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Summary . Here, the concept of matrix of real elemerts is intro duced.
This is dened as a special case of the general concept of matrix of a eld.
For such a real matrix, the notions of addition, subtraction, scalar product are
de ned. For any real nite sequencestwo transformations to matrices are in-
troduced. One of the matrices is of width 1, and the other is of length 1. By
such transformations, two products of a matrix and a nite sequenceare de ned.
Also the linearity of such product is shown.
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The papers[1€], [19], [6], [3], [10], [18], [13], [1], [14], [12], [20], [7], [2], [17], [13],
[22], [8], [11], [5], [4], [21], and [9] provide the terminology and notation for this
paper.

1. Preliminaries

In this paperi, j are natural numbers.
We now state a number of propositions:
(1) For all real numbersr, r, and for all elemerts f1, f, of Rg sud that
ri=fiandro=f, holdsri+ ro= f1+ fy!
(2) For all real numbersrq, r, and for all elemers f1, f, of R suc that
rir=f,andr,=f, holdsry ro=fq fy:
(3) For ewvery nite sequenceF of elemerts of R holdsF + F = I'?;:':' i
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(4) For all nite sequence$,, F, of elemerts of R such that lenF; = lenF;
holdsF; Fo= F1+ Fy:

(5) For ewvery nite sequenceF of elemerts of R holds F k?; {z i = F:
lenF
(6) For ewery nite sequencd- of elemerts of R holds i?; {z i F= F:
lenF

(7) For all nite sequence$,, F, of elemerts of R such that lenF; = lenF;
holds Fy Fo=F1+ Fo:
(8) For all nite sequences$;, F, of elemerts of R such that lenF; = lenF;
holds (F1 F2)=F2 Fa:
(9) For all nite sequence$;, F, of elemerts of R such that lenF; = lenF;
holds (F1 F2)= Fi1+ Fy:
(10) For all nite sequences$-1, F, of elemens of R suc that lenF, = lenF,
and F; Fo= tP_{Z_ i holds F; = Fj:
len F1
(11) For all nite sequenced-, Fy, F3 of elemens of R such that lenF; =
lenF, and lenF, = lenFz holdsF; F, Fz=F; (F2+ F3):
(12) For all nite sequenced-, Fy, F3 of elemens of R such that lenF; =
lenF, and lenF, = lenFz holds F1 + (F, F3) = (F1+ F2)  Fa:
(13) For all nite sequenced-, Fy, F3 of elemens of R such that lenF; =
lenF, and lenF, = lenFz holdsF;  (F, F3) = (F1  F) + Fa:
(14) For all nite sequences$-1, F, of elemens of R suc that lenF, = lenF,
holdsF; = (F1 + F2) Fa:
(15) For all nite sequences$-1, F» of elemens of R such that lenF, = lenF,
holds F; = (F]_ Fz) + Fj:

2. Matrices of Real Elements

The following propositions are true:

(16) Let K be a non empty groupoid, p be a nite sequenceof elemens of
K, and a be an elemen of K. Then len(a p) = lenp:

(17) Let r beareal number, f3 be an elemen of Rg, p bea nite sequence
of elemerns of R, and f4 be a nite sequenceof elemerts of Rg. If r = f3
andp= fy;thenr p=f3z fyu

(18) Let K bea eld, abeanelemen of K, and A bea matrix over K. Then
the indicesof a A = the indicesof A.

(19) Let K bea eld, abeanelemen of K, and M be a matrix over K. If
1 iandi widthM;then(a M) j=a M ;:
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(20) LetK bea eld, abeanelemen of K, M beamatrix overK, andi bea
natural number. If 1 iandi lenM;thenLine(a M;i) = a Line(M;i):

(21) Let K bea eld and A, B be matrices over K. Supposewidth A =
lenB: Then there exists a matrix C over K sudch that lenC = lenA and
width C = width B and for all i, j such that h; ji 2 the indicesof C holds
Cij = Line(A;i) B :

(22) Let K bea eld, abeanelemen of K, and A, B be matricesover K . If
width A = lenB andlenA > OandlenB > 0; then A (a B) = a (A B):

Let A be a matrix over R. The functor (R! Rg)A yielding a matrix over
RE is de ned asfollows:
(Def.1) (R! Rp)A=A:
Let A bea matrix over Rg. The functor (Re ! R)A yielding a matrix over
R is de ned by:
(Def.2) (Re! R)A=A:
We now state two propositions:

(23) Let D4, D, be sets, A be a matrix over D;, and B be a matrix over
D,. SupposeA = B: Let giveni, j. If h; ji 2 the indices of A, then
Aij = Bij:

(24) For every eld K and for all matrices A, B over K holds the indices of
A + B = the indicesof A.

