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The articles([5],[[8],1], 71,141, [9], [2], [5], [10], and[3] provide the notation and terminology for
this paper.

For simplicity, we adopt the following conventiori: is a function,n is a natural number,, p
are real numbers, ands a set.

A sequence of real numbers is a function frdhinto R.

In the sequesy, s, Sz, 4, S}, S, denote sequences of real numbers.

We now state two propositions:

(3H f is a sequence of real numbers iff déra- N and for everyx such thatx € N holds f (x)
is real.

(4) fisasequence of real numbers iff dérs- N and for everyn holds f(n) is real.

Let f be a binary relation. We say théis real-yielding if and only if:
(Def. 1) rngf CR.

LetC be a set. One can check that every partial function f®i R is real-yielding.

One can check that there exists a function which is real-yielding.

Let f be a real-yielding function and latbe a set. One can verify th&fx) is real.

Let f be a real-yielding function and lgtbe a set. Therfi(x) is a real number.

Let C be a set, leff be a partial function fron€ to R, and letx be a set. Therf(x) is a real
number.

Let f be a partial function fronN to R. Let us observe thdit is non-empty if and only if:

(Def. 2) rngf CR\{0}.

We introducef is non-zero and is non-zero as synonyms 6éfis non-empty.
The following four propositions are true:

(GH 1 is non-zero iff for every such thaix € N holdss; (x) # 0.
(7) s1is non-zero iff for everyn holdss; (n) # O.

1 The propositions (1) and (2) have been removed.
2 The proposition (5) has been removed.
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(8) Foralls;, s, such that for every such thaix € N holdss; (X) = sp(X) holdss; = s,.
(10 For everyr there exists; such that rng; = {r}.

In this article we present several logical schemes. The scheealSegleals with a unary
functor ¥ yielding a real number, and states that:
There exists; such that for every holdss; (n) = #(n)
for all values of the parameter.
The schem®artFuncExD’deals with non empty sei@, B and a binary predicat&, and states
that:
There exists a partial functiohfrom 4 to B such that
(i) for every elemend of 2 holdsd € domf iff there exists an elementof B
such thatP[d, c|, and
(i) for every element of 4 such thad € domf holds®[d, f (d)]
for all values of the parameters.
The schemd.ambdaPFD’deals with non empty setd, B, a unary functor¥ yielding an
element ofB, and a unary predicatg, and states that:
There exists a partial functioh from 4 to B such that for every element of 4
holdsd € domf iff 2[d] and for every elemerd of 4 such thatd € domf holds
f(d) = 7(d)
for all values of the parameters.
The schem&JnPartFuncD’ deals with sets2, B, ¢ and a unary functoff yielding a set, and
states that:
Let f, g be partial functions fron# to B. Suppose that
(i) domf =,
(i) for every element of 4 such that € domf holds f(c) = F(c),
(i) domg=C, and
(iv) for every element of 4 such that € domg holdsg(c) = ¥ (c).
Thenf =g
for all values of the parameters.
Let C be a set and lefy, f, be partial functions fron€ to R. The functorf; + f yielding a
partial function fronC to R is defined by:

(Def. 3) don{f1+ f2) = domf; ndomf;, and for every elemert of C such that € dom(f1 + f3)
holds(f1+ f2)(c) = fi(c) + f2(c).

Let us observe that the functéy + f, is commutative. The functofi, — f; yields a partial function
from C to R and is defined as follows:

(Def. 4) domf; — f) = domfi; ndomf, and for every element of C such thatc € dom(f; — f7)
holds(f; — f2)(c) = f1(c) — fa(c).

The functorf; f yielding a partial function fron€ to R is defined by:

(Def. 5) domf; f2) =domf;ndomf;, and for every elemerntof C such that € dom( f; f) holds
(f1 f2)(c) = f1(c) - f2(c).

Let us observe that the functér fo is commutative.
One can prove the following two propositions:

(11) s = s +s3iff for every n holdssy (n) = s(n) +s3(n).
(12) s = s3iff for every nholdss; (n) = sp(n) - s3(n).

