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Summary. This article is the second part of Parallelity Space. It contains definition
of a Fano-Desargues space, axioms of a Fano-Desargues parallelity space, definition of the
relations: collinearity, parallelogram and directed congruence and some basic facts concerned
with them.
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The articlesl[1],[[71],5],[4], 6], [2], and[B] provide the notation and terminology for this paper.
In this papefF is a field.
We now state the proposition

(1) Affesis a parallelity space.

We use the following conventiom, b, ¢, d, p, g, r are elements of Affs, e, f, g, h are elements
of :the carrier ofF, the carrier of, the carrier of ], andK, L are elements df.
Next we state several propositions:

(2) a/b]|c,difand onlyif there exisg, f, g, hsuchthaf{a,b,c,d) = (e, f,g,h) but there exists
K such thaK - (e; — f1) = g1 —hy andK - (e — fo) = g2 —hy andK - (e3— f3) = g3 —hz or
e, — f1 = O ande, — fo = O ande; — f3 = Of.

(3) Ifa,b}jacand{ab,ac)= (e f,eqg),thene£ f ande£gandf #g.

(4) Suppos@,bljf a,cand(a,b,a,c) = (e, f,e g) andK-(e;— f1) =L-(e1— 1) andK - (&2 —
fo)=L-(ex—gp) andK - (e3— f3) =L-(e3—g3). ThenK = O andL = Of.

(5) Ifa,b}facandab]|c,danda,c||b,dand(a,b,cd)={e f,g,h),thenh; = (f1+g1)—
e1 andhy = (f2+02) — e andhg = (f3+03) — €s.

(6) There exish, b, csuch thag, b }j a,c.
(7) 1f ¢+ 1 #0F andb,c || a,d anda,b || c,d anda,c || b,d, thena,b || a,c.

(8) Ifa,p}ja,banda p}facanda p||b,ganda,p]|c,r anda,b || p,qanda,c]|| p,r, then
b.cla,r.

Let I1 be a parallelity space. We say tHatis Fano-Desarques space-like if and only if the
conditions (Def. 1) are satisfied.

1Supported by RPBP.II1-24.C2.
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(Def. 1)(i) There exist elements b, c of I, such thag, b }j a,c,

(i) for all elementsa, b, c, d of 11 such thath,c || a,d anda,b || ¢,d anda,c || b,d holds
a,b|lac,and

(i)  for all elementsa, b, ¢, p, g, r of 11 such that, p}{ a,b anda, p}jj a,c anda, p || b,q and
a,pllcrandab]|| p,ganda,c || p,r holdsb,c || q,r.

Let us note that there exists a parallelity space which is strict and Fano-Desarques space-like.
A Fano-Desarques space is a Fano-Desarques space-like parallelity space.
We use the following conventiors; denotes a Fano-Desarques spaceaitiic, d, p, g, 1, S,
0, X, y denote elements &¢f.
The following proposition is true

(13@ If p+# q, then there exists such thatp,q }j p,r.

Let us consideF, a, b, c. We say thag, b andc are collinear if and only if:
(Def.2) ab||a,c.
One can prove the following propositions:

(15E] Suppose, b andc are collinear. Then
(i) a candbare collinear,

(i) c,bandaare collinear,

(i) b,aandcare collinear,

(iv) b, candaare collinear, and

(v) c,aandbare collinear.

(17 If &, bandc are not collinear and,b || p,q anda,c || p,r andp# gandp #r, thenp, q
andr are not collinear.

(18) Ifa=borb=corc=a,thena, bandcare collinear.

(19) Suppose # b anda, b andp are collinear ané, b andq are collinear ané, b andr are
collinear. Therp, g andr are collinear.

(20) If p# q, then there exists such thatp, g andr are not collinear.
(21) If a,bandcare collinear and, b andd are collinear, them,b || c,d.
(22) Ifa,bandcare not collinear and,b || c,d, thena, b andd are not collinear.

(23) Suppose, b andc are not collinear ané,b || c,d andc # d. Thena, b andx are not
collinear orc, d andx are not collinear.

(24) Ifo,aandbare not collinear, thea, a andx are not collinear oo, b andx are not collinear
oro=x.

(25) Suppose # a ando # b ando, a andb are collinear ana, a and p are collinear ana, b
andg are collinear. Thema,b || p,q.
(26) Suppose that
() ab}c,d,
(i) a, bandpare collinear,
(i) & bandgare collinear,
(iv) c,dandp are collinear, and
(v) c,dandgare collinear.
Thenp=aq.

1 The propositions (9)-(12) have been removed.
2 The proposition (14) has been removed.
3 The proposition (16) has been removed.
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(27) Ifa+#banda, bandcare collinear and, b || c,d, thena,c || b,d.
(28) Ifa#banda, bandcare collinear ana,b || c,d, thenc,b || c,d.

(29) Suppose that
(i) o,aandcare not collinear,
(i) o, aandbare collinear,
(i) o, candp are collinear,
(iv) o, candqare collinear,
(v) ac||b,p,and
(vi) ac]|b,q.
Thenp=q.

