA; CCi UG or there exists a non empty sub§ebf X such thalC is closed and
CN(A1UA2) € AN Ay and the carrier oK = C; UC, UC.
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(65) Supposé\; UA; = the carrier ofX. ThenA; andA, are weakly separated if and only if
there exist subsets;, C,, C of X such thatA; UA; = CLUC,UC andCy C A; andC;, C Ay
andC C A; NA; andC; is open andC; is open andC is closed.

(66) Supposé\; UA; = the carrier ofX andA; andA; are weakly separated aid Z A, and
Ay € A1. Then there exist non empty subs€is C, of X such that

(i) Cyisopen,
(i) Cyisopen,
(i) Ci C A,

(iv) CpC Ay and

(v) A1UA, =C1UCGC; or there exists a non empty sub8aif X such thath; UA, =C,UC,UC
andC C A; N A, andC is closed.

(67) A; andA; are separated if and only if there exist sub&atsB, of X such thaB; andB;
are weakly separated arid C B; andA; C B, andB; N By missesA; U A;.

4. SEPARATED AND WEAKLY SEPARATED SUBSPACES OF TOPOLOGICAL SPACES

In the sequeK denotes a hon empty topological space.
Let X be a topological structure and I&t, X, be subspaces of. We say thaX; andX; are
separated if and only if the condition (Def. 8) is satisfied.

(Def. 8) LetAg, Ay be subsets of. Supposé\; = the carrier ofX; andA, = the carrier oiX,. Then
A; andA; are separated.

Let us note that the predicaXe andX; are separated is symmetric.
In the sequekz, X, are non empty subspacesXf
One can prove the following propositions:

(68) If X3 andX; are separated, thefy missesXs.

(YOE] For all closed non empty subspacés X, of X holds X; missesX; iff X; and X, are
separated.

(71) If X = X1 UX; andX; andX; are separated, thefy is a closed subspace Xf

(72) If X3U Xz is a closed subspace &f and X; and X, are separated, thex, is a closed
subspace oX.

(73) For all open non empty subspacs X, of X holdsX; missesX; iff X; andX; are sepa-
rated.

(74) If X = X1UX; andX; andX; are separated, thefy is an open subspace ¥f

(75) If X1UXz is an open subspace ¥fandX; andX; are separated, thefj is an open subspace
of X.

(76) LetY, X3, X2 be non empty subspacesXf Suppose; meetsy andX, meetsY. Suppose
X1 and X, are separated. TheXy NY andXy;NY are separated andn X; andY N X, are
separated.

(77) LetYy, Y2 be subspaces &f. Supposeé; is a subspace of; andY; is a subspace of,. If
X1 andX; are separated, théfa andY; are separated.

(78) LetY be a non empty subspaceXf SupposeX; meetsXy. If X; andY are separated, then
X1 N Xz andY are separated.

5 The proposition (69) has been removed.
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(79) LetY be a non empty subspace ¥f ThenX; andY are separated ang, andY are
separated if and only X; U X, andY are separated.

(80) X; andX; are separated if and only if there exist closed non empty subspgacésof X
such thaiX; is a subspace of; andX; is a subspace of andY; missesxX; andY, missesx;.

(81) X; andX; are separated if and only if there exist closed non empty subspacésof X
such thafx; is a subspace ofy butX; is a subspace of, butY; missesy, or Y1 NY, misses
X1UXo.

(82) X; andX; are separated if and only if there exist open non empty subspack¥s of X
such thatX; is a subspace of; andX; is a subspace of, andY; missesX; andY, missesX;.

(83) X; andX; are separated if and only if there exist open non empty subspac¥s of X
such thafx; is a subspace of but X, is a subspace of, butY; missesy, or Y1 Y, misses
XL UXo.

Let X be a topological structure and I&t, X, be subspaces of. We say thaX; andX; are
weakly separated if and only if the condition (Def. 9) is satisfied.

(Def. 9) LetA;, Ay be subsets ok. Supposé\; = the carrier ofX; andA, = the carrier ofX,. Then
A; andA; are weakly separated.

