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Summary. In the article the development of the first order language defineld in [4]
is continued. The following connectives are introduced: implicatier),(disjunction {),
and equivalence<). We introduce also the existential quantifig) @and FALSUM. Some
theorems on disjunctive, conditional, biconditional and existential formulae are proved and
their selector functors are introduced. The second part of the article deals with notions of
subformula, proper subformula and immediate constituent of a QC-formula.

MML Identifier: QC_LANG2.

WWW: http://mizar.org/JFM/Voll/gc_lang2.html

The articlesl[6],5],8], 9], [3], [1], [2], [7], and([4] provide the notation and terminology for this
paper.

We use the following conventiory, y, z denote bound variables am@ g, p1, p2, g1 denote
elements of WFF.

The following propositions are true:

(1) If =p=-q,thenp=aq.
(2) Arg(—=p)=p.
() If pAg=p1Aa, thenp=p; andg=as.
(4) If pis conjunctive, themp = LeftArg(p) A RightArg(p).
(5) LeftArg(pAQ) = pand RightArdpAq) =q.
(6) IfVxp=Vyq,thenx=yandp=aq.
(7) If pis universal, themp = Vgoung p) SCOPEP).
(8) BoundVyp) =xand Scopévyxp) = p.
The formula FALSUM is defined as follows:
(Def.1) FALSUM= -VERUM.
Let p, g be elements of WFF. The functpr=- q yields a formula and is defined by:
(Def.2) p=q=-(pA—0q).

The functorpV qyielding a formula is defined as follows:

1 © Association of Mizar Users


http://mizar.org/JFM/Vol1/qc_lang2.html

CONNECTIVES AND SUBFORMULAE OF THE FIRST .. 2

(Def.3) pvg=-(—pA-0Q).
Let p, g be elements of WFF. The functprs q yielding a formula is defined as follows:
(Def.4) pe=qg=(p=aA(@=p).

Letx be a bound variable and Iptbe an element of WFF. The functégp yields a formula and
is defined as follows:

(Def. 5) dxp=—Vx—p.
Next we state several propositions:
(13@ FALSUM is negative and ArgFALSUM) = VERUM.
(14) pvg=-p=gq
(16F 1f pva=p1Vas, thenp= p; andg=qs.
(A7) Ifp=qg=p1= 01, thenp=py andg=q;.
(18) Ifp=q=p1+ q, thenp=p; andq=q;.
(19) If 3yp=3yq,thenx=yandp=aq.

Letx, y be bound variables and Iptbe an element of WFF. The functagyp yielding a formula
is defined by:

(Def. 6) VX"yp = vaYp.
The functor3yyp yields a formula and is defined by:
(Def. 7) Hxﬁyp = Elxglyp.
Next we state several propositions:

(21) For all bound variables;, x, y1, Y2 such that/y, y, p1 = Vx, y, P2 holdsx; = X, andy; =y,
andp; = po.

(22) If Vxyp = V0, thenx=zandvyp = q.

(23) For all bound variables;, x, y1, Y2 such thatly, y, p1 = 3x, y, P2 holdsx; = x; andy; =y»
andp; = po.

(24) If 3yyp =30, thenx=zand3yp=q.
(25) Vyypis universal and Bour(tfxyp) = x and Scop&vyyp) = Vyp.

Let x, y, z be bound variables and lgtbe an element of WFF. The functag,p yielding a
formula is defined by:

(Def. 8)  Vxyzp = Vx¥yzp.
The functor3yy,,p yielding a formula is defined by:
(Def. 9)  Ixyzp = IxIy,zP.

One can prove the following propositions:

(26) Vyxyzp = VxVyzp and3dyxy,p = Ix3yzp.

1 The propositions (9)-(12) have been removed.
2 The proposition (15) has been removed.
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(27) For all bound variables;, X, y1, Y2, Z1, > such thaty, v, 2 P1 = Vx,.y,,2, P2 holdsx; = X,
andy; = y» andz; = z andp; = po.

In the seques, t are bound variables.
One can prove the following propositions:

(28) If Vyyzp = V10, thenx =t andVy,p=q.
(29) If Yxyzp = Vi s0, thenx=t andy =sandVv,p=q.

(30) For all bound variables;, X, y1, Y2, 1, > such thatl, v,  P1 = 3x,.y,,2, P2 holdsx; = X,
andy; = y» andz; = z andp; = po.