Let A, B be matrices over R. The functor A + B yields a matrix over R and
is de ned by:
(Def.3) A+B=(Re! R)((R! Rp)A+ (R! Rg)B):
One can prove the following two propositions:

(25) Let A, B be matrices over R. Then len(A + B) = lenA and width (A +
B) = width A and for all i, j such that h; ji 2 the indices of A holds
(A+B)ij = Aij + By :

(26) Let A, B, C be matrices over R. SupposelenA = lenB and width A =
width B and lenC = lenA and width C = width A and for all i, j suc
that h; ji 2 the indicesof A holdsCij; = Ajj + Bjj: ThenC = A+ B:

Let A be a matrix over R. The functor A yields a matrix over R and is
de ned asfollows:
(Def.4) A=(Rg! R (R! Rp)A):
Let A, B be matrices over R. The functor A B yielding a matrix over R
is de ned asfollows:
(Def.5) A B=(Rr! R)((R! RF)A (R! Rg)B):
The functor A B yielding a matrix over R is de ned by:
(Def.6) A B=(Rg! R)((R! Rp)A (R! Rg)B):
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Let a be a real number and let A be a matrix over R. The functor a A
yields a matrix over R and is de ned as follows:
(Def. 7) For every element e; of R such that e = a holdsa A = (Rg !
R)(ex (R! Rp)A):
The following propositions are true:
(27) For every real number a and for every matrix A over R holdslen(a A) =
lenA and width (a A) = width A:
(28) For every real number a and for every matrix A over R holds the indices
of a A = the indices of A.
(29) Let a be a real number, A be a matrix over R, and i, jo be natural
numbers. If hip; joi 2 the indicesof A, then (a A)i,;j, = a Aj,;,:
(30) For every real number a and for every matrix A over R suc that lenA >
Oandwidth A > Oholds(a A)T = a AT:
(31) Let a beareal number, i bea natural number, and A be a matrix over
R. SupposelenA > 0andi 2 domA: Then
() there exists a nite sequencep of elemens of R such that p = A(i);
and
(i)  for every nite sequenceq of elemens of R such that g = A(i) holds
(a A)i)=a ¢
(32) For every matrix A over R holds1 A = A:
(33) For every matrix A over R holdsA+ A= 2 A:
(34) For every matrix A over R holdsA + A + Abz 3 A

0 PR 0 n m
Let n, m be natural numbers. The functor Eﬁ s X yields a
0 0 .
matrix gver R and is de ned by:
00:::0:an 00:::0:an
Def.8) B: . 1K =Re! RGB: . K )
0O ::: 0 R 0O ::: 0 Re

One can prove the following propositions:
(35) For all matrices A, B over R such that lenB > 0 holds A B=A+B:
(36) Let n, m be natural numbersand A be %matrix over R. If lenA = n

0 ::: 01nm
and width A = m and n > 0O; then A + Eﬁ X = A and
0O ::: 0
0O L Olnm )
@: . K +A=A
0 ::: 0
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(37) For all matrices A, B over R suc that lenA = lenB and
widthA = \ﬁ/idthB and lenA > 0and A = A+ B holds B =
0 - len A width A
0 ::: 0 R
(838) For all matrices A, B over R such th%t lenA = lenB and width A =
lenA width A
0 ::: 0
width B and lenA > 0and A+ B = @ : - : X holds
0 ::: 0 R
B= A:

(89) For all matrices A, B over R sud that lenA lenB and

widthA = \ﬁ/idthB and lenA > 0Oand B A = B holds A =
0 - 0 lenA  width A

@: . K
0 ::: 0 R
(40) For ewery real number a and for all matrices A, B over R such that
width A = lenB andlenA > OandlenB > OholdsA (a B) = a (A B):
(41) Let abeareal numberandA, B be matrices over R. If width A = lenB
andlenA > OandlenB > 0and width B > O;then (a A) B = a (A B):

(42)  For ewery {natrix M over R sudch that lenM > 0 holds M +
0 0 .- o lenM widh m

