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Summary. Inthe three preliminary sections to the article we define two operations on
finite sequences which seem to be of general interest. The firstéstbperation that extracts
a contiguous chunk of a finite sequence from a position to a position. The second operation
is a glueing catenation that given two finite sequences catenates them with removal of the first
element of the second sequence. The main topic of the article is to define an operation which
for a given chain in a graph returns the sequence of vertices through which the chain passes.
We define the exact conditions when such an operation is uniquely definable. This is done
with the help of the so called two-valued alternating finite sequences. We also prove theorems
about the existence of simple chains which are subchains of a given chain. In order to do this
we define the notion of a finite subsequence of a typed finite sequence.

MML Identifier: GRAPH_2.
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The articles[[10],[183],[[14],114],14],15],183],[16],0121R2],11],[17],02],18], and [9] provide the notation
and terminology for this paper.

1. PRELIMINARIES

We use the following conventiorp, q denote finite sequences, Y denote sets, andk, I, m, n, r
denote natural numbers.
The schemé&inSegRngleals with natural numberg, B, a unary functorf yielding a set, and
a unary predicat®, and states that:
{F():A<inNi<B A P[i]}is finite
for all values of the parameters.
One can prove the following propositions:

(1) m+1<kandk < niff there exists a natural numbesuch tham<iandi <nandk=i+1.

(2) If g=plSem, then lerg < lenp and for every such that < i andi <leng holdsp(i) =
q(i)-
(3) If X C SegkandY C domSgn¥, then SgnX - SgmY = SgmrndSgmX|Y).

(4) For all natural numbens, nholds{k: m<k A k<m+n} =n+1.

(5) For everyl such that 1< | and| < n holds (Sgm{ki;k; ranges over natural numbers:
m+1<k A ki <m+n})(l)=m+l.
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2. THE CUT OPERATION FOR FINITE SEQUENCES

Let p be a finite sequence and ket n be natural numbers. The functgo(m),..., p(n)) yields a
finite sequence and is defined by:

(Def. 1)(i) len(p(m),...,p(n)) + m=n+ 1 and for every natural number such thati <
len(p(m),..., p(n)) holds (p(m),...,p(n))(i+1) = p(m+i) if 1 <mandm<n+1 and
n<lenp,

(i)  (p(m),...,p(n)) =0, otherwise.
We now state several propositions:
(6) If1<mandm<lenp,then(p(m),...,p(m)) = (p(m)).

(7) (p(2),...,p(lenp)) = p.

(8) Ifm<nandn<randr <lenp,then{p(m+1),...,p(n)) "~ (p(n+1),...,p(r)) = (p(m+
1),...,p(r)).

(9) Ifm<lenp, then(p(1),...,p(m)) " (p(m+1),...,p(lenp)) = p.

(10) If m < n and n < lenp, then (p(1),...,p(m)) = (p(m+ 1),...,p(n)) ~ (p(n +
1),....p(lenp)) = p.

(11) rmgp(m),...,p(n)) < ngp.

LetD be a set, lep be a finite sequence of elementdpfand letm, n be natural numbers. Then
(p(m),..., p(n)) is a finite sequence of elementsf
We now state the proposition

12) If 1 <m and m < n and n < lenp, then (p(m),...,p(n))(1) = p(m) and
{p(m);...., p(n))(len(p(m), ..., p(n))) = p(n).

3. THE GLUEING CATENATION OF FINITE SEQUENCES

Let p, g be finite sequences. The funcfor~ g yields a finite sequence and is defined as follows:
(Def.2) p~~q=p~{a(2),...,q(lenq)).
Next we state several propositions:
(13) Ifq+#0,thenler{p~~q)+1=Ilenp+leng.
(14) If1<kandk<lenp,then(p ~q)(k) = p(K).
(15) If1<kandk< leng, then(p ~~ qg)(lenp+k)=q(k+1).
(16) If 1< lenq, then(p ~ qg)(len(p ~ q)) = q(lenq).
(17) rmgp~~q) Crngpurmgq.

Let D be a set and lgp, g be finite sequences of elementdbfThenp ~ qis a finite sequence
of elements oD.
We now state the proposition

(18) If p#£0andq+#0andp(lenp) =q(1), then rndp ~ g) = rngpurngq.
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4. TwO VALUED ALTERNATING FINITE SEQUENCES

Let f be a finite sequence. We say thas two-valued if and only if:
(Def. 3) cardrng = 2.