(31) If 3xy,p=Ftq, thenx=t and3y,p=q.
(32) If 3xyzp= T 0, thenx=t andy =sand3,p=q.
(33) Vyyzpis universal and Bour{ifyy,p) = x and Scop&yy,zp) = Vy,zp.
LetH be an element of WFF. We say thatis disjunctive if and only if:
(Def. 10) There exist elemengs g of WFF such thaH = pVvq.
We say that is conditional if and only if:
(Def. 11) There exist elemengs g of WFF such thaH = p=q.
We say that is biconditional if and only if:
(Def. 12) There exist elemengs g of WFF such thaH = p<-q.
We say that is existential if and only if:
(Def. 13) There exists a bound varialsland there exists an elemegmbf WFF such thaH = 3p.
One can prove the following proposition
(38@ Jyyp is existential andyy-p is existential.
LetH be an element of WFF. The functor LeftOl) yields a formula and is defined by:
(Def. 14) LeftDis{H) = Arg(LeftArg(Arg(H))).
The functor RightDigjH) yields a formula and is defined by:
(Def. 15) RightDis{H) = Arg(RightArg(Arg(H))).

We introduce Consequéiit) as a synonym of RightDigiH). The functor Antecede(itl) yields a
formula and is defined by:

(Def. 16) Antecedelit) = LeftArg(Arg(H)).

Let H be an element of WFF. The functor LeftS{# yields a formula and is defined as
follows:

(Def. 1q'f| LeftSidgH) = AntecedentLeftArg(H)).
The functor RightSidgH ) yielding a formula is defined by:
(Def. 19) RightSidéH) = ConsequeriteftArg(H)).

In the sequeF, G, H denote elements of WFF.
Next we state a number of propositions:

3 The propositions (34)—(37) have been removed.
4 The definition (Def. 17) has been removed.
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(45E] LeftDisj(F v G) = F and RightDis{F vV G) = G and ArdF VvV G) = -F A —G.
(46) Anteceder{fF = G) = F and Conseque(ff = G) =G and ArgF = G) =F A—=G.

(47) LeftSidéF < G) = F and RightSidé- < G) = G and LeftArgF < G) =F = G and
RightArg(F < G) =G =F.

(48) Arg(3H) = Vx—H.

(49) Supposd is disjunctive. TherH is conditional and negative and Ald) is conjunctive
and LeftArg Arg(H)) is negative and RightAfgA\rg(H)) is negative.

(50) If H is conditional, therH is negative and Ard) is conjunctive and RightArgArg(H))
is negative.

(51) IfH isbiconditional, them is conjunctive and LeftArgH ) is conditional and RightArgH )
is conditional.

(52) IfH is existential, thei is negative and ArH) is universal and ScopArg(H)) is nega-
tive.

(53) If H is disjunctive, theid = LeftDisj(H) v RightDisj(H).
(54) If H is conditional, theH = AntecedentH) = Consequertt).
(55) If H is biconditional, theH = LeftSidgH) < RightSidéH).
(56) IfH is existential, themd = Jgoungarg(H)) Arg(ScopéArg(H))).
Let G, H be elements of WFF. We say thatis an immediate constituent &f if and only if:

(Def. 20) H = -G or there exists an elemeRtof WFF such thaH = GAF orH = F A G or there
exists a bound variabbesuch thaH = V,G.

For simplicity, we adopt the following conventior:is a bound variablek, n are natural num-
bers,P is ak-ary predicate symbol, and is a list of variables of the length
One can prove the following propositions:

(58f| H is not an immediate constituent of VERUM.

(59) H is not an immediate constituent BiV|.

(60) F is an immediate constituent eH iff F = H.

(61) H is an immediate constituent of FALSUM iff = VERUM.

(62) F is animmediate constituent AH iff F=GorF =H.

(63) F is animmediate constituent gfH iff F = H.

(64) If H is atomic, therF is not an immediate constituent -f.

(65) If H is negative, their is an immediate constituent bf iff F = Arg(H).

(66) If H is conjunctive, ther is an immediate constituent &f iff F = LeftArg(H) or F =
RightArg(H).

(67) If H is universal, therr is an immediate constituent bf iff F = ScopéH).

In the sequel denotes a finite sequence.
Let us considefs, H. We say thats is a subformula oH if and only if the condition (Def. 21)
is satisfied.

5 The propositions (39)-(44) have been removed.
6 The proposition (57) has been removed.
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There exish, L such that

1<n,
lenL=n,

L(1) =G,
L(n)=H, and

for everyk such that 1< k andk < n there exist element&;, H; of WFF such that

L(k) = G1 andL(k+ 1) = H; andG; is an immediate constituent bf;.

Let us note that the predicatis a subformula oH is reflexive.
Let us consideH, F. We say that is a proper subformula dF if and only if:

(Def. 22)

H is a subformula of andH # F.

Let us note that the predicaltkis a proper subformula df is irreflexive.
Next we state a number of propositions:

(71)]
(72)
(73)
(74)
(75)

F.

(76)

If H is an immediate constituent &f, then lef®H) < len(@F).

