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Summary. In the paper, we develop the notation of duality and equiva-
lence of categories and concrete categories based on [9]. The development was
motivated by the duality theory for continuous lattices (see [5, p. 189]), where we
need to cope with concrete categories of lattices and maps preserving their pro-
perties. For example, the category UPS of complete lattices and directed suprema
preserving maps; or the category INF of complete lattices and infima preserving
maps. As the main result of this paper it is shown that every category is isomor-
phic to its concretization (the concrete category with the same objects). Some
useful schemes to construct categories and functors are also presented.

MML Identifier: YELLOW18

The notation and terminology used here are introduced in the following articles:
[91, [101, [7], [2], [13], [11], [6], [3], [4], [1], [14], [15], [12], and [8].

1. Definability of Categories and Functors

In this article we present several logical schemes. The schem@tCatStr-
Lambdadeals with a hon empty setA, a binary functor F yielding a set, and a
5-ary functor G yielding a set, and states that:

There exists a strict non empty transitive category structure C
such that

(i) the carrierof C = A,

(i) for all objects a, b of C holds ha, bi = F (a,b), and
(i)  for all objects a, b, ¢ of C such that ha, bi & ; and hb, ci &= ;
and for every morphismf from a to b and for every morphismg
frombto choldsg f=G(a,b,c,T,Q)
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provided the following requirement is met:
For all elementsa, b, ¢ of A and for all sets f, g such that f 2
F(a,b) and g 2 F (b, c) holds G(a, b,c,f,g) 2 F (a,c).
The schemeCatAssocSchdeals with a non empty transitive category struc-
ture A and a 5-ary functor F yielding a set, and states that:
A is associative
provided the parameters meet the following requirements:
Let a, b, ¢ be objects of A. Supposehg, bi 6= ; and hy,ci 6= ;. Let
f be a morphism froma to b and g be a morphism fromb to c.
Theng f=F(a,bc, T, g), and
Let a, b, ¢, d be objects of A and f, g, h be sets. If f 2 ha,bi
and g 2 hb,ci and h 2 hc,di, then F(a,c,d,F(a,b,c,f,g),h) =
F(a,b,d,f,F(bc,d,g,h)).
The schemeCatUnitsSch deals with a hon empty transitive category struc-
ture A and a 5-ary functor F yielding a set, and states that:
A has units
provided the parameters satisfy the following conditions:
Let a, b, ¢ be objects of A. Supposeha, hi 6= ; and b, ci & ;. Let
T be a morphism froma to b and g be a morphism fromb to c.
Theng f=F(a,bc,T,0Q),
Let a be an object of A. Then there exists a setf such that
T 2 ha,ai and for every objectb of A and for every setg such
that g 2 ha,bi holds F (a,a,b, f,g) =g, and
Let a be an object of A. Then there exists a setf such that
f 2 ha,ai and for every objecth of A and for every setg such
that g 2 hb,ai holds F (b,a,a,g,f) =g.
The schemeCategoryLambdadeals with a non empty setA, a binary functor
F yielding a set, and a 5-ary functor G yielding a set, and states that:
There exists a strict category C such that
() the carrier of C = A,
(i)  for all objects a, b of C holds ha, bi = F (a,b), and
(i)  for all objects a, b, ¢ of C such that ha, bi 6= ; and hb, ci 6= ;
and for every morphismf from a to b and for every morphismg
frombto choldsg f=G(a,b,c,f,Q)
provided the parameters satisfy the following conditions:
For all elementsa, b, c of A and for all setsf, g such that f 2
F(a,b) and g 2 F (b, c) holds G(a, b,c,f,g) 2 F (a,c),
Let a, b, ¢, d be elements ofA and f, g, h be sets. Iff 2 F (a,b)
andg 2 F (b,c) and h 2 F (c,d), then G(a, c,d, G(a, b, c, f,g),h) =
G(a, b, d, f,G(b, c,d, g, h)),
Let a be an element ofA. Then there exists a setf such that
T 2 F (a,a) and for every elementb of A and for every setg such
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that g 2 F (a,b) holds G(a, a,bh, f,g) = g, and
Let a be an element ofA. Then there exists a setf such that
T 2 F (a,a) and for every elementh of A and for every setg such
that g 2 F (b,a) holds G(b,a,a,g,f) =g.
The schemeCategoryLambdaUnigdeals with a non empty setA, a binary
functor F yielding a set, and a 5-ary functor G yielding a set, and states that:

Let C1, C, be non empty transitive category structures. Suppose
that

(i) the carrier of C; = A,

(i) for all objects a, b of C; holds ha,bi = F (a,h),
(i)  for all objects a, b, ¢ of C; such that ha, bi & ; and hb, ci 6= ;
and for every morphismf from a to b and for every morphismg
from bto c holdsg f = G(a,b,c,f,q),
(iv) the carrier of C, = A,

(v) for all objects a, b of C, holds ha, bi = F (a,b), and
(viy for all objects a, b, ¢ of C, such that ha, bi & ; and b, ci 6= ;
and for every morphismf from a to b and for every morphismg
frombto c holdsg f=G(a,b,c, T, Q).
Then the category structure of C; = the category structure of
Co
for all values of the parameters.
The schemeCategoryQuasiLambdadeals with a non empty setA, a binary
functor F yielding a set, a 5-ary functor Gyielding a set, and a ternary predicate
P, and states that:
There exists a strict category C such that
() the carrier of C = A,

(i) for all objects a, b of C and for every setf holds f 2 ha, bi
i f2F (ab)andP]Ja,b,f], and
(i)  for all objects a, b, ¢ of C such that ha, bi 6= ; and h, ci 6= ;
and for every morphismf from a to b and for every morphismg
frombto c holdsg f=G(a,b,c,f,Q)

provided the following requirements are met:
Let a, b, c be elements ofA and f, g be sets. Supposd 2 F (a,b)
and P[a,b,fland g 2 F (b,c) and P[b,c,g]. Then G(a,b,c, f,g) 2
F(a,c) and P[a,c,G(a, b, c, T, 9)],
Let a, b, c, d be elements ofA and f, g, h be sets. Supposd 2
F(a,b) andP[a,b,flandg 2 F (b,c) and P[b,c,g]and h 2 F (c, d)
andPJc,d, h]. Then G(a, c,d, G(a, b, c, f,g),h) = G(a, b, d, f, G(b, c,
d, g, h)),
Let a be an element ofA. Then there exists a setf such that ¥ 2
F (a,a) and PJa, a, f] and for every elementh of A and for every
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setg such that g 2 F (a,b) and PJ[a, b, g] holds G(a, a,b, f,g) = g,
and
Let a be an element ofA. Then there exists a setf such that ¥ 2
F (a,a) and P[a, a, f] and for every elementb of A and for every
setg such that g 2 F (b,a) and P[b, a, g] holds G(b, a,a,qg,T) = g.
Let f be a function yielding function and let a, b, ¢ be sets. Note that f(a,
b, ) is relation-like and function-like.
Now we present two schemes. The schemfgubcategoryExdeals with a cate-
gory A, a unary predicate P, and a ternary predicate Q, and states that:
There exists a subcategoryB of A such that
(i) for every object a of A holds a is an object of B i PJal,
and
(i) for all objects a, b of A and for all objects a° b°of B such
that a®= a and b®= b and ha, bi 6= ; and for every morphism f
from ato b holds f 2 ha’b% i Q[a, b, f]
provided the parameters meet the following requirements:
There exists an objecta of A such that P[a],
Let a, b, ¢ be objects of A. SupposeP[a] and P[b] and P[c] and
ha,bi & ; and hb,ci &= ;. Let T be a morphism froma to b and
g be a morphism fromb to c. If Q[a,b,f] and Q[b,c,qg], then
Q[a,c,g f], and
For every object a of A such that P[a] holds Q[a, a, id3].
The schemeCovariantFunctorLambda deals with categoriesA, B, a unary
functor F yielding a set, and a ternary functor G yielding a set, and states that:
There exists a covariant strict functor F from A to B such that
(i) for every object a of A holds F(a) = F (a), and
(i) for all objects a, b of A such that ha, hi 6= ; and for every
morphism f from a to b holds F (f) = G(a, b, )
provided the parameters have the following properties:
For every object a of A holds F (a) is an object of B,
Let a, b be objects ofA. Supposeha, hi 6= ;. Let f be a morphism
from a to b. Then G(a, b, f) 2 (the arrows of B)(F (a), F (b)),
Let a, b, ¢ be objects of A. Supposeha,hi & ; and hb,ci & ;.
Let ¥ be a morphism froma to b, g be a morphism fromb to c,
and a° b c® be objects of B. Supposea’ = F (a) and b° = F (b)
and c® = F (c). Let f%be a morphism from a®to b®and g° be a
morphism from b°to ¢ If FO= G(a, b, f) and g°= G(b, ¢, g), then
G(a,c,g ) =¢° f° and
For every object a of A and for every object a® of B such that
a’= F (a) holds G(a, a,id,) = id,.
The following proposition is true
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(1) Let A, B be categories andF, G be covariant functors from A to B.
Suppose that

(i) for every object a of A holds F(a) = G(a), and

(i) for all objects a, b of A such that ha, bi 6= ; and for every morphism f
from a to b holds F (f) = G(¥f).
Then the functor structure of F = the functor structure of G.