@: . K = M:
0 ::: 0 4
(43) For ewery real number a and for all matrices A, B over R such that
lenA = lenB and width A = width B and lenA > O holdsa (A + B) =

a A+ a B:
(44) For ewvery matrix A over R sud that lenA > 0 holds 0 A =
0 7 Liena width A
0 ::: 0
0 ::: 0 4

Let x be a nite sequenceof elemens of R. Let us assumethat lenx > O:
The functor ColVec2Mxx vyields a matrix over R and is de ned as follows:

(Def. 9) lenColVec2Mxx = lenx and width ColVec2Mxx = 1 and for ewery j
such that j 2 domx holds (ColVec2Mxx)(j) = h(j)i:

The following three propositions are true:

(45) Let x be a nite sequenceof elemerts of R and M be a matrix over R.
If lenx > O; then M = ColVec2Mxx i M .1 = x and width M = 1.

(46) For all nite sequencesxi, X, of elemens of R suc that lenx; =
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lenx, and lenx; > 0 holds ColVec2Mx(x; + Xp) = ColVec2Mxxi +
ColVec2Mxx»:

(47) For every real number a and for every nite sequencex of elemers of R
sud that lenx > 0 holds ColVec2Mx(a x) = a ColVec2Mxx:

Let x be a nite sequenceof elemeris of R. The functor LineVec2Mxx
yielding a matrix over R is de ned as follows:

(Def. 10) width LineVec2Mxx = lenx and lenLineVec2Mxx = 1 and for every j
such that j 2 domx holds (LineVec2Mxx)1;j = X(j):

The following propositions are true:

(48) Let x be a nite sequenceof elemens of R and M be a matrix over
R. Then M = LineVec2Mxx if and only if the following conditions are

satis ed:
(i) Line(M;1) = x; and
@iy lenM = 1:

(49) For every nite sequencex of elemerts of R suc that lenx > 0 holds
(LineVec2Mxx)T = ColVec2Mxx and (ColVec2Mxx)T = LineVec2Mxx:

(50) For all nite sequencesxi, X, of elemers of R suc that lenx; =
lenx, and lenx; > 0 holds LineVec2Mx(x1 + X2) = LineVec2Mxxy +
LineVec2Mxx»:

(51) For ewery real number a and for every nite sequencex of elemerns of R
holds LineVec2Mx(a Xx) = a LineVec2Mxx:

Let M be a matrix over R and let x be a nite sequenceof elemerts of R.

The functor M X yields a nite sequenceof elemens of R and is de ned as

follows:

(Def. 11) M x= (M ColVec2Mxx) .1:
The functor x M yielding a nite sequencef elemerns of R is de ned asfollows:
(Def. 12) x M = Line(LineVec2Mxx M;1):
Next we state a number of propositions:

(52) Let x be a nite sequenceof elemens of R and A be a matrix over R.
If lenA > 0 and if width A > 0 and if lenA = lenx or width (AT) = lenx;
then AT x=x A:

(53) Let x be a nite sequenceof elemens of R and A be a matrix over R.
If lenA > 0 and if width A > 0 and if width A = lenx or len(AT) = lenx;
then A x=x AT:

(54) Let A, B be matrices over R. SupposelenA = lenB and width A =
width B: Let i be a natural number. If 1 i and i width A; then
(A+B) ;izA ;i+B i

(55) Let A, B be matrices over R. SupposelenA = lenB and width A =
width B: Let i beanatural number. If 1 i andi lenA; then Line(A +
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B;i) = Line(A;i) + Line(B;i):

(56) Let a be a real number, M be a matrix over R, and i be a natural
number. If 1 i andi widthM;then(a M) ;=a M ;:

(57) Let x4, X2 be nite sequence®f elemerts of R and A be a matrix over
R. If lenx1 = lenx, and width A = lenx; and lenx; > 0 and lenA > 0;
then A (X1+ X2) = A X1+ A Xo:

(58) Let x1, X2 be nite sequence®f elemerts of R and A be a matrix over
R. If lenxy = lenx, andlenA = lenx; and lenxy > 0; then (X1 + X2) A =
X1 A+ X2 A

(59) Let a beareal number, x be a nite sequenceof elemeris of R, and A
be a matrix over R. If width A = lenx and lenx > 0 and lenA > O; then
A (a x)=a (A x):