Let us considesy, s3. One can check thap + s3 is total ands, sz is total.
Let C be a set, lef be a partial function fron€ to R, and letr be a real number. The functor
r f yields a partial function fron€ to R and is defined as follows:

3 The proposition (9) has been removed.



REAL SEQUENCES AND BASIC OPERATIONS ON THEM 3

(Def. 6) domr f) = domf and for every element of C such thatc € dom(r f) holds(r f)(c) =
r-f(c).

Let us consider, s;. Note thatr s; is total.
Next we state the proposition

(13) s =rs3iff for every nholdss(n) =r - s3(n).

Let C be a set and let be a partial function fron€ to R. The functor—f yielding a partial
function fromC to R is defined by:

(Def. 7) dom{—f) =domf and for every element of C such that € dom(—f) holds(—f)(c) =
—f(c).

Let us consides;. Observe that-s; is total.
We now state the proposition

(14) s = —s3iff for every n holdss(n) = —sg(n).

Let us consides,, s3. Note thats, — s3 is total.
Next we state the proposition

(15) s-ss=%+-S.
Let us consides;. The functors; ! yielding a sequence of real numbers is defined as follows:
(Def. 8) For everyn holdss; ~(n) = s;(n)~2.

Let us consides,, s;. The functors,/s; yields a sequence of real numbers and is defined as
follows:

(Def.9) s/si=ss5 "

LetC be a set and lett be a partial function fror€ to R. The functor f| yields a partial function
from C to R and is defined as follows:

(Def. 10) donf| =domf and for every elemertof C such that € dom| f| holds|f|(c) = | f(c)|.

Let us consides;. Note that|s;| is total.
We now state a number of propositions:

(16) s2 = |su] iff for every n holdssy(n) = |s1(n)|.
Qo] (2+s)+si=+(3+%4).
] (2s)su=5%(s3%).

(23) (nts)u=ou+s3%.
(24) s (n+s)=u+%ss.
(25) —s1=(-1)s1.

(26) r(s2%8) = (rs2) ss.

(27) 1 (s2%3) =% (rss).

(28) (-S)u=9u—S%.
(29) un-us3=%(2—%).
(30) r(so+s3)=rsy+rss.

4 The propositions (17)—(19) have been removed.
5 The proposition (21) has been removed.
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@D (r-p)si=r(ps)

(32) r(p—s3)=rsy—rsa.

(33) r(x/s1)=(rsz)/s1.

(B4) - (ssts4) =% —S3— %4

(35) 1s1=s1.

(36) ——s1=s1.

@7 2-—-s=9+s

(38) - (s3—)=(2—%) +%.

(B9) t(s3—s1)=(2+%) %

(40) (—s)s3=-s3ands, —S3=—S Sg.

(41) If s is non-zero, thes; 1 is non-zero.

42 (s Htl=g.

(43) s is non-zero andy is non-zero iffs; s, is non-zero.
44) st t=(ss) "

(45) If 51 is non-zero, thelfsy/s1) 51 = .

(46) (si/s1) (/%) = (51%)/(s1%2)-

(47) If s is non-zero andy is non-zero, thes; /s, is non-zero.
48) (si/s2) t=s/s1.

(49) ss(s2/s1) =(3%2)/51.

(50) s3/(s1/s2) = (sss2)/s1.

(51) If s is non-zero, thess/s; = (S3%2)/(s1 ).

(52) Ifr £ 0 ands; is non-zero, thems; is non-zero.
(53) If 51 is non-zero, ther-s; is non-zero.

(54) (rs)t=rtg 1

(65) (-s)t=(-st.

(56) —s2/s1=(—%)/s1ands/—s = —S/s).

(B7) s/s1+s/9=(2+%)/sands/s - /9= (2—%)/s.

(58) If s is non-zero and, is non-zero, thesy /s1+S,/5) = (251 +S,51)/(51 S;) andsy /sy —
S/% = (28 -%81)/(518)-

(59) sp/s1/(s1/%2) = (s, %2)/(s19)-

(60) [s18y] = Isa] Isy]-

(61) If 51 is non-zero, theis; | is non-zero.
62) sl t=ls7.

(63) Isi/s1] = Isyl/Isul-

(64) |rsi| =Ir||su-
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