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Summary. This article is the third in a series of four articles (preceded by [20],[21]
and continued in [22]) about modelling circuits by many sorted algebras.

A circuit is defined as a locally-finite algebra over a circuit-like many sorted signature. For
circuits we define notions of input function and of circuit state which are later used (see [22])
to define circuit computations. For circuits over monotonic signatures we introduce notions
of vertex size and vertex depth that characterize certain graph properties of circuit’s signature
in terms of elements of its free envelope algebra. The depth of a finite circuit is defined as the
maximal depth over its vertices.

MML Identifier: CIRCUITL.

WWW: http://mizar.org/JFM/Vol6/circuitl.html

The articles[[25],[115],[132],[15],[[4],[129],[12],128],[133],[114],111][134]  [18] T20] 11]123] I6],
[37], [16], [71, [3], [8], [91, [LQ], [27], [22], [26], [27], [13], [19], [24], [20], and[[21] provide the
notation and terminology for this paper.

1. CIRCUIT STATE

Let Sbe a non void circuit-like non empty many sorted signature. A circuf isfa locally-finite
algebra oves.

In the sequel; is a circuit-like non void nhon empty many sorted signature.

Let us considel; and letS; be a non-empty circuit df. The functor Set-Constarf& ) yielding
a many sorted set indexed by SortsWithConstnitss defined as follows:

(Def. 1) Forevery vertexof |1 such thak € dom Set-ConstantS; ) holds(Set-Constants; ) ) (x) €
Constant&Sy, x).

One can prove the following proposition

(1) Let givenl;, S be a non-empty circuit of;, v be a vertex ofl;, ande be an ele-
ment of (the sorts 0f;)(v). If v e SortsWithConstants;) ande € ConstantgS,v), then
(Set-Constants;))(v) = e.

Let us considel; and letC; be a circuit ofl;. An input function ofC; is a many sorted function
from InputVertice$l;) — N into (the sorts of2;) [ InputVerticesgl;).
One can prove the following proposition
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(2) Letgivenls, S; be a non-empty circuit df, I> be an input function o%;, andn be a natural
number. Ifl; has input vertices, theftommutél,))(n) is an input assignment & .

Let us considel;. Let us assume thdt has input vertices. Le® be a non-empty circuit df,
let 12 be an input function 0%;, and letn be a natural number. The functeth-input(l,) yielding
an input assignment @&, is defined as follows:

(Def. 2) n-th-input(ly) = (commutél,))(n).

Let us considel; and letS; be a circuit ofl;. A state ofS; is an element of] (the sorts of5;).
One can prove the following two propositions:

(4H For everyl; and for every non-empty circul; of 15 and for every stats of S holds
doms = the carrier ofl;.

(5) Letgivenly, § be a non-empty circuit dfy, sbe a state 0%, andv be a vertex of;. Then
s(v) € (the sorts of5;) (V).

Let us considet, let S; be a non-empty circuit of;, let s be a state o, and leto be an
operation symbol of;. The functorodepends-on-iayields an element of Arde, S;) and is defined
as follows:

(Def. 3) odepends-on-ia=s- Arity (0).

In the sequel; is a monotonic circuit-like non void non empty many sorted signature.
Next we state the proposition

(6) Letgivenly, S be a locally-finite non-empty algebra ouer v, w be vertices of;, e; be
an element of (the sorts of FreeEnvel(B¢)(v), andg; be a decorated tree yielding finite
sequence. Suppose InnerVertice$l1) ande; = (the action av, the carrier of1)-tregqs).
Letk be a natural number. K€ domg; andqs (k) € (the sorts of FreeEnvelof® ))(w), then
w = Arity (the action av)y.

Let us considely, let S; be a locally-finite non-empty algebra ovier and letv be a vertex of
I1. Note that every element of (the sorts of FreeEnve|8pg(v) is finite, non empty, function-like,
and relation-like.

Let us considely, let S be a locally-finite non-empty algebra ovgr and letv be a vertex of
I1. Note that every element of (the sorts of FreeEnvelSpe(v) is decorated tree-like.

The following four propositions are true:

(7) Let givenl;, S be a locally-finite non-empty algebra ovér, v, w be vertices of
l1, e1 be an element of (the sorts of FreeEnvel&he)(v), e be an element of (the
sorts of FreeEnvelof&))(w), o1 be a decorated tree yielding finite sequence, knd
be a natural number. Supposec InnerVerticesl;) \ SortsWithConstantt;) and e; =
(the action atv, the carrier ofl;)-tregqi) and k; + 1 € domg; and gi(k; + 1) €
(the sorts of FreeEnvelof®))(w). Then e;with-replacemeritk;),e;) € (the sorts of
FreeEnvelopEs,))(v).

(8) Let givenls, A be a locally-finite non-empty algebra ovgr v be an element of;, ande
be an element of (the sorts of FreeEnvel@pe(v). Suppose k carde. Then there exists an
operation symbab of |, such thae(0) = (o, the carrier ofl1).

(9) Letl; be a non void circuit-like non empty many sorted signat@ebe a non-empty
circuit of I1, s be a state ofS;, and o be an operation symbol dfi. Then (Den(o,
S1))(odepends-on-ig) € (the sorts ofS;)(the result sort 0b).