Let us note that the predica¥ge andX; are weakly separated is symmetric.
In the sequeK;, X, are non empty subspacesXf
We now state a number of propositions:

(SSE] X1 missesXy andX; andX; are weakly separated i¥; andX, are separated.
(86) If Xy is a subspace ofy, thenX; andX; are weakly separated.

(87) For all closed subspacisg, X of X holdsX; andX; are weakly separated.
(88) For all open subspac#s, X, of X holdsX; andX; are weakly separated.

(89) LetY be anon empty subspaceXf Suppose; andX; are weakly separated. Th&auyY
andX;UY are weakly separated.

(90) LetYy, Y2 be non empty subspacesXf Suppose; is a subspace of, andY; is a subspace
of X;. Suppose&; andX; are weakly separated. ThEpuY; andX, UY, are weakly separated
andY; U X; andY, U X, are weakly separated.

(91) LetY, X3, X2 be non empty subspacesXfuch thaX; meetsX,. Then

(i) if Xp andY are weakly separated ad andY are weakly separated, th&an X, andY
are weakly separated, and

(i) if Y andX; are weakly separated aivdand X, are weakly separated, th¥nandX; N X;
are weakly separated.
(92) LetY be a non empty subspaceXf Then

(i) if X3 andY are weakly separated axd andY are weakly separated, théa U X, andY
are weakly separated, and

(i) if Y andX; are weakly separated aidandX, are weakly separated, th¥handX; U Xz
are weakly separated.

6 The proposition (84) has been removed.
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(93) LetX be a non empty topological space aXd X, be non empty subspaces Xf Sup-
poseX; meetsX;. ThenX; andX; are weakly separated if and only if one of the following
conditions is satisfied:

(i) Xqisasubspace ofy, or
(i) Xz is a subspace ofy, or

(iiiy  there exist closed non empty subspa¥gsY, of X such thaty; N (X3 UXy) is a subspace
of X1 butY> N (X UXy) is a subspace of, but X3 U X, is a subspace of UY; or there exists
an open non empty subspacef X such that the topological structureXt=Y; UY,UY and
Y N (X1UXp) is a subspace of; N X.

(94) Suppos«&X = X3 UXz andX; meetsXy. ThenX; andX; are weakly separated if and only if
one of the following conditions is satisfied:
(i) Xy is asubspace ofy, or
(i) Xpis asubspace ofy, or

(i)  there exist closed non empty subspa¥gsY» of X such thaty; is a subspace of; butY,
is a subspace of; but X =Y; UY> or there exists an open non empty subspacé X such
thatX =Y, UY>UY andY is a subspace of; N X.

(95) Suppos«&X = X3 UXz andX; missesXy. ThenX; andX; are weakly separated if and only
if Xy is a closed subspace ¥fandX; is a closed subspace ¥t

(96) LetX be a non empty topological space aXd X, be non empty subspaces Xf Sup-
poseX; meetsX,. ThenX; andX; are weakly separated if and only if one of the following
conditions is satisfied:

(i) Xgisasubspace ofy, or
(i) Xois asubspace ofy, or

(iiiy  there exist open non empty subspadgsY, of X such thaly; N (X3 UXy) is a subspace of
X1 butY2N (XU Xp) is a subspace ofp but X3 U X; is a subspace of; UY, or there exists a
closed non empty subspa¥eof X such that the topological structure ¥f=Y; UY,UY and
Y N (X1 UXz) is a subspace 0f; N X.

(97) Suppos«&X = X3 UXz andX; meetsXp. ThenX; andX; are weakly separated if and only if
one of the following conditions is satisfied:
(i) Xy is asubspace of,, or
(i) Xois a subspace ofy, or

(iif)  there exist open non empty subspadgsY» of X such thaly; is a subspace of; butY; is
a subspace of; but X =Y, UY, or there exists a closed non empty subspaoéX such that
X =Y1UY2UY andY is a subspace of; N X.

(98) Suppos&X = X; UX; andX; missesX. ThenX; andX; are weakly separated if and only
if X; is an open subspace ¥fandX; is an open subspace Xt

(99) X; andX; are separated if and only if there exist non empty subspac#s of X such that
Y; andY, are weakly separated aid is a subspace of; andX; is a subspace of, andY;
missesY, or Y1 NYa missesXy U Xo.
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