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Pocklington's Theorem and Bertrand's
Postulate
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Summary . The rst four sections of this article include some auxiliary
theorems related to number and nite sequenceof numbers, in particular a pri-
mality test, the Pocklington's theorem (see[19]). The last section preserts the
formalization of Bertrand's postulate closely following the book [1], pp. 7{9.
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The articles [26], [4], [24], [28], [3], [2], [20], [17], [14], [16], [30], [10], [11], [6],
[23], [13], [19], [3], [21], [8], [22], [27], [18], [29], [9], [7], [12], [29], and [31] provide
the notation and terminology for this paper.

1. Some Theorems on Real and Natural Numbers

The following propositions are true:

(1) For all real numbersr,ssucththat 0 rands s<r r holdss< r:
(2) For all real numbersr, ssuchthat 1<randr r sholdsr < s:

(3) For all natural numbersa, n suc that a> 1 holdsa" > n:

(4) For all natural numbersn, k, m such that k n and m = b%c holds

n n .
m k -
(5) For all natural numbers n, m such that m = b5c and n 2 holds
n 2" .
m n- )
n qn .
(6) For every natural number n holds <, 5

(7) For all natural numbersn, psuch that p> Oandnjpandn 6 1and
N6 pholdsl< nandn< p:
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(8) Let p be anatural number. Given a natural number n suc that n j p
and 1 < n and n < p: Then there exists a natural number n suc that
njpandl<nandn n p:

(9) For all natural numbersi, j, k, | sudhthat i =) k+1landl < j and
0< | holdsj -i:

(10) For all natural numbersn, g, b suc that ged(g;b) = 1 and g6 0 and
b6 0 holds gcd(@";b) = 1

(11) For all natural numbersa, b, ¢ holds a2?mod c = (a® mod ¢) (a°mod
¢) mod c:

(12) Let p beanatural number. Then p is not prime if and only if one of the
following conditions is satis ed:
O p L or
(i)  there exists a natural numbern suchthat njpand 1< n andn < p:
(13) Let n, k be natural numbers. Supposen j k and 1 < n: Then there exists
a natural number p such that pjk andp n and p is prime.

(14) Let p bea natural number. Then p is prime if and only if the following
conditions are satis ed:
(i) p>1 and
(i)  for every natural number n sudhthat 1< nandn n pandnis
prime holds n - p:

(15) For all natural numbersa, p, k such that akmodp= 1andk 1landp
is prime holds a and p are relative prime.

(16) Let p beaprime number, a beanatural number, and x beaset. Suppose
a6 0andx = pP~eount(@: Then there exists a natural number b such that
b=xand1l bandb a:

(17) For all natural numbersk, g, n, d such that qis prime anddj k qg"**
andd-k q" holdsg"*! jd:

(18) For all natural numbers g, g, n; suc that o, j 9" and g is prime and
Op is prime and n; > O holdsgq= q:

(19) For every prime number p and for ewvery natural number n suc that
n < pholdsp-nt

(20) Let a, b be non empty natural numbers. Supposethat for every natural

number p such that p is prime holds p-court(a) p-court(b): Then there
exists a natural number c such that b= a c:

(21) Let a, bbe non empty natural numbers. Supposethat for every natural
number p such that pis prime holds p-court(a) = p-court(b): Then a= b:
(22) For all prime numbersps, p> and for every non empty natural number m
such that pyPr ~count(m) = p,P2 -count(m) and p, -court(m) > 0 holdsp; = p:
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2. Pocklington's ~ Theorem

One can prove the following propositions:

(23) Let n, k, g, p, n1, p, a be natural numbers. Supposen 1=k g" and
k> 0andny > Oand qis prime and a" “modn = 1and p is prime and
pjn: Thenpja™ ™ 94 91 or pmod g™ = 1:

(24) Let n, f, c be natural numbers. Supposethat

 n 1=f1f c;
@iy f>c;
(i) c>0;
(iv) gcd(f;c) =1, and
(v) for every natural number g such that qj f and qis prime there existsa
natural number a such that a" “modn = 1andgcd@™ ™ 9 %1:n) = 1:
Then n is prime.

(25) Letn, f, d, ny, a, g be natural numbers. Supposen 1= gq"t dand
g"t > dandd> 0 and gcd(g;d) = 1 and g is prime and a" “modn = 1
and gcd@" ™ 9 01:n) = 1: Then n is prime.

3. Some Prime Numbers

The following propositions are true:
(26) 7 is prime.
(27) 1lis prime.
(28) 13is prime.
(29) 19is prime.
(30) 23is prime.
(31) 37is prime.
(32) 43is prime.
(833) 83is prime.
(34) 139is prime.
(835) 163is prime.
(86) 317is prime.
(37) 63lis prime.
(38) 1259is prime.
(39) 2503is prime.
(40) 4001is prime.
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4. Some Theorems on Finite Sequence of Numbers

One can prove the following propositions:
(41) For all nite sequences, fq, f1 of elemers of R such that f = fg+ f;
holds domf = domfg\ domf:
(42) Let F bea nite sequenceof elemerts of R.df for every natural number
k such that k 2 domF holds F(k) > 0; then ~ F > O:
(43) For ewery set X1 and fobevery nite Qset X2 such that X1 X, and
X2 Nand; 2X, holds = SgmX SgmX,:
(44) Let a, k be natural numbers, X be a set, F be a nite sequenceof
elemerts of Prime, and p be a primeQnumber suc that X Prime and
X SegkandF = SgmX anda= ~ F: Then
() if p2rngF; then p-count(a) = 1; and
(i) if p2rngF; then p-court(a) = O:
(45) For every natural number n holds = Sgn¥ p; p rangesover prime num-
bers:p n+1g 4™
(46) For ewery real number x such that x 2 holds Q Sgnf p; p rangesover
prime numbers:p xg 4 %
(47) Let n be a natural humber and p be a prime number. Supposen 6 O:
Then there existsa nite sequence of elemerts of N such that
i lenf = n;
(i)  for every natural number k such that k 2 domf holds f (k) = 1
p¥jn and f (k) =i p¥ - n; and
(i)  p-court(n) = f:
(48) Let n beanatural numberand p bea prime number. Then there existsa
nite sequencd of elemers of N such that lenf = n and for every nag.,lral
number k suc that k 2 domf holds f (k) = b;‘—kc and p-count(n) = f:

