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Summary. LetX be a topological space and letbe a subset oK. Recall thatA is
nowhere densin X if its closure is a boundary subset Xf i.e., if IntA = 0 (see[[2]). We
introduce here the concept of everywhere dense subsitswhich is dual to the above one.
Namely, A is said to beeverywhere dens@ X if its interior is a dense subset o, i.e., if
IntA = the carrier ofX.

Our purpose is to list a number of properties of such sets (comp. [7]). As a sample we
formulate their two dual characterizations. The first one characterizes thin S€éts A is
nowhere dense iff for every open nonempty subset G of X there is an open nonempty subset
of X contained in G and disjoint from.AThe corresponding second one characterizes thick
sets inX : A is everywhere dense iff for every closed subset F of X distinct from the carrier of
X there is a closed subset of X distinct from the carrier of X, which contains F and together
with A covers the carrier of XWe also give some connections between both these concepts.
Of course A is everywhere (nowhere) dense in X iff its complement is nowhere (everywhere)
dense Moreover,A is nowhere dense iff there are two subsets of X, C boundary closed and
B everywhere dense, such thatzACN B and CU B covers the carrier of X Dually, A is
everywhere dense iff there are two disjoint subsets of X, C open dense and B nowhere dense,
such that A=CUB.

Note that some relationships between everywhere (nowhere) dense Xetméhevery-
where (nowhere) dense sets in subspacesarke also indicated.

MML Identifier: TOPS_3.
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The articlesl[4],[[6],[3],[[7], [5], and[1] provide the notation and terminology for this paper.

1. SELECTEDPROPERTIES OFSUBSETS OF ATOPOLOGICAL SPACE

In this papetX denotes a topological structure aAdlenotes a subset &f.
We now state three propositions:

(1) A= 0y iff A°=Qyx andA=0iff A®=the carrier ofX.

(2) A=Qyiff A°=0x andA = the carrier ofX iff A°=0.

(3) For every topological spa¢éand for all subsets, B of X holds IntANB C ANB.

In the sequeK denotes a topological space aflydB denote subsets of.
We now state several propositions:

(4)

Int(AUB) C AUIntB.

(5) Forevery subsek of X such that is closed holds IfAUB) C AUIntB.
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(6) For every subsek of X such thatA is closed holds IfAU B) = Int(AUIntB).
(7) If Amisses InA, then IntA = 0.

(8) If AuIntA = the carrier ofX, thenintA = the carrier ofX.

2. SPECIAL SUBSETS OF ATOPOLOGICAL SPACE

Let X be a topological structure and Iatbe a subset oX. Let us observe tha is boundary if and
only if:

(Def. 1) IntA=0.
We now state the proposition
(9) 0y is boundary.

In the sequek is a non empty topological space afids a subset oX.
Next we state the proposition

(10) If Ais boundary, ther # the carrier ofX.

In the sequeK is a topological space amd B are subsets of.
We now state several propositions:

(11) If Bis boundary and\ C B, thenA is boundary.

(12) A'is boundary iff for every subs& of X such thatA® C C andC is closed hold€ = the
carrier ofX.

(13) Ais boundary iff for every subs& of X such thaiG # 0 andG is open holdA® meetsG.
(14) Ais boundary iff for every subsét of X such thaf is closed holds Irff = Int(F UA).

(15) If Ais boundary oB is boundary, theN B is boundary.

Let X be a topological structure and l&tbe a subset oX. Let us observe that is dense if and
only if:

(Def. 2) A= the carrier ofX.

Next we state the proposition
(16) Qx is dense.

In the sequeK denotes a non empty topological space AnB denote subsets of.
The following propositions are true:

(17) If Ais dense, theA £ 0.
(18) Ais dense iffA® is boundary.

(19) Ais dense iff for every subsé€tof X such thatA C C andC is closed hold€ = the carrier
of X.

(20) Ais dense iff for every subs@& of X such thaiG is open holdG = GNA.

(21) If Ais dense oB is dense, theAUB is dense.

Let X be a topological structure and latbe a subset oK. Let us observe tha is nowhere
dense if and only if:

(Def. 3) IntA=0.
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The following propositions are true:

(22) 0x is nowhere dense.

(23) If Ais nowhere dense, thex£ the carrier ofX.

(24) If Ais nowhere dense, theéhis nowhere dense.

(25) If Ais nowhere dense, thekis not dense.