If H is an immediate constituent &f, thenH is a subformula oF.

If H is an immediate constituent &f, thenH is a proper subformula df.
If H is a proper subformula d¥, then leff@H) < len(@F).

If H is a proper subformula df, then there exist& which is an immediate constituent of

If F is a proper subformula d& andG is a proper subformula dfl, thenF is a proper

subformula oH.

(77)
(78)
(79)
(80)
(81)
(82)
(83)
(i)
(ii)
(iii)
(iv)
v)
(vi)

If F is a subformula o5 andG is a subformula oH, thenF is a subformula oH.
If Gis a subformula oH andH is a subformula o5, thenG = H.

Gis not a proper subformula &f or H is not a subformula of.

Gis not a proper subformula &f or H is not a proper subformula @3.

G is not a subformula off or H is not an immediate constituent &f

G is not a proper subformula &f or H is not an immediate constituent Gt

Suppose that

F is a proper subformula @& andG is a subformula oH, or

F is a subformula o5 andG is a proper subformula df, or

F is a subformula o5 andG is an immediate constituent &f, or

F is an immediate constituent & andG is a subformula oH, or

F is a proper subformula @& andG is an immediate constituent &f, or
F is an immediate constituent @ andG is a proper subformula df.

ThenF is a proper subformula df.

(84)
(89)
(86)

F is not a proper subformula of VERUM.
F is not a proper subformula &fV].

F is a subformula of iff F is a proper subformula ofH.

" The propositions (68)—(70) have been removed.
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(87) If =F is a subformula of, thenF is a proper subformula df.
(88) F is a proper subformula of FALSUM iff is a subformula of VERUM.
(89) F is asubformula ofs and a subformula dfl iff F is a proper subformula @& A H.

(90) If F AG is a subformula oH, thenF is a proper subformula afi andG is a proper
subformula oH.

(91) F is asubformula oH iff F is a proper subformula ofH.
(92) If VxH is a subformula of, thenH is a proper subformula df.

(93)()) F A-Gis a proper subformula df = G,
(i) F is aproper subformula df = G,

(i)  —Gis a proper subformula ¢f = G, and
(iv) Gis a proper subformula ¢f = G.

(94)(i) —-F A-Gis a proper subformula df v G,
(i) —F is a proper subformula df v G,

(i)  —-Gis a proper subformula df v G,

(iv) F is a proper subformula df v G, and
(v) Gis a proper subformula df v G.

(95) If H is atomic, therF is not a proper subformula &f.
(96) If H is negative, then ArdH) is a proper subformula df.

(97) If H is conjunctive, then LeftArgH) is a proper subformula dfi and RightArgH) is a
proper subformula ofi.

(98) If H is universal, then Scold ) is a proper subformula df.
(99) H is a subformula of VERUM ifH = VERUM.
(100) H is a subformula oP|V] iff H = P[V].
(101) H is a subformula of FALSUM ifH = FALSUM orH = VERUM.
Let us consideH. The functor Subformuldeé yields a set and is defined as follows:

(Def. 23) For every seh holdsa € Subformuladd iff there existsF such thatF = a andF is a
subformula oH.

We now state a number of propositions:
(103§| If G € Subformulagd, thenG is a subformula oH.
(104) IfF is a subformula oH, then Subformulaé C Subformulad.
(105) If G € Subformulaéd, then Subformula& C Subformulaéi.
(107f] Subformulae VERUM= {VERUM}.
(108) SubformulagP|V]) = {P|V]}.
(109) Subformulae FALSUM- {VERUM, FALSUM}.
(110) SubformulaeH = Subformulaéd U {-H}.

8 The proposition (102) has been removed.
9 The proposition (106) has been removed.
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(111) SubformulagH A F) = Subformulaéd U Subformulaé U {H AF}.

(112) SubformulagH = Subformuladd U {VxH}.

(113) Subformulag= = G) = Subformulad U Subformula&s U {—G,F A =G,F = G}.
(114) Subformulag v G) = Subformulad U Subformula&s U { =G, —F,-F A —G,F v G}.

(115) Subformulag- < G) = Subformula¢ U Subformula& U {—G,F A =G,F = G,-F,GA
-F,G=F,F & G}.

(116) H =VERUM orH is atomic iff Subformulaél = {H}.
(117) IfH is negative, then Subformulke= Subformulae ArgH) U {H}.

(118) IfH is conjunctive, then Subformulék= Subformulae LeftArgH ) U Subformulae RightArgH ) U
{H}.
(119) IfH is universal, then Subformul&k= Subformulae Scoféel) U{H}.
(120) Supposél is an immediate constituent &, a proper subformula d&, and a subformula
of G andG € Subformulad. ThenH € Subformulaé-.
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