(30) Ifa#banda, bandcare collinear and, b andd are collinear, thema, candd are collinear.

(31) Ifa, bandcare collinear and, candd are collinear and # c, thenb, c andd are collinear.

Let us consideFy, a, b, ¢, d. We say thag, b, ¢, d form a parallelogram if and only if:
(Def. 3) a, bandcare not collinear and,b || c,d anda,c || b,d.

Next we state a number of propositions:

(34@ If &, b, c, d form a parallelogram, them+# b andb # c andc # a anda # d andb # d and
c#£d.
(35) Supposa, b, ¢, d form a parallelogram. Then
(i) a,bandcare not collinear,
(i)  b,aandd are not collinear,
(i) ¢, dandaare not collinear, and
(iv) d, candb are not collinear.

(36) Suppose, b, ¢, d form a parallelogram. Thea, b andc are not collinear ant, a andd
are not collinear and, d anda are not collinear and, c andb are not collinear and, c andb
are not collinear anll, a andc are not collinear ant, c anda are not collinear and, aandb
are not collinear and, b anda are not collinear ant, d anda are not collinear and, b and
d are not collinear and, d andb are not collinear and, a andb are not collinear and, b
anda are not collinear and, a andd are not collinear and, c andd are not collinear and,
d andc are not collinear and, a andc are not collinear and, c anda are not collinear and
d, b andc are not collinear and, c andd are not collinear an8), d andc are not collinear
andc, b andd are not collinear and, d andb are not collinear.

(37) Ifa, b, ¢, d form a parallelogram, thea, b andx are not collinear oc, d andx are not
collinear.

(88) Ifa,b,c,dform a parallelogram, thea, c, b, d form a parallelogram.
(39) Ifa, b, c,dform a parallelogram, theqy d, a, b form a parallelogram.
(40) Ifa, b, c, dform a parallelogram, theln, a, d, c form a parallelogram.

(41) Suppose, b, c, d form a parallelogram. Them, c, b, d form a parallelogram andl d, a, b
form a parallelogram anh, a, d, ¢ form a parallelogram and a, d, b form a parallelogram
andd, b, ¢, aform a parallelogram anh, d, a, ¢ form a parallelogram and, c, b, aform a
parallelogram.

4 The propositions (32) and (33) have been removed.
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(42) If a, bandc are not collinear, then there existsuch thag, b, ¢, d form a parallelogram.
(43) Ifa, b, c, pform a parallelogram and, b, ¢, g form a parallelogram, thep = qg.

(44) Ifa b, c,dform a parallelogram, them d }j b, c.

(45) Ifa, b, c, d form a parallelogram, thes, b, d, c do not form a parallelogram.

(46) If a+# b, then there exists such thag, b andc are collinear and # a andc # b.

(47) Ifa, p, b, qform a parallelogram and, p, c, r form a parallelogram, thelm c || g,r.

(48) Supposé, g andc are not collinear and, p, b, g form a parallelogram and, p, ¢, r form
a parallelogram. Thehb, q, c, r form a parallelogram.

(49) Suppose that
(i) a bandcare collinear,
(i) b#c,
(i) a, p, b, gform a parallelogram, and
(iv) & p,c,rform a parallelogram.
Thenb, q, ¢, r form a parallelogram.

(50) Suppose that
() &, p, b, gform a parallelogram,
(i) a, p,c, r form a parallelogram, and
(i) b, q, d, sform a parallelogram.
Thenc,d || 1,s.

(51) If a# b, then there exist, d such thag, b, ¢, d form a parallelogram.

(52) Ifa#d,then there exish, c such thag, b, ¢, d form a parallelogram.

Let us consideFy, a, b, r, s. We say thag, b congrr, sif and only if:

(Def. 4) a=Dbandr = sor there exisip, q such thatp, g, a, b form a parallelogram ang, g, r, s
form a parallelogram.

Next we state a number of propositions:
(55F] If a acongrb, c, thenb=c.
(56) If a, bcongrc, c, thena=Dh.
(57) Ifa, bcongrb, a, thena=nh.
(58) Ifa, bcongrc, d, thena,b|| c,d.
(59) Ifa, bcongre, d, thena,c || b,d.
(60) If a, bcongrc, d anda, b andc are not collinear, thea, b, ¢, d form a parallelogram.
(61) Ifa, b, c, dform a parallelogram, thea b congrc, d.

(62) Suppose, b congrc, d anda, b andc are collinear and, s, a, b form a parallelogram.
Thenr, s, ¢, d form a parallelogram.

(63) If a, bcongrc, x anda, b congrc, y, thenx =Y.

(64) There existsl such that, b congrc, d.

5 The propositions (53) and (54) have been removed.
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(66ff] a bcongra, b.

(67) Ifr,scongra, bandr, scongrc, d, thena, b congrc, d.
(68) If a, b congrc, d, thenc, d congra, b.

(69) If a, bcongrc, d, thenb, a congrd, c.
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