Next we state the proposition
(19) pistwo-valued iff lenp > 1 and there exist setsy such tha # y and rngp = {x,y}.

Let f be a finite sequence. We say tHas alternating if and only if:
(Def. 4) For every natural numbéesuch that I i andi+ 1 <lenf holdsf(i) # f(i+ 1).

Let us note that there exists a finite sequence which is two-valued and alternating.
In the sequed, a3, a; denote two-valued alternating finite sequences.
We now state four propositions:

(20) Iflena; =lenaz and rngpy = rngay anday (1) = ax(1), thena; = ay.

(21) If a1 # a» and lera; = lenay and rngay = rngay, then for everyi such that 1< i and
i <lenay holdsay (i) # ax(i).

(22) If a1 # a2 and leray = lenay and rnga; = rngay, then for everya such that lela = lena;
and rnga = rnga; holdsa=a; ora= ay.

(23) If X #Y andn > 1, then there existsy such that rngy = {X,Y} and leray = n and
al(l) = X.

5. FINITE SUBSEQUENCE OF FINITE SEQUENCES

Let us consideK and letf; be a finite sequence of elementsXaf A finite subsequence is said to
be a FinSubsequence &f if:

(Def.5) ItC fy.

In the seques; denotes a finite subsequence.
The following two propositions are true:

(24) If 5 is afinite sequence, then SB8G= 1.

(26@ Let f be a finite subsequence agd, f, f3, f4 be finite sequences. If rggC domf and
rngh C domf andf, = f-gandfs=f-handfs;=f- (g™ h), thenfs = f, " fs.

We adopt the following rulesfs, fs, fg denote finite sequences of elementsxoénd f7, fg
denote FinSubsequencesfef
One can prove the following four propositions:

(27) domf; C domfy and rngf; C rngfy.
(28) fyis a FinSubsequence 6f.
(29) f7]Y is a FinSubsequence ¢f.

(30) For every FinSubsequendeg of fs such that Sedfy = fs and Sedg = fg and fg =
f7] rng(Sgmdonif;[domfg) holds Sedg = fs.

1 The proposition (25) has been removed.
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6. VERTEX SEQUENCES INDUCED BY CHAINS

In the sequet is a graph.
Let us considef. One can check that the vertices@fs non empty.

We adopt the following rules, vy, V2, V3, V4 are elements of the vertices @fandeis a set.
One can prove the following two propositions:

(31) If ejoinsvy with vp, thenejoins v with v.
(82) If ejoinsvy with v, ande joins vz with vy, thenvy = vz andv, = v4 Or v = v4 andv, = va.

We follow the rulesws, vg, v7 denote finite sequences of elements of the vertic&aridc, c;,
c, denote chains db.

Let us conside. Note that there exists a chainGfwhich is empty.
Let us conside6, X. The functorG-VSetX) yields a set and is defined by:

(Def. 6) G-VSetX) = {V: Ve element of the edges & (€ € X A (V= (the source of5)(e) v v= (the
target ofG)(e)))}.

Let us conside6, vs and letc be a finite sequence. We say thais vertex sequence ofif and
only if:

(Def. 7) lenvs = lenc+ 1 and for everyn such that 1< n andn < lenc holdsc(n) joins (vs)n with
(V5)nt1-

We now state four propositions:

(34E] If c# 0 andvs is vertex sequence af thenG-VSet{rngc) = rngvs.
(35) (v) is vertex sequence @

(36) There existss which is vertex sequence of

(37) Suppose& # 0 andvg is vertex sequence afandvy is vertex sequence afandvg # vy.

Thenvs(1) # v7(1) and for everys such thatvs is vertex sequence af holdsvs = vg or
V5 = V7.

Let us considets and letc be a finite sequence. We say tltadlternates vertices iG if and
only if:

(Def. 8) lenc > 1 andG-VSet(rngc) = 2 and for everyn such thain € domc holds (the source of
G)(c(n)) # (the target ofG)(c(n)).
Next we state several propositions:

(38) If c alternates vertices is and vs is vertex sequence af, then for everyk such that
k € domc holdsvs(K) # vs(k+1).