(49) Let n bea natural number and p be a prime number. Then there exists
a nite sequencd of elemens of R such that lenf = 2 n and for every
natural number szudl that k 2 domf holds f (k) = bzp—EC 2 b;—kc and
p-court( 2" )= f:

Let f be a nite sequenceof elemeris of N and let p be a prime number.
The functor p-count(f ) yielding a nite sequenceof elemens of N is de ned by:
(Def. 1) len(p-court(f)) = lenf and for ewery set i such that i 2
dom(p-count(f)) holds (p-count(f))(i) = p-count(f (i)):
One can prove the following propositions:

(50) For every prime number p and for every nite sequencd of elemerts of
N such that f = ; holds p-count(f) = ;:

(51) For every prime number p and for all nite sequences 1, f, of elemeris
of N holds p-count(f12 f) = (p-court(f1))  (p-court(f2)):
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(52) For ewery prime number p and for every non empty natural number n
holds p-count(mi) = hp-court(n)i:

(53) For every 6ite sequencd of elenﬁns of N and for every prime number
psucdthat ~ f 6 0holdsp-count( )= (p-count(f)):

(54) Let fq, fo be nite sequence®f elemers of R. Supposelenf, = lenf,
and for every natural(gumbeEj( such that k 2 domf 1 holdsf (k) fa(k)
and fy(k) > 0: Then ~ f, fo

(55) For a(ery natural number n and for every real numberr such that r > 0
holds " (n7!'r)=r":

In this article we presen se\eral logical schemes. The scheme schemelcon-
cernsa ternary predicate P; and states that:
Let p be a prime number, n be a natural number, m be a non
empty natural number, and X be a set. If X =.fp®’-count(m). 50
rangesover prime numbers: P[n; m; p9g; then = SgmX > 0
for all valuesof the parameters.
The scheme scheme2concernsa ternary predicate P; and states that:
Let p be a prime number, n be a natural number, m be a non
empty natural number, and X be a set. If X = fp®"-count(m). 50
rangesov&r prime numbers: P [n; m; p9g and pP -count(m) 2 X : then
p-count(  SgmX) =10
for all valuesof the parameters.
The scheme scheme3concernsa ternary predicate P; and states that:
Let p be a prime number, n be a natural number, m be a non
empty natural number, and X be a set. If X = fp®’-count(m). 50
rangesov&r prime numbers: P [n; m; p9g and pP -count(m) 2 X : then
p-count( - SgmX) = p-court(m)
for all valuesof the parameters.

The scheme scheme4deals with a binary functor F yielding a set and a
binary predicate P; and states that:

Let n, m be natural numbers, r be a real number, and X be a
nite set. If X = fF (p;m); p rangesover prime numbers: p
r ~ P[p;m]gandr O; thencardX brc

for all valuesof the parameters.

5. Ber trand's Postula te

The following proposition is true

(56) For ewery natural number n such that n 1 there existsa prime number
psudithat n< pandp 2 n:



52 mar co riccardi

References

[1] M. Aigner and G. M. Ziegler. Proofs from THE BOOK . Springer-Verlag, Berlin Heidelberg
New York, 2004.

[2] Grzegorz Bancerek. Cardinal numbers. Formalized Mathematics, 1(2):377{382, 1990.

[3] Grzegorz Bancerek. The fundamental properties of natural nhumbers. Formalized Mathe-
matics, 1(1):41{46, 1990.

[4] Grzegorz Bancerek. The ordinal numbers. Formalized Mathematics, 1(1):91{96, 1990.

[5] Grzegorz Bancerek. Joining of decorated trees. Formalized Mathematics, 4(1):77{82,

1993.
[6] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segmers of natural numbers and nite

sequences.Formalized Mathematics, 1(1):107{114, 1990.

[7] Czedaw Bylinski. Binary operations applied to nite sequencesFormalized Mathematics,
1(4):643{649, 1990.

[8] Czedaw Bylinski. The complex numbers. Formalized Mathematics, 1(3):507{513, 1990.

[9] Czedaw Bylinski. Finite sequencesand tuples of elemerts of a non-empty sets. Formalized
Mathematics, 1(3):529{536, 1990.

[10] Czedaw Bylinski. Functions and their basic properties. Formalized Mathematics, 1(1):55{

65, 1990.

[11] Czedaw Bylinski. Functions from a setto a set. Formalized Mathematics, 1(1):153{164,
1990.

[12] Czedaw Bylinski. Some basic properties of sets. Formalized Mathematics, 1(1):47{53,
1990.

[13] Czedaw Bylinski. The sum and product of nite sequencesof real numbers. Formalized
Mathematics, 1(4):661{668, 1990.

[14] Agata Darmochwal. Finite sets. Formalized Mathematics, 1(1):165{167, 1990.

[15] Andrzej Kondracki. The Chinese Remainder Theorem. Formalized Mathematics,
6(4):573{577, 1997.

[16] Artur Kornilowicz and Piotr Rudnicki. Fundamental Theorem of Arithmetic. Formalized
Mathematics, 12(2):179{186, 2004.

[17] Rafal Kwiatek. Factorial and Newton coe cien ts. Formalized Mathematics, 1(5):887{890,

1990.

[18] Rafal Kwiatek and Grzegorz Zwara. The divisibilit y of integersand integer relativ e primes.
Formalized Mathematics, 1(5):829{832, 1990.

[19] W. J. LeVeque. Fundamentals of Number Theory. Dover Publication, New York, 1996.

