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Summary. We construct a real normed spagé ||.||), whereV is a real vector space
and||.|| is a norm. Auxillary properties of the norm are proved. Next, we introduce a notion of
sequence in the real normed space. The basic operations on sequences (addition, subtraction,
multiplication by real number) are defined. We study some properties of sequences in the real
normed space and the operations on them.
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The articles[[11],[15],[[14],[[2],122],16],[11], 03], [[4], [15], 9], 7], [8], [10], and [13] provide the
notation and terminology for this paper.

We introduce normed structures which are extensions of RLS structure and are systems

( acarrier, a zero, an addition, an external multiplication, a ngrm
where the carrier is a set, the zero is an element of the carrier, the addition is a binary operation on
the carrier, the external multiplication is a function frdrR, the carrier:into the carrier, and the
norm is a function from the carrier infR.

Let us note that there exists a normed structure which is non empty.

In the sequeK denotes a non empty normed structwdy denote real numbers, andlenotes
a point ofX.

Let us considekK, x. The functor]|x|| yielding a real number is defined as follows:

(Def. 1) ||x|| = (the norm ofX)(x).
Letl; be a non empty normed structure. We say thé real normed space-like if and only if:

(Def. 2) For all points, y of I; and for everya holds||x|| = 0 iff x=0;,) and||a- x| = |a|-|[x|| and
X+ YIF< 11X+ Iyl

One can check that there exists a non empty normed structure which is real normed space-like,
real linear space-like, Abelian, add-associative, right zeroed, right complementable, and strict.

A real normed space is a real normed space-like real linear space-like Abelian add-associative
right zeroed right complementable non empty normed structure.

We adopt the following conventioR; denotes a real normed space any, z, g denote points
of R;.

Next we state a number of propositions:

G 0gyl=0.
©) [I=x[= [

1 The propositions (1)—(4) have been removed.
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@) lIx=yl < X[+ [lyll
8 o< x|
9) lla-x+b-y| <laf-[Ix] +[b]- [yl
(10) |x—vy|| =0iff x=y.
(A1) [x=yl[ = lly=x.
12) Xl =yl < Ix=yll.
(13) [IXI= Iyl < [Ix=yll-
(14) lx=2| <[x=yl+ly—2].
(15) Ifx#y, then|x—y|| #0.
Let Ry be a 1-sorted structure. Sequenc®pfs defined by:
(Def. 3) lItis afunction fronN into the carrier oR;.

Let R; be a 1-sorted structure. Observe that every sequeniegisffunction-like and relation-
like.

Let Ry be a non empty 1-sorted structure. We see that the sequeRgeé function fromN
into the carrier oR;.

For simplicity, we follow the rulesS, S, S are sequences &, k, n, mare natural numbers,
is a real numberf is a function, andl is a set.

We now state several propositions:

(17E] Let Ry be a non empty 1-sorted structure ariok an element d®;. Thenf is a sequence
of Ry if and only if domf = N and for everyd such thaid € N holds f(d) is an element of
Ri1.

(19E] For every non empty 1-sorted structuRe and for every element of R; there exists a
sequenc&of Ry such that rn&= {x}.

(20) LetR; be a non empty 1-sorted structure éte a sequence &;. Given an element
of Ry such that let givem. ThenS(n) = x. Then there exists an elemenbdf Ry such that
rngS= {x}.

(21) LetR; be a non empty 1-sorted structure gdthe a sequence d?;. If there exists an
elementx of Ry such that rn&= {x}, then for everyn holdsS(n) = S(n+ 1).

(22) LetR; be a non empty 1-sorted structure éte a sequence @&t;. If for everyn holds
S(n) = S(h+ 1), then for alln, k holdsS(n) = S(n+ k).

(23) LetR; be a non empty 1-sorted structure é®be a sequence &;. If for all n, k holds
S(n) = S(n+ k), then for alln, mholdsS(n) = S(m).

(24) LetR; be a non empty 1-sorted structure élble a sequence &t;. Suppose that for all
n, m holds S(n) = S(m). Then there exists an elemexnbf R; such that for every holds

S(n) =x.
(25) There existSsuch that n@= {Or,) }-

Let Ry be a non empty 1-sorted structure and3ée a sequence &%. Let us observe th&is
constant if and only if:

(Def. 4) There exists an elemenbf Ry such that for every holdsS(n) = x.

2 The proposition (16) has been removed.
3 The proposition (18) has been removed.
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The following proposition is true

(27&] Let R; be a non empty 1-sorted structure &be a sequence &;. ThenSis constant if
and only if there exists an elemenof Ry such that rn@= {x}.

Let Ry be a non empty 1-sorted structure, $die a sequence &%, and let us consider. Then
S(n) is an element oR;.
In this article we present several logical schemes. The scheR®NSSegleals with a real
normed space? and a unary functof yielding a point of4, and states that:
There exists a sequen8ef 4 such that for every holdsS(n) = F(n)
for all values of the parameters.
The scheméExRLSSegqleals with a real linear space and a unary functoff yielding an
element of4, and states that:
There exists a sequen8af 4 such that for every holdsS(n) = 7 (n)
for all values of the parameters.
Let R; be areal linear space and Bt S, be sequences &;. The functorS, + S, yielding a
sequence oR; is defined as follows:

(Def. 5) For evenn holds(S; + $)(n) = S1(n) + S(n).

Let R; be a real linear space and I8t, S be sequences d&&;. The functorS, — S, yields a
sequence oR; and is defined as follows:

(Def. 6) For evenn holds(S; — $)(n) = S1(n) — S(n).

Let Ry be a real linear space, I8&be a sequence d®;, and letx be an element oR;. The
functorS— x yields a sequence & and is defined by:

(Def. 7) For evenyn holds(S—x)(n) = S(n) — x.

Let Ry be a real linear space, I8the a sequence &, and let us considea. The functora-S
yielding a sequence @ is defined as follows:

(Def. 8) Forevennholds(a-S)(n) =a-S(n).
Let us consideR; and let us conside®. We say thaBis convergent if and only if:

(Def. 9) There existg such that for every such that O< r there existsn such that for every such
thatm < n holds||S(n) —g|| <.

One can prove the following propositions:

(34E] If S is convergent an&; is convergent, theB; + S is convergent.
(35) If § is convergent an8; is convergent, the§; — S is convergent.
(36) If Sis convergent, theB— x is convergent.

(37) If Sis convergent, thea- Sis convergent.

Let us consideR; and let us conside. The functor||S| yields a sequence of real numbers and

is defined as follows:
(Def. 10) For evenn holds||S||(n) = ||S(n)]|.

Next we state the proposition

(39@ If Sis convergent, theflS| is convergent.

4 The proposition (26) has been removed.
5 The propositions (28)—(33) have been removed.
6 The proposition (38) has been removed.
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Let us consideR; and let us conside®. Let us assume th&is convergent. The functor li®

yielding a point ofR; is defined by:

(Def. 11) For everyr such that O< r there existan such that for everyn such thatm < n holds

[IS(n) —limg|| <.

One can prove the following propositions:

(41)] 1 Sis convergent and lir = g, then||S— g| is convergent and liffS— g|| = 0.

(42) If 5 is convergent an&; is convergent, then lifg, + S) =lim S +lim S,.

(43) If 5 is convergent an& is convergent, then lifg;, — $) =lim S —lim S,.

(44) If Sis convergent, then lif8— x) = lim S—x.
(45) If Sis convergent, then liga-S) =a-limS.
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