(26) If Bis nowhere dense arAlC B, thenA is nowhere dense.

(27) A'is nowhere dense iff there exists a sulSeif X such thatA C C andC is closed and
boundary.

(28) A is nowhere dense if and only if for every sub&of X such thaiG # 0 andG is open
there exists a subskt of X such thaH C G andH # 0 andH is open andA misseH.

(29) If Ais nowhere dense @ is nowhere dense, thex B is nowhere dense.

(30) If Ais nowhere dense ariélis boundary, thedU B is boundary.

Let X be a topological structure and latbe a subset oK. We say tha# is everywhere dense
if and only if:

(Def. 4) IntA=Qx.

Let X be a topological structure and l&tbe a subset oX. Let us observe thak is everywhere
dense if and only if:

(Def. 5) IntA = the carrier ofX.
We now state a number of propositions:
(31) Qy is everywhere dense.
(32) If Ais everywhere dense, then his everywhere dense.
(33) If Ais everywhere dense, théns dense.
(34) If Ais everywhere dense, thén# 0.
(35) Ais everywhere dense iff Itis dense.
(36) If Ais open and dense, théxis everywhere dense.
(37) If Ais everywhere dense, thénis not boundary.
(38) If Ais everywhere dense adC B, thenB is everywhere dense.
(39) Ais everywhere dense iff® is nowhere dense.
(40) Ais nowhere dense i€ is everywhere dense.

(41) A is everywhere dense iff there exists a sulidef X such thatC C A andC is open and
dense.

(42) Ais everywhere dense if and only if for every subBeif X such thaf # the carrier ofX
andF is closed there exists a subsebf X such thaF C H andH +# the carrier ofX andH
is closed and\UH = the carrier ofX.

(43) If Ais everywhere dense &is everywhere dense, théxw B is everywhere dense.
(44) If Ais everywhere dense afitiis everywhere dense, thé&n B is everywhere dense.

(45) If Ais everywhere dense amlis dense, theANB is dense.
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(46) If Ais dense an® is nowhere dense, thex\ B is dense.
(47) If Ais everywhere dense afiis boundary, thei\ B is dense.
(48) If Ais everywhere dense amiis nowhere dense, theéx\ B is everywhere dense.

In the sequeD is a subset oK.
The following four propositions are true:

(49) Suppos® is everywhere dense. Then there exist sulSeBsof X such thaC is open and
dense an® is nowhere dense aritlu B = D andC missesB.

(50) Suppos® is everywhere dense. Then there exist subSeB of X such thatC is open
and dense anB is closed and boundary a@lu D NB = D andC missesB andCUB = the
carrier ofX.

(51) Suppos® is nowhere dense. Then there exist sub8eB of X such thaC is closed and
boundary and is everywhere dense a@h B = D andC U B = the carrier ofX.

(52) Suppos® is nowhere dense. Then there exist sub€eB of X such thaC is closed and
boundary and is open and dense a@ih (DUB) = D andC missesB andCUB = the carrier
of X.

3. PROPERTIES OFSUBSETS INSUBSPACES

In the sequeYy is a subspace of.
The following propositions are true:

(53) For every subseét of X and for every subsd of Yo such thaB C A holdsB C A.

(54) LetC, A be subsets oK andB be a subset ofp. If Cis closed and C the carrier ofYy
andA C C andA = B, thenA =B.

(55) LetYy be aclosed non empty subspaceXof be a subset ok, andB be a subset ofy. If
A =B, thenA=B.

(56) For every subseé& of X and for every subsé& of Yy such thatA C B holds IntA C IntB.

(57) LetYp be a non empty subspaceXfC, A be subsets ok, andB be a subset of. If Cis
open andC C the carrier ofYg andA C C andA = B, then IntA = IntB.

(58) LetYy be an open non empty subspaceéofi be a subset o, andB be a subset ofy. If
A= B, then IntA = IntB.

In the sequeky is a subspace of.
Next we state two propositions:

(59) For every subseh of X and for every subsa of Xy such thatA C B holds if A is dense,
thenB is dense.

(60) LetC, Abe subsets ok andB be a subset 0Xy. Suppos€ C the carrier oiXg andACC
andA = B. ThenC is dense an® is dense if and only iAA is dense.

In the sequekKy denotes a non empty subspaceXof
Next we state a number of propositions:

(61) LetA be a subset oK andB be a subset oK. If A C B, then if A is everywhere dense,
thenB is everywhere dense.

