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Sorting Operators for Finite Sequences
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Summary. Two kinds of sorting operators, descendent one and ascendent one, are
introduced for finite sequences of reals. They are also called rearrangement of finite sequences
of reals. Maximum and minimum values of finite sequences of reals are also defined. We also
discuss relations between these concepts.

MML Identifier: REINSEQ2.
WWW: http://mizar.org/JFM/Voll5/rfinseq2.html

The articles([[12],[[13],[115],.[3],[14],[02], 1], 9], [14],[110],[186], 171, 15], [11], and [8] provide the
notation and terminology for this paper.
Let f be a finite sequence of elementskf The functor maxf yielding a natural number is
defined by the conditions (Def. 1).
(Def. 1)(i) Iflenf =0,thenmayf =0, and

(i) iflen f >0, then may f € domf and for every natural numbeand for all real numbers
r1, ro such that € domf andry = f(i) andra = f(max, f) holdsry <r, and for every natural
numberj such thatj € domf andf(j) = f(max, f) holds may f < j.

Let f be a finite sequence of elementsiof The functor mig f yields a natural number and is
defined by the conditions (Def. 2).

(Def. 2)(i) Iflenf =0, then mip f =0, and

(i) iflen f > 0O, then mir, f € domf and for every natural numbéand for all real numbers
r1, r> such that € domf andr, = f(i) andro = f(min, f) holdsry > r, and for every natural
numberj such thatj € domf andf(j) = f(min, f) holds mi f < j.

Let f be a finite sequence of elementdffThe functor max yielding a real number is defined
as follows:

(Def. 3) maxf = f(max, f).
The functor minf yields a real number and is defined by:
(Def. 4) minf = f(miny f).
Next we state a number of propositions:

(1) Letf be afinite sequence of elementsfoéindi be a natural number. If& i andi < lenf,
thenf(i) < f(max, f) andf(i) < maxf.

(2) Letf be afinite sequence of elementdfoéndi be a natural number. If &£ i andi < lenf,
thenf (i) > f(miny f) and f(i) > minf.
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(3) For every finite sequendeof elements ok and for every real numbersuch thatf = (r)
holds may f = 1 and max =r.

(4) For every finite sequendeof elements ok and for every real numbersuch thatf = (r)
holds miry f =1 and minf =r.

(5) Letf be afinite sequence of elementdfoéindr, ry be real numbers. If = (ry,r»), then
maxf = max(ry,rz) and may f = (ry = max(ry,r2) — 1,2).

(6) Letf be afinite sequence of elementdfoéindry, ro be real numbers. If = (ry,r»), then
minf =min(ry,r2) and min f = (ry =min(ry,r2) — 1,2).

(7) For all finite sequencefg, f, of elements oR such that lerf; = lenf, and lenf; > 0 holds
max( f1 + f2) < maxf; + maxfs.

(8) For allfinite sequencefy, f, of elements oR such that lerf; = lenf; and lenf; > 0 holds
min(f1 + f2) > min fy +min fa.

(9) Letf be afinite sequence of elementsfbinda be a real number. If leh > 0 anda > O,
then maxa- f) = a-maxf and max(a- f) = max, f.

(10) Letf be a finite sequence of elementsfbénda be a real number. If leh > 0 anda > 0,
then mir(a- f) =a-minf and mirp(a- f) = min, f.

(11) For every finite sequendeof elements oR such that lerf > 0 holds max—f) = —min f
and may(—f) =min, f.

(12) For every finite sequendeof elements oR such that lerf > 0 holds mir{—f) = —maxf
and miny(—f) = max, f.

(13) Letf be a finite sequence of elements®fand n be a natural number. If £ n and
n < lenf, then maxf,n) < maxf and mir(f5) > minf.

(14) For all finite sequencek g of elements ofR such thatf andg are fiberwise equipotent
holds maxf = maxg.

(15) For all finite sequencek g of elements ofR such thatf andg are fiberwise equipotent
holds minf = ming.

Let f be a finite sequence of elementsiaf The functor sogf yields a non-increasing finite
sequence of elements &fand is defined as follows:

(Def. 5) f and sorg f are fiberwise equipotent.

We now state four propositions:

(16) For every finite sequendgof elements ofR such that leR= 0 or lenR= 1 holdsR is
non-decreasing.

(17) LetRbe afinite sequence of elementsfofThenR is non-decreasing if and only if for all
natural numbers, msuch thanh € domR andm € domR andn < mholdsR(n) < R(m).

(18) LetR be a non-decreasing finite sequence of elemeni® ahdn be a natural number.
ThenR[nis a non-decreasing finite sequence of elemenk. of

(19) LetRy, Ry be non-decreasing finite sequences of elemenks ¢f R; andR, are fiberwise
equipotent, theiir; = Ry.

Let f be a finite sequence of elementdfof The functor sogf yielding a non-decreasing finite
sequence of elements &fis defined by:

(Def. 6) f and sorj f are fiberwise equipotent.
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Next we state a number of propositions:

(20) For every non-increasing finite sequerfoaf elements oRR holds sorg f = f.

(21) For every non-decreasing finite sequehad# elements ofR holds sorf f = f.

(22) For every finite sequendeof elements oR holds sor§sorty f = sorg f.

(23) For every finite sequendeof elements oR holds sorisort, f = sort, f.

(24) For every finite sequenceof elements ofR such thatf is non-increasing holds-f is

non-decreasing.

(25) For every finite sequenceof elements ofR such thatf is non-decreasing holds f is

non-increasing.

(26) Letf, gbe finite sequences of elementsfoandP be a permutation of dom If f =g-P

andlerg>1,then—f =(—g)-P.

(27) Letf, g be finite sequences of elementsiaf Supposef andg are fiberwise equipotent.

Then—f and—g are fiberwise equipotent.

(28) For every finite sequendeof elements oRR holds sorg(—f) = —sort f.

(29) For every finite sequendeof elements oRR holds sorf(—f) = —sort; f.

(30) For every finite sequendeof elements ofR holds domsogtf = domf and lensogf =

lenf.

(81) For every finite sequendeof elements ofR holds domsogtf = domf and lensogf =

lenf.

(32) For every finite sequendeof elements oR such that lerf > 1 holds magsorg f =1 and
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minpsork f = 1 and(sory f)(1) = maxf and(sor, f)(1) = minf.
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