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Summary. In this article we defined the operation of a set and proved Bessel’s in-
equality. In the first section, we defined the sum of all results of an operation, in which the
results are given by taking each element of a set. In the second section, we defined Orthogonal
Family and Orthonormal Family. In the last section, we proved some properties of operation
of set and Bessel’s inequality.
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The articles([11],[16],[112],[171,[16],[16], 1171, [[14],[19],[113],[183],[1B], [[L], [[10],[[4], 2], and [15]
provide the notation and terminology for this paper.

1. SUM OF THE RESULT OFOPERATION WITH EACH ELEMENT OF A SET

For simplicity, we adopt the following conventioKX: denotes a real unitary spaeey, yi, y» denote
points of X, i, j denote natural numberf); denotes a non empty set, apg, p, denote finite
sequences of elementsiof.

One can prove the following proposition

(1) Suppose; is one-to-one angy is one-to-one and rngy = rngp,. Then donp; = domp;
and there exists a permutatiéhof domp; such thatp, = p; - P and donP = domp; and
rngP = dompys.

Let D; be a non empty set and Iétbe a binary operation ob;. Let us assume that is
commutative and associative and has a unity. YLdte a finite subset db1. The functorf @Y
yields an element dD; and is defined as follows:

(Def. 1) There exists a finite sequengef elements 0D, such thatp is one-to-one and rng=Y
andfeY =fop.

Let us consideK and letY be a finite subset of. The functor SetopSufi, X) is defined by:

(the addition ofX) @Y, if Y # 0,

(Def. 2) SetOpSU’@YvX):{ Ox, otherwise.

Let us considek, x, let p be a finite sequence, and let us considérhe functor PQ@, p,x) is
defined as follows:
(Def. 3) Pdi, p,x) = (the scalar product oX)((x, p(i)}).

LetD,, D1 be non empty sets, I& be a function fronD; into D2, and letp be a finite sequence
of elements oD;. The functor FuncSeg;, p) yields a finite sequence of elements®f and is
defined by:
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(Def. 4) FuncSe(F,p) =F - p.

Let Dy, D1 be non empty sets and Iétbe a binary operation oB,. Let us assume thdtis
commutative and associative and has a unity.YLbe a finite subset dP; and letF be a function
from D1 into D». Let us assume that C domF. The functor setopfur®, D1, D>, F, f) yielding an
element oD, is defined as follows:

(Def.5) There exists a finite sequengef elements 0D, such thatp is one-to-one and rng=Y
and setopfungY,D1,D2,F, f) = f ©@ FuncSedF, p).

Let us consideK, x and letY be a finite subset of. The functor SetopPreProdY, X) yielding
a real number is defined by the condition (Def. 6).

(Def. 6) There exists a finite sequengef elements of the carrier of such that
(i) pisone-to-one,
(i) mgp=Y,and

(i)  there exists a finite sequenceof elements ofR such that dom = domp and for everyi
such that € domq holdsq(i) = PQ(i, p,x) and SetopPreProe Y, X) = +xr © 0.

Let us consideX, x and letY be a finite subset k. The functor SetopPrdg,Y, X) yields a
real number and is defined as follows:

SetopPrePrad, Y, X), if Y £ 0,

(Def. 7) SetopPro(d<,Y,X):{ 0. otherwise.

2. ORTHOGONAL FAMILY AND ORTHONORMAL FAMILY

Let us consideX. A subset oiX is called an orthogonal family of if:
(Def. 8) For allx, y such thai € it andy € it andx # y holds(x]y) = 0.
The following proposition is true
(2) 0is an orthogonal family oK.

Let us consideK. One can check that there exists an orthogonal famil¢ which is finite.
Let us consideK. A subset oiX is called an orthonormal family of if:

(Def. 9) Itis an orthogonal family oK and for every such thak € it holds (x|x) = 1.
One can prove the following proposition
(3) 0is an orthonormal family oX.

Let us consideKX. Observe that there exists an orthonormal famil)Xafhich is finite.
Next we state the proposition

(4) x= 0 iff for every y holds(x]y) = 0.

3. BESSELSINEQUALITY
The following propositions are true:
B lIx+ylIZ+ lIx—ylI? = 2- x> +2- [lyl|*.
(6) If x, y are orthogonal, thefx+y||2 = ||x||2+|y||2.