The schemeContravariantFunctorLambda deals with categoriesA, B, a unary
functor F yielding a set, and a ternary functor G yielding a set, and states that:
There exists a contravariant strict functor F from A to B such
that
() for every object a of A holds F(a) = F (a), and
(i) for all objects a, b of A such that ha, hi 6= ; and for every
morphism f from a to b holds F (f) = G(a, b, )
provided the parameters meet the following requirements:
For every object a of A holds F (a) is an object of B,
Let a, b be objects ofA. Supposeha, hi 6= ;. Let ¥ be a morphism
from a to b. Then G(a, b, f) 2 (the arrows of B)(F (b), F (a)),
Let a, b, ¢ be objects of A. Supposeha,hi 6= ; and b, ci & ;.
Let ¥ be a morphism froma to b, g be a morphism fromb to c,
and a° b° c® be objects of B. Supposea’ = F (a) and b® = F (b)
and c® = F (c). Let f%be a morphism fromb°to a® and g° be a
morphism from c®to b° If ¥0= G(a, b, f) and g°= G(b, ¢, g), then
G(a,c,g ) =T° ¢g° and
For every object a of A and for every object a® of B such that
a’= F (a) holds G(a, a, id,) = id 4.
One can prove the following proposition
(2) Let A, B be categories and~, G be contravariant functors from A to B.
Suppose that
() for every object a of A holds F(a) = G(a), and
(i) for all objects a, b of A such that ha, bi & ; and for every morphismf
from a to b holds F (f) = G(f).
Then the functor structure of F = the functor structure of G.

2. Isomorphism and Equivalence of Categories

Let A, B, C be non empty sets and letf be a function from [ A, B ] into C.
Let us observe that f is one-to-one if and only if:
(Def. 1) For all elements a;, a, of A and for all elementsby, b, of B such that
f(al, bl) = f(az, b2) holds a; = a and b1 = bz.
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Now we present four schemes. The schenféoBijectiveSch deals with cate-
gories A, B, a covariant functor C from A to B, a unary functor F yielding a
set, and a ternary functor C yielding a set, and states that:
Cis bijective

provided the parameters meet the following requirements:
For every object a of A holds C(a) = F (a),
For all objects a, b of A such that ha, bi & ; and for every mor-
phism f from a to b holds C(f) = C(a, b, f),
For all objects a, b of A such that F (a) = F (b) holdsa = b,
For all objects a, b of A such that ha, bi & ; and for all morphisms
f, g from a to b such that C(a, b, f) = C(a, b, g) holds f = g, and
Let a, b be objects ofB. Supposeha, hi & ;. Let f be a morphism
from a to b. Then there exist objectsc, d of A and there exists
a morphism g from c to d such that a =F (c) and b = F (d) and
hc,dié=; and f = C(c,d, g).

The schemeCatlsomorphism deals with categoriesA, B, a unary functor F

yielding a set, and a ternary functor G yielding a set, and states that:
A and B are isomorphic

provided the parameters meet the following requirements:
There exists a covariant functor F from A to B such that

(i) for every object a of A holds F(a) = F (a), and

(i)  for all objects a, b of A such that ha, hi & ; and for every
morphism f from a to b holds F (f) = G(a, b, f),
For all objects a, b of A such that F (a) = F (b) holdsa = b,
For all objects a, b of A such that ha, bi &= ; and for all morphisms
f, g from a to b such that G(a, b, f) = G(a, b, g) holds f = ¢, and
Let a, b be objects ofB. Supposela, bi & ;. Let f be a morphism
from a to b. Then there exist objectsc, d of A and there exists
a morphism g from c to d such that a = F (c) and b = F (d) and
hc,di & ; and f = G(c, d, 9).