[20] Takaya Nishiyama and Yasuho Mizuhara. Binary arithmetics. Formalized Mathematics,
4(1):83{86, 1993.

[21] Library Committee of the Association of Mizar Users. Binary operations on nhumbers. To
appear in Formalized Mathematics.

[22] Konrad Raczkowski and Andrzej Nedzusiak. Real exponerts and logarithms. Formalized
Mathematics, 2(2):213{216, 1991.

[23] Piotr Rudnicki and Andrzej Trybulec. Multiv ariate polynomials with arbitrary number
of variables. Formalized Mathematics, 9(1):95{110, 2001.

[24] Andrzej Trybulec. Subsetsof complex numbers. To appear in Formalized Mathematics.

[25] Andrzej Trybulec. Binary operations applied to functions. Formalized Mathematics,
1(2):329{334, 1990.

[26] Andrzej Trybulec. Tarski Grothendieck set theory. Formalized Mathematics, 1(1):9{11,
1990

[27] Andrzej Trybulec. On the setsinhabited by numbers. Formalized Mathematics, 11(4):341{
347, 2003.

[28] Michal J. Trybulec. Integers. Formalized Mathematics, 1(3):501{505, 1990.

[29] Wojciech A. Trybulec. Non-contiguous substrings and one-to-one nite sequences.For-
malized Mathematics, 1(3):569{573, 1990.

[30] Edmund Woronowicz. Relations and their basic properties. Formalized Mathematics,
1(1):73{83, 1990.

[31] Edmund Woronowicz. Relations de ned on sets. Formalized Mathematics, 1(1):181{186,
1990.

Received May 17, 2006



F ORMALIZED MA THEMA TICS
V olume 14 Num ber 2 Pages 53{70
Univ ersit y of Bia lystok, 2006

Integral of Measurable Function !
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Summary . In this paper we construct integral of measurable function.
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The terminology and notation usedhereare introducedin the following articles:
[29], [12, [32, [1], [27], [18], [33], [9], [2], [34], [13], [11], [10], [28], [31], [20], [30],
[31, [4]. [3]. [14], [7], [17], [15], [16], [26], [8], [19], [21], [24], [23], [6], [22], and
[25].

1. Lemmas for Extended Real Numbers

One can prove the following propositions:
(1) For all extendedreal numbersx, y holdsjx yj=jy Xj:
(2) For all extendedreal numbersx, y holdsy x jx vyj:

(3) Let x, y be extended real numbers and e be a real humber. Suppose
X yj<eandx 6 +1 ory6 +1 butx6 1 ory6 1 :Then
Xx6+1 andx6 1 andy6 +1 andy6 1

(4) For all extended real numbers x, y suc that for every real number e
suc that 0< eholdsx < y+ R(e) holdsx y:

(5) For all extendedreal numbersx, y,t suhthatt6 1 andté +1
andx < yholdsx+t< y+t:

(6) For all extendedreal numbersx, y,t suhthatt6 1 andté +1
andx < yholdsx t<y t

1This work has been partially supported by the MEXT grant Grant-in-Aid for Young
Sciertists (B)16700156.
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(7) For all real numbersa, bholdsR(a) + R(b) = a+ band R(a) = a:

(8) Let n beanatural number and p be an extendedreal number. Suppose
0 pandp< n: Then there exists a natural number k such that 1  k
andk 2" nand % pandp< £

(9) Let n, k benatural numbersand p be an extendedreal number. If 1k
andk 2" nandn pand&: p;then £ p:

(10) For all extended real numbers x, y, w, z such that 1 < w holds if
x<yandw< z;thenx+w<y+ z:

(11) For all extendedreal numbersx, y, k sudhthat 0 k holdsk max(x;y) =
max(k x;k y)andk min(x;y) = min(k x;k y):

(12) For all extendedreal numbersx, y, k suchthat k  0holdsk min(x;y) =
max(k x;k y)and k max(x;y) = min(k x;k y):

(13) For all extendedreal numbersx, y, z sudhthat 0 x and 0 =z and
z+Xx yholdsz v:

2. Lemmas for Partial Function of Non-empty Set, Extended Real
Numbers

Let 11 be a set. We say that |4 is non-positive if and only if:
(Def. 1) For every extendedreal number x such that x 2 |1 holdsx O:
Let R be a binary relation. We say that R is non-positive if and only if:
(Def. 2) rgR is non-positive.
The following propositions are true:
(14) Let X be a setand F be a partial function from X to R. Then F is
non-positive if and only if for every setn holds F(n) 0Og:

(15) Let X beasetand F bea partial function from X to R. If for every set
n suc that n 2 domF holds F(n) Og; then F is non-positive.

Let R be a binary relation. We say that R is without 1 if and only if:
(Def.3) 1 2rgR:
We say that R is without +1 if and only if:
(Def. 4) +1 2rngR:

Let X beanonempty setand let f be a partial function from X to R. Let
us obsene that f iswithout 1 if and only if:

(Def. 5) For every setx holds 1 < f (x):
Let us obsene that f is without +1 if and only if:
(Def. 6) For every setx holdsf (x) < +1 :
Next we state four propositions:
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(16) Let X be a non empty set and f be a partial function from X to R.
Then for every setx sud that x 2 domf holds 1 < f(x) if and only if
f is without 1

(17) Let X be a non empty setand f be a partial function from X to R.
Then for every setx such that x 2 domf holdsf (x) < +1 if and only if
f is without +1 .

(18) Let X beanon empty setand f be a partial function from X to R. If
f is non-negative, then f is without 1

(19) Let X beanonempty setand f be a partial function from X to R. If
f is non-positive, then f is without +1 .

Let X be a non empty set. Note that every partial function from X to R
which is non-negatiwe is alsowithout 1 and ewery partial function from X to
R which is non-positive is alsowithout +1 .