(60) Let a beareal number, x be a nite sequenceof elemeris of R, and A
be a matrix over R. If lenA = lenx and lenx > 0 and width A > O; then
(a x) A=a (x A):

(61) Let x bea nite sequenceof elemers of R and A be a matrix over R.
If width A = lenx and lenx > 0 and lenA > 0O; then len(A Xx) = lenA:

(62) Let x be a nite sequenceof elemerts of R and A be a matrix over R.
If lenA = lenx and lenx > 0 and width A > 0; then len(x A) = width A:

(63) Let x be a nite sequenceof elemens of R and A, B be matrices over
R. If lenA = lenB and width A = width B and width A = lenx and
lenA > Oandlenx > 0;then (A+ B) x= A x+B x:

(64) Let x bea nite sequenceof elemerts of R and A, B be matrices over R.
If lenA = lenB andwidth A = width B andlenA = lenx andwidth A > 0
andlenx > 0;thenx (A+B)=x A+ Xx B:

(65) Let n, m benatural numbersand x beoa nite sequinca)f elemerts of R.
nm

0 ::: 0
Iflenx = mandn > 0andm>0;then%;; X X = {z i
0 ::: 0 4 Th
(66) Let n, m benatural numbersand x be aonite sequerhc?fn?lemeNS of R.
0O ::: 0
If lenx = nandn > 0andm>0;thenx%p; X =FP;:{'Z:; i
0 ::: 0 L Tm

References

[1] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91{96, 1990.

[2] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segmers of natural numbersand nite
sequences.Formalized Mathematics, 1(1):107{114, 1990.

[3] Czedaw Bylinski. Binary operations. Formalized Mathematics, 1(1):175{180, 1990.



28

(4]
(5]
(6]
(7]
(8]

[9]
(10]

(11]
(12]
(13]
(14]

[15]
(16]

[17]
(18]

(19]
(20]

(21]

(22]

yatsuka nakamura et al.

Czedaw Byli nski. Binary operations applied to nite sequencesFormalized Mathematics,
1(4):643{649, 1990.

Czedaw Byli nski. Finite sequencesand tuples of elemerts of a non-empty sets. Formalized
Mathematics, 1(3):529{536, 1990.

Czedaw Byli nski. Functions and their basic properties. Formalized Mathematics, 1(1):55{
65, 1990.

Czedaw Bylinski. Functions from a setto a set. Formalized Mathematics, 1(1):153{164,
1990.

Czedaw Bylinski. The sum and product of nite sequencesof real numbers. Formalized
Mathematics, 1(4):661{668, 1990.

Agata Darmochwal. The Euclidean space. Formalized Mathematics, 2(4):599{603, 1991.
Katarzyna Jankowska. Matrices. Abelian group of matrices. Formalized Mathematics,
2(4):475{480, 1991.

Jaroslaw Kotowicz and Yatsuka Nakamura. Intro duction to Go-board { part |. Formalized
Mathematics, 3(1):107{115, 1992.

Eugeniusz Kusak, Wojciech Leonczuk, and Michal Muzalewski. Abelian groups, elds
and vector spaces. Formalized Mathematics, 1(2):335{342, 1990.

Yatsuka Nakamura and Hiroshi Yamazaki. Calculation of matrices of eld elemerts. Part
I. Formalized Mathematics, 11(4):385{391, 2003.

Library Committee of the Association of Mizar Users. Binary operations on numbers. To
appear in Formalized Mathematics.

Andrzej Trybulec. Subsetsof complex numbers. To appear in Formalized Mathematics.

Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9{11,
9

1990,

Wojciech A. Trybulec. Groups. Formalized Mathematics, 1(5):821{827, 1990.

Wojciech A. Trybulec. Vectors in real linear space. Formalized Mathematics, 1(2):291{
296, 1990.

Zinaida Trybulec. Properties of subsets. Formalized Mathematics, 1(1):67{71, 1990.
Edmund Woronowicz. Relations de ned on sets. Formalized Mathematics, 1(1):181{186,
1990.

Katarzyna Zawadzka. The sum and product of nite sequencesof elemerts of a eld.
Formalized Mathematics, 3(2):205{211, 1992.

Katarzyna Zawadzka. The product and the determinant of matrices with entries in a
eld. Formalized Mathematics, 4(1):1{8, 1993.

Receiwed February 20, 2006