The schemeContraBijectiveSch deals with categoriesA, B, a contravariant
functor Cfrom A to B, a unary functor F yielding a set, and a ternary functor
Cyielding a set, and states that:

C s bijective
provided the following conditions are met:
For every object a of A holds C(a) = F (a),
For all objects a, b of A such that ha, bi 6= ; and for every mor-
phism f from a to b holds C(f) = C(a, b, T),
For all objects a, b of A such that F (a) = F (b) holdsa = b,
For all objects a, b of A such that ha, bi &= ; and for all morphisms
T, g from a to b such that C(a, b, f) = C(a, b, g) holds f =g, and
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Let a, b be objects ofB. Supposelg, bi & ;. Let f be a morphism
from a to b. Then there exist objectsc, d of A and there exists
a morphism g from c to d such that b = F (¢) and a = F (d) and
kc,di & ; and f = C(c, d, g).
The schemeCatAntilsomorphism deals with categoriesA, B, a unary functor
F yielding a set, and a ternary functor G yielding a set, and states that:
A, B are anti-isomorphic
provided the parameters meet the following conditions:
There exists a contravariant functor F from A to B such that
(i) for every object a of A holds F(a) = F (a), and
(i) for all objects a, b of A such that ha, bi & ; and for every
morphism f from a to b holds F (F) = G(a, b, ),
For all objects a, b of A such that F (a) = F (b) holdsa = b,
For all objects a, b of A such that ha, bi & ; and for all morphisms
f, g from a to b such that G(a, b, f) = G(a, b, g) holds f =g, and
Let a, b be objects ofB. Supposelg, bi & ;. Let f be a morphism
from a to b. Then there exist objectsc, d of A and there exists
a morphism g from c to d such that b = F (¢) and a = F (d) and
kc,di & ; and f = G(c, d, 9).
Let A, B be categories. We say thatA and B are equivalent if and only if
the condition (Def. 2) is satis ed.

(Def. 2) There exists a covariant functor F from A to B and there exists a co-
variant functor G from B to A such that G F and ida are naturally
equivalent and F G and idg are naturally equivalent.

Let us notice that the predicate A and B are equivalent is re exive and sym-
metric.
The following propositions are true:

(3) Let A, B, C be non empty re exive graphs, F1, F, be feasible functor
structures from A to B, and G1, G, be functor structures from B to C.
Suppose that

(i) the functor structure of F; = the functor structure of F», and

(ii)  the functor structure of G; = the functor structure of G,.
Then G]_ F= Gz Fs.

(4) Let A, B, C be categories. Suppos@& and B are equivalent andB and
C are equivalent. Then A and C are equivalent.

(5) For all categories A, B such that A and B are isomorphic holdsA and
B are equivalent.

Now we present two schemes. The schemdatTransLambda deals with ca-
tegories A, B, covariant functors C, D from A to B, and a unary functor F
yielding a set, and states that:
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There exists a natural transformation t from Cto D such that C
is naturally transformable to D and for every objecta of A holds
tla] = F (a)

provided the parameters have the following properties:
For every object a of A holds F (a) 2 h((a), D(a)i, and
Let a, b be objects ofA. Supposeta, bi 6= ;. Let f be a morphism
from a to b and g1 be a morphism from C(a) to D(a). Suppose
g1 = F (). Let g2 be a morphism fromC(b) to D(b). If g, = F (b),
then g, C(f) =D(f) 9.
The schemeNatEquivalenceLambdadeals with categoriesA, B, covariant
functors C, D from A to B, and a unary functor F vyielding a set, and states
that:
There exists a natural equivalencet of Cand D such that Cand D
are naturally equivalent and for every objecta of A holds t[a] =
F(a)

provided the following conditions are satis ed:
Let abe an object ofA. Then F (a) 2 h(a), D(a)i and hD(a), C(a)i &
; and for every morphismf from C(a) to D(a) such that f = F (a)
holds f is iso, and
Let a, b be objects ofA. Supposeha, hi 6= ;. Let f be a morphism
from a to b and g1 be a morphism from C(a) to D(a). Suppose
g1 = F (a). Let g2 be a morphism fromC(b) to D(b). If g, = F (b),
then g, C(f) = D(f) 0.