The following propositions are true:

(20) Let X beanon empty set, S bea -eld of subsetsof X, and f bea
partial function from X to R. Supposef is simple function in S. Then f
is without +1 and without 1

(21) Let X beanonempty set,Y beaset,andf bea partial function from
X to R. If f is non-negative, then f Y is non-negatie.

(22) Let X bea non empty setand f, g be partial functions from X to R.
Supposef is without 1 and g is without 1 . Then dom(f + g) =
domf \ domg:

(23) Let X be a non empty setand f, g be partial functions from X to R.
Supposef is without 1 and g is without +1 . Then dom(f @) =
domf \ domg:

(24) Let X beanonempty set,S bea -eld of subsetsof X, f, g be partial
functions from X to R, F be a function from Q into S, r be a real number,
and A be an elemen of S. Supposef is without 1 and g is without
1 and for ewery rational number p holds F (p) = A\ LE-dongf ‘R(p) \
(A\ LE-dom(g;R(r p))): Then A\ LE-dom(f + g;R(r)) = rngF:

Let X beanonempty setand let f bea partial function from X to R. The
functor R(f) yielding a partial function from X to R is de ned as follows:
(Def. 7) R(f) = f:
Next we state a number of propositions:

(25) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f, g be partial functions from X to R. If f is non-
negative and g is non-negatiwe, then f + g is non-negatiwe.
(26) Let X beanon empty set, f be a partial function from X to R, and ¢
be a real number suc that f is non-negative. Then
(i) if 0 c;then cf is non-negative, and
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(i) if ¢ 0O; then cf is non-positive.

(27) Let X beanon empty setand f, g be partial functions from X to R.
Supposethat for every setx sud that x 2 domf\ domgholdsg(x) f (x)
and 1 < g(x)andf(x)< +1:Thenf gisnon-negative.

(28) Let X beanon empty setand f, g be partial functions from X to R.
Supposef is non-negative and g is non-negative. Then dom(f + g) =
domf \ domgandf + g is non-negative.

(29) Let X be anonempty setand f, g, h be partial functions from X to
R. Supposef is non-negative and g is non-negative and h is non-negative.
Then dom(f + g+ h) = domf \ domg\ domh and f + g+ h is non-
negative and for every set x such that x 2 domf \ domg\ domh holds
(f + g+ h)(x) = f(x) + g(x) + h(x):

(30) Let X beanon empty setand f, g be partial functions from X to R.
Supposef iswithout 1 and giswithout 1 . Then

() dom(max: (f + g) + max (f)) = domf \ domg;

(i) dom(max (f + @)+ max,s (f)) = domf \ domg;

(i)  dom(maxs (f + g) + max (f)+ max (g)) = domf \ domg;
(iv) dom(max (f + g) + max, (f)+ max; (g)) = domf \ domg;
(v) maxs(f + g) + max (f) is non-negatiwe, and

(vi) max (f + g) + max, (f) is non-negatiwe.

(31) Let X be a non empty setand f, g be partial functions from X to R.
Supposef is without 1 and without +1 and g is without 1 and
without +1 . Then max,; (f + g)+ max (f)+ max (g) = max (f + g)+
max. (f) + maxs (g):

(32) Let C beanonempty set,f bea partial function from C to R, and ¢ be
a real number. If 0 c; then max; (cf) = ¢ max; (f) and max (cf) =
c max (f):

(33) Let C be a non empty set, f be a partial function from C to R, and
c be a real number. If 0 c¢; then max;(( ¢f) = cmax (f) and
max (( ¢ f)= cmax:(f):

(34) Let X beanonempty set,f bea partial function from X to R, and A
be aset. Then max; (f A) = max; (f) A andmax (f A) = max (f) A:

(35) Let X be a non empty set, f, g be partial functions from X to R,
and B beaset. If B dom(f + g); then dom((f + g) B) = B and
dom(f B+gB)=Band(f+g)B=f B+ gB:

(36) Let X beanonempty set,f bea partial function from X to R, and a
be an extendedreal number. Then EQ-dom(f;a) = f (fag):
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3. Lemmas for Measurable Function and Simple Valued Function

The following propositions are true:

(37) Let X beanonempty set, S bea -eld of subsetsof X, f, g be partial
functions from X to R, and A be an elemert of S. Supposef is without
1 andgiswithout 1 andf is measurableon A and g is measurable
on A. Then f + g is measurableon A.

(38) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function from X to R. Supposef is
simple function in S and domf = ;: Then there existsa nite sequence-
of separatedsubsetsof S and there exist nite sequences, x of elemeris
of R sud that

() F and a arerepresenation of f,
(i) a()=0;
(i)  for ewery natural number n such that 2 n and n 2 doma holds
O< a(n) anda(n) < +1 ;

(iv) domx = domF;

(v) for ewvery natural number n such that n 2 domx holds x(n) = a(n)
(Mp F)(n); and

(vi) x=0:

(39) Let X be a non empty set, S bea -eld of subsetsof X, f be a
partial function from X to R, A be an elemen of S, and r, s be real
numbers. Supposef is measurableon A and A domf: Then A\
GTE-dom(f;R(r)) \ LE-dom(f ; R(s)) is measurableon S.

(40) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A be an elemer
of S. If f is simple function in S, then f A is simple function in S.

(41) Let X be anon empty set, S bea -eld of subsetsof X, A be an
elemen of S, F bea nite sequenceof separatedsubsetsof S, and G bea
nite sequence.SupposedomF = domG and for every natural number n
such that n 2 domF holds G(n) = F(n)\ A: Then G is a nite sequence
of separatedsubsetsof S.

(42) Let X beanonempty set,S bea -eld of subsetsof X, f be a partial
function from X to R, A be an elemen of S, F, G be nite sequences
of separatedsubsetsof S, and a be a nite sequenceof elemerts of R.
SupposedomF = domG and for ewvery natural number n suc that n 2
domF holds G(n) = F(n)\ A and F and a are represenation of f . Then
G and a are represertation of f A:

(43) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function from X to R. If f is simple
function in S, then domf is an elemen of S.
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(44) Let X beanonempty set,S bea -eld of subsetsof X, and f, g be
partial functions from X to R. Supposef is simple function in S and g is
simple function in S. Then f + g is simple function in S.