(10) Letgivenl;, Abe a non-empty circuit dfy, v be a vertex of1, ande be an element of (the
sorts of FreeEnvelogd))(v). Suppose(0) = (the action av, the carrier ofl1). Then there
exists a decorated tree yielding finite sequepseich thae = (the action av, the carrier of

[1)-treg(p).

1 The proposition (3) has been removed.
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2. VERTEXSIZE

Letl; be a monotonic non void non empty many sorted signaturé,beta locally-finite non-empty
algebra ovet;, and letv be a sort symbol dfi. Note that (the sorts of FreeEnveldpe)(v) is finite.

Let us consideh, let A be a locally-finite non-empty algebra over and letv be a sort symbol
of 11. The functor sizév, A) yields a natural number and is defined by:

(Def. 4) There exists a finite non empty subsef N such thas = {card : t ranges over elements
of (the sorts of FreeEnvelop®))(v)} and sizév,A) = maxs.

One can prove the following propositions:

(11) Let givenls, A be a locally-finite non-empty algebra ovigr andv be an element off.
Then siz¢v,A) = 1 if and only ifv € InputVerticegl, ) U SortsWithConstants; ).

(12) Let givenli, S be a locally-finite non-empty algebra ovkr, v, w be vertices ofly,
e; be an element of (the sorts of FreeEnvel&g)(v), e be an element of (the sorts
of FreeEnvelopEs;))(w), andg; be a decorated tree yielding finite sequence. Suppose
v € Inner\Vertice$l;) \ SortsWithConstant$;) and careé;, = sizgv,S;) ande; = (the action
atv, the carrier of1)-treg(q;) ande; € rngq;. Then car@, = sizgw, S;).

(13) Let givenly, A be a locally-finite non-empty algebra ovhr, v be a vertex ofl;, and
e be an element of (the sorts of FreeEnvel@gpe(v). Supposev € InnerVerticeslq) \
SortsWithConstantt;) and cara = sizgv,A). Then there exists a decorated tree yielding
finite sequence such thae = (the action at, the carrier of1)-treg(q).

(14) Let givenls, A be a locally-finite non-empty algebra over, v be a vertex ofl;, and
e be an element of (the sorts of FreeEnvel@gpe(v). Supposev € InnerVertice$lq) \
SortsWithConstan(ft;) and care = sizgv,A). Then there exists an operation symloobf
I1 such thae(0) = (o, the carrier ofl1).

Let Sbe a non void non empty many sorted signaturedlle¢ a locally-finite non-empty algebra
overS, letv be a sort symbol of, and lete be an element of (the sorts of FreeEnvel@pe(v). The
functor deptlie) yielding a natural number is defined as follows:

(Def. 5) There exists an elemedtof (the sorts of Freghe sorts ofA))(v) such thate = € and
depthe) = depth(€).

The following propositions are true:

(15) Letgivenly, A be a locally-finite non-empty algebra ovgr andv, w be elements of. If
v € InnerVerticesl;) andw € rng Arity(the action at), then sizéw,A) < sizgv,A).

(16) For everyl; and for every locally-finite non-empty algebfaover |1 and for every sort
symbolv of |11 holds sizév,A) > 0.

(17) Letgivenl;, Abe a non-empty circuit df, v be a vertex of1, e be an element of (the sorts
of FreeEnvelop@))(v), andp be a decorated tree yielding finite sequence. Suppose that
(i) velnnerVertice$ly),
(i) e= (the action at, the carrier of1)-tree(p), and

(iii)  for every natural numbek such thak € domp there exists an elemesj of (the sorts of
FreeEnvelop@))) (Arity (the action aw)k) such thates = p(k) and cares = sizgArity (the
action atv)y,A).

Then careé = sizg v, A).
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3. VERTEX AND CIRCUIT DEPTH

Let Sbe a monotonic non void non empty many sorted signaturé beta locally-finite non-empty
algebra ovef5, and letv be a sort symbol 08 The functor depttv,A) yields a natural number and
is defined by:

(Def. 6) There exists a finite non empty subset N such thas = {deptht) : t ranges over elements

of (the sorts of FreeEnvelop®))(v)} and deptlv, A) = maxs.

Let I1 be a finite monotonic circuit-like non void non empty many sorted signature aAdlet

a non-empty circuit of;. The functor deptfd) yielding a natural number is defined as follows:

(Def. 7) There exists a finite non empty subBgtof N such thatD; = {depth{v,A);v ranges over

elements of;: v € the carrier ofl; } and deptfA) = maxD;.

We now state three propositions:

(18) Letly be a finite monotonic circuit-like non void nhon empty many sorted signafube, a

non-empty circuit of;, andv be a vertex of;. Then deptfw,A) < deptHA).

(19) Letgivenl;, Abe a non-empty circuit df;, andv be a vertex of1. Then deptfv,A) = 0 if

and only ifv € InputVerticegl1) or v € SortsWithConstants; ).

(20) Letgivenl, Abe alocally-finite non-empty algebra ouerandv, vi be sort symbols of;.
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If v € InnerVerticesl;) andv; € rngArity(the action av), then deptlivi, A) < deptiv,A).
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