3. Dual Categories

Let C1, C, be non empty category structures. We say thatC, and C, are
opposite if and only if the conditions (Def. 3) are satis ed.
(Def. 3)(i) The carrier of C, = the carrier of Cq,
(i) the arrows of C, = x (the arrows of C;), and
(i) for all objects a, b, ¢ of C; and for all objects a% b° c® of C, such
that a® = a and b® = b and c® = ¢ holds (the composition of C,)(a’ b°,
¢9) = x (the composition of C1)(c, b, a).
Let us note that the predicate C; and C, are opposite is symmetric.
Next we state several propositions:
(6) For all non empty category structures A, B such that A and B are
opposite holds every object ofA is an object of B.
(7) Let A, B be non empty category structures. Supposéd and B are op-
posite. Let a, b be objects of A and a° b° be objects ofB. If a®= a and
bO=b, then ha,bi = r°al.
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(8) Let A, B be non empty category structures. SupposeéA and B are op-
posite. Let a, b be objects of A and a% b° be objects ofB. If a®= a and
bO= b, then every morphism froma to b is a morphism from b°to a°

(9) Let Cq, C2 be non empty transitive category structures. Then C; and
C, are opposite if and only if the following conditions are satis ed:

() the carrier of C, = the carrier of C4, and

(i) for all objects a, b, ¢ of C; and for all objects a° b° c® of C, such that
a®=aand h®=b and c®= ¢ holds ha,bi = % a% and if ha,bi & ; and
hb, ci &= ; , then for every morphismf from a to b and for every morphismg
from b to ¢ and for every morphismf°from b°to a®and for every morphism
g°from c%to b®such that f°= f and g°= g holds f° g°=g f.

(10) Let A, B be categories. Supposé& and B are opposite. Leta be an
object of A and b be an object of B. If a = b, then id, = idy,.

(11) Let C be a transitive non empty category structure. Then there exists a
strict transitive non empty category structure C°such that C and C%are
opposite.

(12) Let A, B be transitive hon empty category structures. SupposeA and
B are opposite. If A is associative, thenB is associative.

(13) For all transitive non empty category structures A, B such that A and
B are opposite holds ifA has units, then B has units.

(14) Let C, Cq, Cy be non empty category structures. Suppos€ and C; are
opposite. ThenC and C, are opposite if and only if the category structure
of C; = the category structure of C.

Let C be a transitive non empty category structure. The functor C°P yields

a strict transitive non empty category structure and is de ned as follows:
(Def. 4) C and C°P are opposite.

Let C be an associative transitive non empty category structure. One can
check that C°P is associative.

Let C be a transitive non empty category structure with units. One can
verify that C°P has units.

Let A, B be categories. Let us assume thatA and B are opposite. The
dualizing functor from A into B is a contravariant strict functor from A to B
and is de ned by the conditions (Def. 5).

(Def. 5)(i) For every object a of A holds (the dualizing functor from A into
B)(a) = a, and
(i) for all objects a, b of A such that ha, bi 6= ; and for every morphism f
from a to b holds (the dualizing functor from A into B)(f) = f.
Next we state two propositions:
(15) Let A, B be categories. Supposé& and B are opposite. Then (the duali-
zing functor from A into B) (the dualizing functor from B into A) = idg.
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(16) Let A, B be categories. Supposé and B are opposite. Then the duali-
zing functor from A into B is bijective.

Let A be a category. One can verify that the dualizing functor from A into
A°P is bijective and the dualizing functor from A°P into A is bijective.
Next we state a number of propositions:

(17) For all categoriesA, B such that A and B are opposite holdsA, B are
anti-isomorphic.

(18) Let A, B, C be categories. Supposé& and B are opposite. ThenA and
C are isomorphic if and only if B, C are anti-isomorphic.

(19) Let A, B, C, D be categories. Suppos@ and B are opposite andC and
D are opposite. If A and C are isomorphic, thenB and D are isomorphic.

(20) Let A, B, C, D be categories. Suppos@& and B are opposite andC and
D are opposite. IfA, C are anti-isomorphic, then B, D are anti-isomorphic.

(21) Let A, B be categories. SupposA and B are opposite. Leta, b be objects
of A. Supposeha, bi 6= ; and hb, ai & ;. Let a® b®be objects ofB. Suppose
a%=aand b®=b. Let f be a morphism froma to b and f%be a morphism
from b%to a° If 0= f, then f is retraction i f%is coretraction.

(22) Let A, B be categories. SupposA and B are opposite. Leta, b be objects
of A. Supposeha, bi 6= ; and hb, ai & ;. Let a® b®be objects ofB. Suppose
a’=a and b®=b. Let f be a morphism froma to b and f%be a morphism
from b%to a° If 0= f, then f is coretraction i fCis retraction.