(62) LetC, A be subsets oK andB be a subset 0Xyg. SupposeC is open andC C the carrier
of Xp andA C C andA = B. ThenC is dense and is everywhere dense if and onlyAfis
everywhere dense.
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(63) LetXp be an open non empty subspace<ofy, C be subsets oX, andB be a subset oXo.
SupposeC = the carrier ofXy andA = B. ThenC is dense and is everywhere dense if and
only if Alis everywhere dense.

(64) LetC, A be subsets oK andB be a subset 0Kyg. SupposeC C the carrier ofXy and
A C CandA=B. ThenC is everywhere dense amlis everywhere dense if and onlyAfis
everywhere dense.

(65) For every subse$ of X and for every subsé of X such thatA C B holds if B is boundary,
thenAis boundary.

(66) LetC, Abe subsets ok andB be a subset dy. Suppose€ is open and C the carrier of
Xo andA C C andA = B. If Ais boundary, the is boundary.

(67) LetXp be an open non empty subspacéofl be a subset ok, andB be a subset oXp. If
A= B, thenAis boundary iffB is boundary.

(68) LetAbe a subset ok andB be a subset akp. If A C B, then if B is nowhere dense, then
Ais nowhere dense.

(69) LetC, Abe subsets ok andB be a subset aky. Suppos€ is open and C the carrier of
Xo andA C C andA = B. If Ais nowhere dense, thdhis nowhere dense.

(70) LetXp be an open non empty subspaceXof be a subset ok, andB be a subset oXp. If
A = B, thenAis nowhere dense 8 is nowhere dense.

4. SUBSETS INTOPOLOGICAL SPACES WITH THE SAMETOPOLOGICAL STRUCTURES
We now state the proposition

(71) LetXy, X2 be 1-sorted structures. Suppose the carrief;c the carrier ofX,. LetCy be a
subset ofX; andC; be a subset ak,. ThenC; = C; if and only if C,¢ = C,°.

In the sequeK;, X, are topological structures.
Next we state two propositions:

(72) Suppose that
(i) the carrier ofX; = the carrier ofX,, and

(i) for every subse€; of X; and for every subsél, of X, such thatC; = C, holdsC; is open
iff C; is open.

Then the topological structure &f = the topological structure of,.

(73) Suppose that
(i) the carrier ofX; = the carrier ofXy, and

(i) for every subse€; of X; and for every subse€l, of X, such thaC; = C, holdsC; is closed
iff Co is closed.

Then the topological structure &f = the topological structure ofy.
In the sequek;, X, are topological spaces.
One can prove the following propositions:
(74) Suppose that

(i) the carrier ofX; = the carrier ofXy, and

(i)  for every subse€; of X; and for every subsé, of X, such thatC; = C;, holds IniC; =
IntC,.

Then the topological structure & = the topological structure of;.
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(75) Suppose that
(i) the carrier ofX; = the carrier ofX, and
(i) for every subse€; of X; and for every subsel, of X, such thatC; = C; holdsC; = C,.
Then the topological structure &f = the topological structure of.

In the sequeD1 denotes a subset &f andD, denotes a subset 6.
One can prove the following propositions:

(76) Supposd®1 = D, and the topological structure &§ = the topological structure of,. If
D1 is open, themD, is open.

(77) If D, = D2 and the topological structure of; = the topological structure oXy, then
IntD1 = IntDo>.

(78) If D1 € D, and the topological structure of; = the topological structure oXy, then
IntD1 C IntD».

(79) Suppos®; = D, and the topological structure &f = the topological structure of,. If
D1 is closed, the; is closed.

(80) If Dy = Dy and the topological structure of; = the topological structure oXy, then

D1 =Da>.

(81) If D1 C Dy and the topological structure of; = the topological structure oXp, then
D; C Dy.

(82) Suppos®, C D1 and the topological structure &§ = the topological structure of. If
D1 is boundary, theD, is boundary.

(83) Suppos®; C D, and the topological structure of = the topological structure of,. If
D, is dense, the®; is dense.

(84) Suppos®, C D; and the topological structure of = the topological structure of,. If
D4 is nowhere dense, théy is nowhere dense.

In the sequek;, X, denote non empty topological spacBs, denotes a subset &, andD
denotes a subset ¥b.
We now state the proposition

(85) Suppos®; C D, and the topological structure of = the topological structure of,. If
D1 is everywhere dense, th&p is everywhere dense.
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