(45) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, f be a partial function from X to R, and c be a real
number. If f is simple function in S, then cf is simple function in S.

(46) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f, g be partial functions from X to R. Supposethat
() f is simple function in S,
(i)  gis simple function in S, and
(i) for every setx sud that x 2 dom(f @) holdsg(x) f(x):
Then f g is non-negatiwe.

(47) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, A be an elemern of S, and ¢ be an extended real number.
Supposec 6 +1 andc 6 1 : Then there exists a partial function f
from X to R sud that f is simple function in S and domf = A and for
every setx such that x 2 A holds f (x) = c:

(48) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f bea partial function from X to R, and B, B, be elemerts
of S. Supposef is measurableon B and B; = domf \ B: Thenf B is
measurableon B;.

(49) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, A be an elemen of S, and f, g be partial functions from
X to R. Supposethat
() A domf;
(i) f is measurableon A,
(i) g is measurableon A,
(iv) f iswithout 1 , and
(v) giswithout 1
Then max: (f + g) + max (f) is measurableon A.
(50) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, A be an elemen of S, and f, g be partial functions from
X to R. Supposethat
() A domf \ domg;
(i) f is measurableon A,
(i) g is measurableon A,
(iv) f iswithout 1 , and
(v) giswithout 1
Then max (f + g) + max, (f ) is measurableon A.
(51) Let X be a non empty set, S be a -eld of subsetsof X, M be a
-measureon S, and A beaset. If A2 S;then0 M (A):
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(52) Let X be anon empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f , g be partial functions from X to R. Supposethat
() there exists an elemen E; of S such that E; = domf and f is mea-
surableon Eq,
(i)  there existsan elemen E, of S such that E, = domg and g is measur-
ableon E»,
iy f Yf+1g)2sS;
(iv), f (fig )2 S;
(v) g Xf+1g)2S;and
(vij g l(flg )2S:
Then dom(f + g) 2 S:
(53) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f , g be partial functions from X to R. Supposethat
(i) there exists an element E; of S such that E; = domf and f is mea-
surableon E4, and
(i)  there existsan elemen E, of S such that E; = domg and g is measur-
able on E».
Then there exists an elemen E of S such that E = dom(f + g) andf + g
is measurableon E.

(54) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A, B be elemerts
of S. Supposedomf = A: Then f is measurableon B if and only if f is
measurableon A\ B:

(55) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f bea partial function from X to R. Givenan elemern
A of S such that domf = A: Let c beareal number and B be an elemen
of S. If f is measurableon B, then cf is measurableon B.

4. Sequence of Extended Real Numbers

A sequenceof extendedreals is a function from N into R.
Let s; be a sequenceof extendedreals. We say that s is convergert to nite
number if and only if the condition (Def. 8) is satis ed.
(Def. 8) There exists a real number g sud that for every real numberpif 0 < p;
then there exists a natural number n such that for every natural number
m such that n  m holdsjsi(m) R(g)j < p:
Let s1 be a sequenceof extendedreals. We say that s; is convergert to +1
if and only if the condition (Def. 9) is satis ed.
(Def. 9) Let g be a real number. Suppose0 < g: Then there exists a natural
number n suc that for every natural humber m such that n m holds

g si(m):
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Let s1 be a sequenceof extendedreals. We say that s; is convergert to 1
if and only if the condition (Def. 10) is satis ed.

(Def. 10) Let g be a real number. Supposeg < 0: Then there exists a natural
number n sud that for every natural number m such that n  m holds
si(m) g

We now state two propositions:

(56) Let s; be a sequenceof extended reals. Supposes; is corvergen to
+1 . Then s; is not corvergent to 1 and s; is not corvergert to nite
number.

(57) Let s; be a sequenceof extended reals. Supposes; is corvergen to
1 . Then s; is not corvergen to +1 and s; is not corvergert to nite
number.

Let s; be a sequenceof extendedreals. We sa that s; is corvergen if and
only if:

(Def. 11) s; is corvergen to nite number, or corvergert to +1 , or convergert
to 1

Let s; be a sequenceof extended reals. Let us assumethat s; is corver-
gert. The functor lim s; yields an extendedreal number and is de ned by the
conditions (Def. 12).

(Def. 12)i)  There exists a real number g suc that lim s; = g and for ewery real
number p suc that 0 < p there exists a natural number n suc that for
every natural number m such that n  m holds js;(m) lims;j < p and
s; is corvergen to nite number, or

(i) lims;=+1 ands; iscorvergert to +1 , or

(i) lims;= 1 ands;isconvergertto 1

We now state a number of propositions:

(58) Let s; be a sequenceof extendedrealsand r be a real number. Suppose
that for every natural number n holds s;(n) = r: Then s; is convergert to
nite number and lim s; = r:

(59) Let F bea nite sequenceof elemerts of R. If fq5 every natural number
n suc that n 2 domF holds0 F(n); then O F:

(60) Let L be a sequenceof extended reals. Supposethat for all natural
numbersn, m such that N m holdsL(n) L(m): Then L is convergen
and lim L = suprngL:

(61) For all sequenced., G of extended reals such that for ewvery natural
number n holdsL(n) G(n) holds suprngL  suprng G:

(62) For every sequencel. of extendedreals and for every natural number n
holdsL(n) suprnglL:

(63) Let L beasequencef extendedrealsand K bean extendedreal number.
If for every natural number n holdsL(n) K; then suprngL K:
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(64) Let L be a sequenceof extendedreals and K be an extended real num-
ber. If K 6 +1 and for every natural number n holds L(n) K; then
suprngL < +1 :