(23) Let A, B be categories. Supposéd and B are opposite. Leta, b be
objects of A. Supposeha, bi 6= ; and b, ai 6= ;. Let a° b®be objects ofB.
Supposea® = a and b®= b. Let ¥ be a morphism froma to b and f° be
a morphism from b%to a° If = f and f is retraction and coretraction,
then fO 1 =F 1,

(24) Let A, B be categories. Supposé and B are opposite. Leta, b be
objects of A. Supposeha, bi 6= ; and b, ai 6= ;. Let a° b®be objects of B.
Supposea®= a and b°=b. Let f be a morphism froma to b and fbe a
morphism from b°to aC If fO= f, then fisisoi fCis iso.

(25) Let A, B, C, D be categories. Supposé& and B are opposite andC and
D are opposite. LetF, G be covariant functors from B to C. SupposeF
and G are naturally equivalent. Then (the dualizing functor from C into
D) G the dualizing functor from A into B and (the dualizing functor
from C into D) F the dualizing functor from A into B are naturally
equivalent.

(26) Let A, B, C, D be categories. Suppos@ and B are opposite andC and
D are opposite. If A and C are equivalent, then B and D are equivalent.

Let A, B be categories. We say thatA and B are dual if and only if:
(Def. 6) A and B°P are equivalent.
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Let us note that the predicate A and B are dual is symmetric.
We now state four propositions:

(27) For all categoriesA, B such that A, B are anti-isomorphic holds A and
B are dual.

(28) Let A, B, C be categories. Supposé@ and B are opposite. ThenA and
C are equivalent if and only if B and C are dual.

(29) For all categoriesA, B, C such that A and B are dual andB and C are
equivalent holds A and C are dual.

(30) For all categoriesA, B, C such that A and B are dual andB and C are
dual holds A and C are equivalent.

4. Concrete Categories

The following proposition is true
(31) ForallsetsX,Y,xholdsx2 Y* i xis a function and my(x) = X and
m(X) Y.
Let C be a 1-sorted structure. A many sorted set indexed byC is a many
sorted set indexed by the carrier ofC.
Let C be a category. We say thatC is para-functional if and only if:

(Def. 7) There exists a many sorted set~ indexed by C such that for all objects
a1, ap of C holds hag,api  F(ap)™ (1),
Let us note that every category which is quasi-functional is also para-functional.
Let C be a category and leta be a set.C-carrier of a is de ned as follows:

(Def. 8)(i) There exists an object b of C such that b = a and C-carrier of a =
my (idy) if a is an object of C,
(i)  C-carrier of a =, otherwise.
Let C be a category and leta be an object of C. Then C-carrier of a can be
characterized by the condition:
(Def. 9) C-carrier of a = m(idy).
We introduce the carrier of a as a synonym ofC-carrier of a.
We now state two propositions:

(32) For every non empty set A and for every object a of Ensy holds the
identity morphism of a = the identity function on a.

(33) For every non empty set A and for every object a of Ensy holds the
carrier of a = a.

Let C be a category. We say thatC is set-id-inheriting if and only if:
(Def. 10) For every objecta of C holds idy = idihe carrier of a-
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Let A be a non empty set. Observe that Eng is set-id-inheriting.
Let C be a category. We say thatC is concrete if and only if:
(Def. 11) C is para-functional, semi-functional, and set-id-inheriting.

One can verify that every category which is concrete is also para-functional,
semi-functional, and set-id-inheriting and every category which is para-functional,
semi-functional, and set-id-inheriting is also concrete.

Let us mention that there exists a category which is concrete, quasi-functional,
and strict.

The following propositions are true:

(34) Let C be a category. ThenC is para-functional if and only if for all
objects a1, a, of C holds hay,ayi  (the carrier of ay)the carier of ai

(35) Let C be a para-functional category anda, b be objects ofC. Suppose
ha, bi & ;. Then every morphism froma to b is a function from the carrier
of a into the carrier of b.

Let A be a para-functional category and leta, b be objects of A. One can
verify that every morphism from a to b is function-like and relation-like.

We now state four propositions:

(36) Let C be a para-functional category anda, b be objects ofC. Suppose
ha, bi & ;. Let ¥ be a morphism froma to b. Then domf = the carrier of
aand rngf the carrier of b.