(7) Letpbe afinite sequence of elements of the carrieX oSuppose lep > 1 and for alli, j
such that e domp andj € domp andi # j holds (the scalar product &) ({p(i), p(j))) =0.
Let q be a finite sequence of elementsif Suppose dom = domqg and for everyi such
thati € domq holdsq(i) = (the scalar product oX)({p(i), p(i)}). Then ((the addition of
X ® p)|(the addition ofX © p)) = +r ©q.
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(8) Letp be a finite sequence of elements of the carrieKofSuppose lep > 1. Let g be a

finite sequence of elementsBf Suppose dormp = domq and for everyi such that € domqg
holdsq(i) = (the scalar product o) ({x, p(i))). Then(x|(the addition ofX © p)) = +r @ q.

(9) LetShbe afinite non empty subset ¥fandF be a function from the carrier of into the

carrier of X. Supposes C domF and for allyy, y» such thaty; € Sandy, € Sandy; # y»
holds (the scalar product of)((F(y1), F(y2)}) = 0. Let H be a function from the carrier of
XintoR. Suppos&C domH and for everyy such thay € SholdsH (y) = (the scalar product
of X)({F(y), F(y))). Let p be a finite sequence of elements of the carrieX oBuppose is
one-to-one and rng= S. Then (the scalar product of) ({the addition ofX ® FuncSedF, p),
the addition ofX ® FuncSedF, p))) = +r © FuncSe¢H, p).

(10) LetSbe a finite non empty subset &f andF be a function from the carrier of into

the carrier ofX. SupposeS C domF. Let H be a function from the carrier of into R.
SupposeS C domH and for everyy such thaty € S holds H (y) = (the scalar product of
X)((x, F(y)}). Let p be afinite sequence of elements of the carrieX.oBuppose is one-to-
one and rn@ = S Then (the scalar product &f) ({x, the addition ofX ® FuncSedF, p))) =
+r ©FuncSeg@H, p).

(11) Let givenX. Suppose the addition of is commutative and associative and the addition

of X has a unity. Let giverx andS be a finite orthonormal family oK. SupposeSis non
empty. LetH be a function from the carrier of into R. SupposesC domH and for every
y such thaty € SholdsH(y) = (x|y)2. Let F be a function from the carrier of into the
carrier ofX. Supposeés C domF and for everyy such thaty € SholdsF (y) = (x|y) -y. Then
(x| setopfun¢S; the carrier ofX, the carrier ofX, F,the addition ofX)) = setopfun¢S the
carrier ofX, R,H, +g).

(12) Let givenX. Suppose the addition of is commutative and associative and the addition

of X has a unity. Let giverx andS be a finite orthonormal family oK. SupposeSis non
empty. LetF be a function from the carrier of into the carrier oiX. Supposes C domF
and for everyy such thaty € SholdsF(y) = (x]y) -y. Let H be a function from the carrier
of X into R. Supposes C domH and for everyy such thaty € SholdsH (y) = (x|y)?. Then
(setopfun€S, the carrier ofX, the carrier ofX, F,the addition ofX)|setopfun¢S,the carrier
of X, the carrier ofX, F, the addition ofX)) = setopfun¢S the carrier ofX, R,H, +g).

(13) LetgivenX. Suppose the addition of is commutative and associative and the addition of

X has a unity. Let giver andSbe a finite orthonormal family ok. Suppose&is non empty.
Let H be a function from the carrier of into R. Supposes C domH and for everyy such
thaty € SholdsH (y) = (xy)2. Then setopfun(S the carrier ofX, R,H, +r) < [|x/|2.

(14) LetD,, D1 be non empty sets arfdbe a binary operation db,. Supposd is commutative

(1]
2]

(3]
(4]

(5]

6]

and associative and has a unity. IYetY be finite subsets db;. Supposér; missesy,. Let
F be a function fromD; into D,. Supposer; € domF andY, C domF. Let Z be a finite
subset oD;. If Z =Y, UY,, then setopfun@,D4,D,,F, f) = f(setopfun€Yi, D1, Dz, F, f),
setopfun€Y,, D1, Do, F, f)).
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