(65) Let L beasequenceof extendedreals. SupposeL is without 1 . Then
suprngL 6 +1 if and only if there exists a real number K suc that
0< K and for ewvery natural number n holdsL(n) K:

(66) Let L beasequenceof extendedrealsand c be an extendedreal number.
Suppose that for ewvery natural number n holds L(n) = c¢: Then L is
corvergert andlimL = cand lim L = suprngL:

(67) Let J, K, L besequencedf extendedreals. Supposethat
(i) for all natural numbersn, m such that n  m holdsJ(n) J(m);
(i)  for all natural numbersn, m such that n  m holdsK (n) K (m);
(i)  J iswithout 1
(v) K iswithout 1 , and
(v)  for every natural number n holds J(n) + K(n) = L(n):
Then L is corvergert and limL = suprngL and limL = limJ + lim K
and suprng L = suprngK + suprng J:

(68) LetL, K besequencesfextendedrealsand c beareal number. Suppose
0 candL iswithout 1 and for every natural number n holdsK (n) =
R(c) L(n): Then suprngK = R(c) suprnglL and K is without 1

(69) LetlL, K besequencesfextendedrealsand cbea real number. Suppose
that

® 0 ¢
(i)  for all natural numbersn, m such that n m holdsL(n) L(m);
(i)  for every natural number n holds K (n) = R(c) L(n); and
(iv) L iswithout 1
Then
(v) for all natural numbersn, m such that n  m holdsK (n) K (m);
(vi) K iswithout 1 and corvergert,
(vii) limK = suprngK; and
(viii)  limK = R(c) limL:

5. Sequence of Extended Real Valued Functions

Let X beanon empty set, let H be a sequenceof partial functions from X
into R, and let x be an elemen of X. The functor H# x yields a sequenceof
extendedreals and is de ned as follows:

(Def. 13) For every natural number n holds (H# x)(n) = H(n)(x):

Let D1, D, be sets,let F be a function from N into D1! D»; andlet n bea
natural number. Then F(n) is a partial function from D; to D».
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Next we state the proposition
(70) Let X beanon empty set, S bea -eld of subsetsof X, and f bea
partial function from X to R. Supposethere existsan elemert A of S suc
that A = domf and f is measurableon A and f is non-negative. Then
there exists a sequenceF of partial functions from X into R sud that
(i)  for every natural number n holds F(n) is simple function in S and
domF (n) = domf;
(i)  for every natural number n holds F (n) is non-negative,
(i)  for all natural numbersn, m such that n m and for every elemen x
of X such that x 2 domf holds F(n)(x) F(m)(x); and
(iv)  for every elemen x of X such that x 2 domf holds F# x is corvergert
and lim(F# x) = f (x):

6. Integral of Non Negative Simple Valued Function

Let X be a non empty set, let S bea -eld of subsetsof X, let M be
-measureon S, and let f be a partial function from X to R. The functor
% dM yielding an ell_?emerl of R is de ned as follows:
f dM; if domf 6 ;;

Ro
(Def. 14)  fdM = X
Og; otherwise.

The following propositions are true:
(71) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f, g be partial functions from X to R. Suppose
f is simple function in S and g is simple function in S and f is non-
ﬂegatlve and gFQs non-negative. Then Igom(f + g) = domf \ domg and
O + gdM = Ot dom(f + g)dM + g dom(f + g)dM:

(72) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f bea partial function from X to R, and ¢ beareal number.
§upposef is S|mpI§ function in S and f is non-negative and O c: Then

Ocf dM = R(c) % dM

(73) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A, B be elemerts
of S. Supﬁosef is smplefuncﬁon inS andh is non-negative and A misses
B. Then f(A[B)dM % AdM + % BdM:

(74) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function fr%“n X to R. If f is simple
function in S and f is non-negative, then 0 % dM

(75) Let X be a non empty set, S bea -eld of subsetsof X, M be a

-measureon S, and f , g be partial functions from X to R. Supposethat
(i) f is simple function in S,
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(i) f is non-negatiwe,
(i) g is simple function in S,
(iv) g is non-negative, and
(v) for every setx such that x 2 dom(f qQ holds g(x) f (x):
Then dq;\m(f g) = domf \ domg and O dom(f g)dM = Of
gdM + °g dom(f g)dM:
(76) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f , g be partial functions from X to R. Supposethat
(i) f is simplefunction in S,
(i) g is simple function in S,
(i) f is non-negatiwe,
(iv) g is non-negative, and
(V) forlgvery set x suc that ng dom(f @) holdsg(x) f(x):
Then g dom(f g)dMm Of dom(f g)dM:

(77) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and ¢ be an extended
real number. Suppose0 candf is simple funﬁtlon in S and for every
setx sud that x 2 domf holdsf (x) = c: Then %dM =c M (domf):

(78) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, andf beapartial function frgm X to R. Supposef is simple
function in S andf is non-negative. Then O EQ-dom(f ; R(0)) dM = 0:

(79) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, B bean elemen of S, andf bea partial function from X to
R. Su&posef is simple function in Sand M (B) = Oandf is non-negative.
Then °f BdM = O:

(80) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, g be a partial function from X to R, F be a sequenceof
partial functions from X into R, and L be a sequenceof extended reals.
Supposethat g is simple function in S and for every set x suc that x 2
domg holds 0 < g(x) and for every natural number n holds F (n) is simple
function in S and for every natural number n holdsdomF (n) = domg and
for every natural number n holds F (n) is non-negative and for all natural
numbersn, m such that N m and for every elemen x of X sud that
x 2 domg holds F(n)(x) F(m)(x) and for every elemen x of X suc
that x 2 domg holds F# x is con\/ergg{( and g(x) lim(F# x) and for
evwe )hnatural number n holds L(n) = F(n) dM: Then L is convergert
and 0ng lim L:

(81) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, g be a partial function from X to R, and F be a sequence
of partial functions from X into R. Supposethat g is simple function in S
and g is non-negative and for every natural number n holds F (n) is simple
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function in S and for every natural number n holdsdomF (n) = domg and
for every natural number n holds F (n) is hon-negative and for all natural
numbersn, m such that n  m and for ewvery elemen x of X sud that
x 2 domg holds F(n)(x) F(m)(x) and for every elemen x of X sucd
that x 2 domg holdsF # x is corvergent andg(x) lim(F# x): Then there
exists a sequencgs of extendedreals such that for every natural number
n ho&gs G(n) = F(n)dM and G is corvergent and suprngG = lim G
and 0ng lim G:

(82) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, A bean elemen of S, F, G be sequencesf partial functions
from X into R, and K , L be sequence®f extendedreals. Supposethat for
every natural number n holds F (n) is simple function in S and domF (n) =
A and for every natural number n holds F (n) is non-negative and for all
natural numbers n, m sud that n m and for ewvery elemen x of X
such that x 2 A holds F(n)(x) F(m)(x) and for every natural number
n holds G(n) is simple function in S and domG(n) = A and for every
natural number n holds G(n) is non-negative and for all natural numbers
n, m such that n m and for every elemen x of X suc that x 2 A holds
G(n)(x) G(m)(x) and for every elemen x of X sud that x 2 A holds
F# x is convergert and G# x is corvergert andFym(F# X) = lim(G# x)
ﬁnd for every natural number n holds K (n) = F(n)dM and L(n) =

G(n)dM: Then K is corvergert and L is convergert and lim K = lim L:

Let X be anon empty set,let S bea -eld of subsetsof X, let M be a
-measureon S, and let f be a partial function from X to R. Let us assume
that there exists an elemen A of S such tgat A = domf and f is measurable
on A and f is non-negative. The functor ' f dM vyielding an elemen of R is
de ned by the condition (Def. 15).

(Def. 15) There exists a sequenceF of partial functions from X into R and there
exists a sequenceK of extendedreals sud that
for every natural number n holds F(n) is simple function in S and
domF(n) = domf and for ewvery natural number n holds F(n) is non-
negative and for all natural numbers n, m such that n m and for
every elemert x of X such that x 2 domf holds F(n)(x) F (m)(x)
and for every element x of X suc that x 2 domf holds F# x is con-
vergert ﬁnd lim(F#x) = f(x) and for every natural number n holds
K(n) = F(n)dM and K is corvergert and * f dM = limK:

The following propositions are true:

(83) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial functloge from X tcRﬁ. If f is simple
function in S and f is non-negative, then fdM = % dM:

(84) Let X be a non empty set, S be a -eld of subsetsof X, M be a
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-measureon S, and f , g be partial functions from X to R. Supposethat
() there existsan elemen A of S such that A = domf andf is measurable
on A,
(i)  there existsan elemer B of S such that B = domg and g is measurable
on B,
(i) f is non-negative, and
(iv) g is non-negative.
Ehen there exisés an elemenR;: of S such that C = dom(f + g) and
"f+gdM = Tf CdM+ "gCdM:

(85) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function from X to R. Supposethere
exists an element A of S sud that, A = domf and f is measurableon A
and f is non-negative. Then0 " f dM:

(86) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A be an elemer
of S. Supposethere exists an elemen E of S such thgt E = domf and f
is measurableon E and f is non-negative. Then 0 T AdM:

(87) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A, B be elemeris
of S. Suppose there exists an element E of S such that E = domf

df is measurablegn E and f igyon-negative and A missesB. Then
"f (A[B)dM = T f AdM + T f BdM:

(88) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A be an elemen
of S. Suppose there exists an element E of S such that E = domf

d f is measurableon E and f is non-negative and M (A) = 0: Then
Tf AdM = O

(89) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A, B be elemeris
of S. Supposethere exists an elemen E of S such that E =rdomf and f
is measurableon E and f is non-negatveand A B:Then ' f AdM

f BdM:

(90) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and E, A be elemeris
of S. Supposef is non-pegative and E = domf and f is measurableon
EandM(A)=0:Then *f (EnA)dM = *f dM:

(91) Let X be a non empty set, S bea -eld of subsetsof X, M be a

-measureon S, and f , g be partial functions from X to R. Supposethat
() there exists an elemen E of S such that E = domf and E = domg
and f is measurableon E and g is measurableon E,
(i) f is non-negatiwe,
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(i) g is non-negative, and
(iv) forlsvery eIemEp x of X sud that x 2 domg holds g(x) f (x):
Then ' gdMm T fdM:

(92) Let X be anonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f bea partial function from X to R, and ¢ be areal number.
Suppose0 ¢ and there exists an element A of S suc thahA = domf
and f js measurableon A and f is non-negative. Then ' cf dM =
R(c) *fdM:

(93) Let X be a non empty set, S be a -eld of subsetsof X, M be a

-measureon S, and f be a partial function from X to R. Supposethat
() there existsan elemert A of S such that A = domf andf is measurable
on A, and
(i) forﬁvery elemert x of X sud that x 2 domf holds 0= f (x):

Then " fdM = O

7. Integral of Measurable Function

Let X be a non empty set, let S bea -eld of subsetsof X, let M be
-measureon S, and let f be a partial function from X to R. The functor
f dM I:z/ielding an elemer of R is de ned as follows:

(Def. 16) fdM = " max, (f)dM Re max (f)dM:
We now state seeral propositions:
(94) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function from X to R. Supposethere

exists an elemert A of S sudhthat A :Fgomf and f is measurableon A
and f is non-negative. Then fdM = ' f dM:

(95) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function from X to R. gupposef is
ﬁ'mplefunﬁgon in Sandf isnon-negative. Then fdM = ' f dM and

fdM = 7f dM:

(96) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a partial function from X to R. Supposethere
exists an elemert A of S such thaﬁ A = domf andf is measurableon A
and f is non-negative. Then O f dM:

(97) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A, B be elemeris
of S. Supposethere exists an element E of S such that E = domf
ﬁnd fis measurab|§on E and fRis non-negative and A missesB. Then

f (A[ B)dM = f AdM + f BdM:
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(98) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A be an elemen
of S. Supposethere exists an elemert E of S suc tha‘g2 E = domf andf
is measurableon E and f is non-negative. Then 0 f AdM:

(99) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f bea partial function from X to R, and A, B be elemerts
of S. Supposethere exists an elemern E of S such that E = g?mf and f
i§ measurableon E and f is non-negativeand A B: Then f AdM
f BdM:

(100) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A be an elemer
of S. Supposethere exists an elemer E oﬁS such that E = domf and f
is measurableon E and M (A) = 0: Then f AdM = O:

(101) Let X beanon empty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and E, A be elemeris
S. IfE = dorpaf and f is measurableon E and M (A) = 0; then

f (EnA)dM = f dM:

Let X be anon empty set,let S bea -eld of subsetsof X, let M be a
-measureon S, and let f be a partial function from X to R. We say that f is
integrable on M if and only if:

(Def. 17) There e>ﬁ}§ts anelemen A of S such trﬁt A = domf andf is measurable
onAand max:(f)dM < +1 and “~max (f)dM < +1:

One can prove the following propositions:

(102) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, and f be a pagial function from X to Ez Supposef is
integrable g9 M. Then 0 " max, (f)dM and 0O " max (f)dm
and 1 < fdM and fdM < +1:

(103) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, f be a partial function from X to, R, and A be an el-
ert of S. Suppose|§e is integrable on M. Ii'h en ' max,(f A)dM
" max, (f)dM and max (f A)dM max (f)dM and f A is
integrable on M .

(104) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, f be a partial function from X to R, and A, B be
Qemens of S. Su&posef is irﬁegrable on M and A missesB. Then

f (A[ B)dM = f AdM + f BdM:

(105) Let X beanonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f be a partial function from X to R, and A, B be elemeris
of S. Supposef is irﬂgegrable en M and Bx domf nA: Thenf A'is
integrableonM and fdM = f AdM + f B dM:
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(106) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f be a partial function from X to R. Given an
elemen A of S such that A = domf and f is measurableon A. Then f

is integrable on M if and only if jf j is integrable on M .

(107) Let X be anonempty set, S bea -eld of subsetsof X, M bea -
measureon Spand f be g partial function from X to R. If f isintegrable
onM,thenj f dMj jfjdM:

(108) Let X be a non empty set, S bea -eld of subsetsof X, M be a

-measureon S, and f , g be partial functions from X to R. Supposethat
() there existsan elemert A of S such that A = domf andf is measurable
onA,
(i) domf = domg;
(i)  gisintegrable on M, and
(iv)  for every elemen x of X sudlgzthat X 2 dﬁmf holds jf (x)j  g(x):
Then f isintegrableon M and jf jdM gdM:

(109) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, f be a partial function from X to R, and r be a real
number. Supposedomf 2 Sand0 r and domf 6 ; and for every set
x suc that x 2 domf holdsf (x) = r: Then f dM = R(r) M (domf):

X

(110) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, f be a partial function from X to R, and r be a real
number. Supposedomf 2 S arp_g 0 r and for ewery set x sudc that
x 2 domf holdsf (x) = r: Then % dMm = R(r) M (domf):
(111) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, and f be a partial function from X to R. Suppose
f is integrable on M. Then f (f+1g) 2 Sandf %(flg ) 2 S
and M(f Y(f+1g)) = 0Oand M(f (flg )) = Oandf (f+1g)]|
f (flg )2SandM(f (f+1g)[ f Yflg )) =0

(112) Let X be anon empty set, S bea -eld of subsetsof X, M bea -
measureon S, and f, g be partial functions from X to R. Supposef is
integrable on M and g is integrable on M and f is non-negative and g is
non-negative. Then f + g is integrableon M.

(113) Let X be anon empty set, S bea -eld of subsetsof X, M bea -
measureon S, and f , g be partial functions from X to R. If f isintegrable
on M and g is integrable on M, then dom(f + g) 2 S:

(114) Let X be anon empty set, S bea -eld of subsetsof X, M bea -
measureon S, and f, g be partial functions from X to R. Supposef is
integrableon M and g is integrableon M. Then f + gis integrableon M.

(115) Let X be anon empty set, S bea -eld of subsetsof X, M bea -
measureon S, and f, g be partial functions from X to R. Supposef is
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integrableon M and g is integrable oM. Then thq{ze existsan ﬁlemerl E
of Ssuchthat E = domf\ domgand f+gdM = f EdM+ gEdM:

(116) Let X be a non empty set, S bea -eld of subsetsof X, M be a

-measureon S, f be a partial function from X to R, and c be a real

mebel’. Squose|1_‘2 is integrable on M. Then cf is integrable on M and
cfdM = R(c) f dM:

Let X be a non empty set, let S bea -eld of subsetsof X, let M be

a -measureon S, let f qg a partial function from X to R, and let B be an

elemen of S. The functor f dM vyielding an elemen of R is de ned asfollows:
B

R R
(Def. 18)  fdM = f BdM:
B

The following propositions are true:

(117) Let X be a non empty set, S bea -eld of subsetsof X, M be a
-measureon S, f, g be partial functions from X to R, and B be an
element of S. Supposef is integrable on M and g is int(ﬁgrable on M

and B dom(f + g): Thenf + gisintegrableon M and f + gdM =
B
Rf dM + Rng:
B B
(118) Let X be anonempty set, S bea -eld of subsetsof X, M bea -
measureon S, f bea partial function from X to R, c beareal number, and
B bean elemen of S. Supposef is integﬁ\ble onM andf ﬂ? measurable

onB. Thenf B isintegrableon M and cf dM = R(c) f dM:
B B
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