(39) Suppose alternates vertices i andvs is vertex sequence af. Then rngs = {(the
source 0fG)(c(1)), (the target ofG)(c(1))}.

(40) Suppose alternates vertices i6G andvs is vertex sequence af Thenvs is a two-valued
alternating finite sequence.

(41) Suppose alternates vertices i@. Then there existg, v; such that
() ve#vr,
(i) s is vertex sequence af

(iii) vz is vertex sequence af and

(iv) for everyvs such thatss is vertex sequence afholdsvs = vg Or vs = v7.

2 The proposition (33) has been removed.
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(42) Supposers is vertex sequence af Thenthe vertices ofs = 1 or ¢ # 0 and ¢ does not
alternate vertices i if and only if for everyvg such thatvs is vertex sequence afholds
Ve = V5.

Let us conside6, c. Let us assume thdhe vertices ofs = 1 orc # 0 andc does not alternate
vertices inG. The functor vertex-s€q) yielding a finite sequence of elements of the vertice§ of
is defined as follows:

(Def. 9) vertex-sefr) is vertex sequence af
Next we state several propositions:

(43) |If vs is vertex sequence afandc; = c] Segn andvg = vs] Segn+ 1), thenvg is vertex
sequence of;.

(44) If1<mandm<nandn<lencandq= (c(m),...,c(n)), thenqis a chain ofG.

(45) Ifl1<mandm<nandn<lencandc; = (c(m),...,c(n)) andvs is vertex sequence af
andve = (vs(m),...,vs(n+ 1)), thenvs is vertex sequence of.

(46) If vg is vertex sequence @fi andv; is vertex sequence @b andvg(lenvg) = v7(1), then
€1~ Co is a chain ofG.

(47) Supposes is vertex sequence @f andvy is vertex sequence @b andvg(lenvg) = v7(1)
andc = c; " ¢z andvs = Vg ~ V7. Thenvs is vertex sequence af

7. VERTEX SEQUENCES INDUCED BY SIMPLE CHAINSPATHS AND ORDERED CHAINS

Let us consideG and letl; be a chain ofs. We say that; is simple if and only if:

(Def. 10) There existgs such thatvs is vertex sequence of and for alln, m such that 1< n and
n < mandm < lenvs andvs(n) = vs(m) holdsn = 1 andm= lenvs.

Let us consides. One can verify that there exists a chain@®hich is simple.
In the seques, denotes a simple chain &f.
One can prove the following propositions:

(49F | Segnis a simple chain 06.
(50) If 2<lens; andvg is vertex sequence @ andvy is vertex sequence &f, thenvg = vy.

(51) If vs is vertex sequence &, then for alln, m such that 1< n andn < mandm < lenvs
andvs(n) = vs(m) holdsn = 1 andm = lenvs.

(52) Suppose is not a simple chain o6 andvs is vertex sequence af Then there exists a
FinSubsequencég of ¢ and there exists a FinSubsequerigeof vs and there exist;, Vg
such that le; < lenc andvs is vertex sequence @f and lenvs < lenvs andvs(1) = ve(1)
andvs(lenvs) = vg(lenvg) and Sed1p = ¢; and Sed11 = vs.

(53) Supposes is vertex sequence af Then there exists a FinSubsequemigeof ¢ and there
exists a FinSubsequenég of vs and there exist, vg such that Sefyo = s and Sed11 = Vg
andvs is vertex sequence @ andvs(1) = vg(1) andvs(lenvs) = vg(lenve).

Let us consides. One can verify that every chain & which is empty is also one-to-one.
Next we state the proposition

(54) If pis a path ofG, thenp| Segn is a path ofG.

Let us conside6. Observe that there exists a path@®ivhich is simple.
One can prove the following two propositions:

3 The proposition (48) has been removed.
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(55) If2<lensy, thens; is a path ofG.

(56) syisapathofGifflens, =0orlens, =1 orsp(1) # 5(2).

Let us consides. Observe that every chain & which is empty is also oriented.
Let us considefs and leto; be an oriented chain @. Let us assume thag = 0. The functor

vertex-se; ) yielding a finite sequence of elements of the vertice€ &f defined as follows:

(Def. 11) vertex-se(;) is vertex sequence of and(vertex-se@o;))(1) = (the source 06)(01(1)).

(1
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4

(3]
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(7]
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