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Summary. A Pythagorean triple is a set of positive integers {a, b, c} with
a® + b? = ¢®. We prove that every Pythagorean triple is of the form

2 2 2 2
a=n"—m b=2mn c=n"+m

or is a multiple of such a triple. Using this characterization we show that for
every n > 2 there exists a Pythagorean triple X with n € X. Also we show that
even the set of simplified Pythagorean triples is infinite.

MML Identifier: PYTHTRIP.

The articles [6], [7], [2], [8], [5], [1], [3], [4], and [9] provide the terminology and
notation for this paper.

1. RELATIVE PRIMENESS

We follow the rules: a, b, ¢, k, m, n are natural numbers and ¢ is an integer.
Let us consider m, n. Let us observe that m and n are relative prime if and
only if:
(Def. 1) For every k such that k& | m and k | n holds k = 1.
Let us consider m, n. Let us observe that m and n are relative prime if and
only if:
(Def. 2) For every prime natural number p holds p {m or p { n.

@ 2001 University of Bialystok
809 ISSN 1426-2630



810 FREEK WIEDIJK

2. SQUARES

Let n be a number. We say that n is square if and only if:
(Def. 3) There exists m such that n = m?2.

Let us observe that every number which is square is also natural.

Let n be a natural number. Observe that n? is square.

Let us observe that there exists a natural number which is even and square.
One can check that there exists a natural number which is odd and square.
One can check that there exists a number which is even and square.

One can check that there exists a number which is odd and square.

Let m, n be square numbers. Observe that m - n is square.

We now state the proposition

(1) If m-n is square and m and n are relative prime, then m is square and
n is square.

Let i be an even integer. Observe that 72 is even.
Let i be an odd integer. Observe that 72 is odd.
Next we state three propositions:

(2) i is even iff 42 is even.

(3) If i is even, then 2 mod 4 = 0.

(4) Ifiis odd, then %2 mod 4 = 1.
Let m, n be odd square numbers. Note that m + n is non square.
One can prove the following two propositions:

(5) If m2 = n2, then m = n.

(6) m | niff m? | n2.

3. DISTRIBUTIVE LAw FOR HCF

We now state two propositions:
(7) mlnork=0iff k-m|k-n.
(8) ged(k-m,k-n)=Fk-gced(m,n).

4. UNBOUNDED SETS ARE INFINITE

We now state the proposition

(9) For every set X such that for every m there exists n such that n > m
and n € X holds X is infinite.
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5. PYTHAGOREAN TRIPLES

We now state three propositions:

(10) If a and b are relative prime, then a is odd or b is odd.

(11) Suppose a? + b2 = c2 and a and b are relative prime and a is odd. Then
there exist m, n such that m < n and a =n? —m?2 and b=2-m - n and
c=n?+m?2

(12) Ifa=n%2—-m2and b=2-m-n and ¢ = n? +m?, then a? + b2 = 2.

A subset of N is called a Pythagorean triple if:

(Def. 4) There exist a, b, ¢ such that a® + b% = ¢? and it = {a, b, c}.
In the sequel X is a Pythagorean triple.
Let us note that every Pythagorean triple is finite.

Let us note that the Pythagorean triple can be characterized by the following
(equivalent) condition:

(Def. 5) There exist k, m, n such that m < n and it = {k - (n? —m?2),k-(2-m -
n), k- (n2 +m?2)}.

Let us consider X. We say that X is degenerate if and only if:
(Def. 6) 0 € X.
We now state the proposition
(13) If n > 2, then there exists X such that X is non degenerate and n € X.
Let us consider X. We say that X is simplified if and only if:

(Def. 7) For every k such that for every n such that n € X holds k | n holds
k=1

Let us consider X. Let us observe that X is simplified if and only if:

(Def. 8) There exist m, n such that m € X and n € X and m and n are relative
prime.
One can prove the following proposition
(14) Ifn > 0, then there exists X such that X is non degenerate and simplified
and 4-n € X.
Let us note that there exists a Pythagorean triple which is non degenerate
and simplified.
The following propositions are true:
(15) {3,4,5} is a non degenerate simplified Pythagorean triple.
(16) {X : X is non degenerate A X is simplified} is infinite.
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