(37) For every para-functional semi-functional categoryC and for every ob-
ject a of C holds the carrier ofa = dom(id,).

(38) Let C be a para-functional semi-functional category andh, b, ¢ be objects
of C. Supposeha, bi 6= ; and hb,ci 6 ;. Let T be a morphism froma to b
and g be a morphism fromb to c. Then g f = (g qua function) (f qua
function).

(39) Let C be a para-functional semi-functional category anda be an object
of C. If idthe carrier of a 2 ha, ai, then idy = idthe carrier of a-

Now we present several schemes. The scher@encreteCategoryLambdadeals
with a non empty set A, a binary functor F yielding a set, and a unary functor
Gyielding a set, and states that:

There exists a concrete strict categoryC such that
(i) the carrier of C = A,
(ii) for every object a of C holds the carrier ofa = G(a), and
(i)  for all objects a, b of C holds ha,bi = F (a,b)
provided the following requirements are met:
For all elementsa, b, ¢ of A and for all functions f, g such that
f2F (a,b)andg2F (b,c) holdsg f2F (a,c),
For all elementsa, b of A holds F (a,h) G (b)®®, and
For every elementa of A holds idgy) 2 F (a, a).
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The schemeConcreteCategoryQuasiLambdadeals with a non empty setA,
a unary functor F yielding a set, and a ternary predicateP, and states that:
There exists a concrete strict categoryC such that
(i) the carrier of C = A,
(i) for every object a of C holds the carrier ofa = F (a), and
(i)  for all elements a, b of A and for every function f holds
f 2 (the arrows of C)(a, b) i f2F (b)F@® and PJa,b, f]
provided the parameters satisfy the following conditions:
For all elements a, b, ¢c of A and for all functions f, g such that
Pla,b,f] and P[b,c,g] holds P[a,c,g f], and
For every elementa of A holds P[a, a, idg (a)]-
The schemeConcreteCategoryExdeals with a non empty setA, a unary
functor F yielding a set, a binary predicate P, and a ternary predicate Q, and
states that:
There exists a concrete strict categoryC such that
(i) the carrier of C = A,
(i)  for every object a of C and for every setx holds x 2 the
carrierofai x2F (a) and P[a, x], and
(i)  for all elements a, b of A and for every function f holds
f 2 (the arrows of C)(a, b) i F 2 (C-carrier of h)C-carier of a gnq
Q[a, b, ]

provided the following requirements are met:
For all elementsa, b, ¢ of A and for all functions f, g such that
Qla, b, f] and QIb, ¢, g] holds Q[a,c,g f], and
Let a be an element ofA and X be a set. If for every setx holds
x2 Xi x2F (a)andP]Ja,x], then Q[a,a,idx ].

The schemeConcreteCategoryUnigldeals with a non empty setA and a
binary functor F yielding a set, and states that:

Let C1, C, be para-functional semi-functional categories. Suppose
that
(i) the carrier of C; = A,
(i) for all objects a, b of C; holds ha,bi = F (a,b),
(iii)  the carrier of C; = A, and
(iv) for all objects a, b of C, holds ha, bi = F (a, b).
Then the category structure of C; = the category structure of
Co
for all values of the parameters.

The schemeConcreteCategoryUnig2deals with a non empty setA, a unary
functor F yielding a set, and a ternary predicateP, and states that:

Let C1, C, be para-functional semi-functional categories. Suppose
that
(i) the carrier of C; = A,
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(i) for all elements a, b of A and for every function f holds
f 2 (the arrows of C1)(a, b) i f 2 F (b)F ® and PJa, b, f],
(i)  the carrier of C; = A, and
(iv) for all elements a, b of A and for every function f holds
f 2 (the arrows of Cy)(a, b) i F2F (b)F® and P[a, b, f].

Then the category structure of C; = the category structure of
C

for all values of the parameters.

The schemeConcreteCategoryUnig3deals with a non empty setA, a unary
functor F yielding a set, a binary predicate P, and a ternary predicate Q, and
states that:

Let C1, C, be para-functional semi-functional categories. Suppose
that

(i) the carrier of C1 = A,

(i) for every object a of C; and for every setx holds x 2 the
carrierofai x2F (a) and P[a, X],
(i)  for all elements a, b of A and for every function f holds
f 2 (the arrows of C1)(a, b) i f 2 (C;-carrier of h)Ca-carier of a
and Q[a, b, f],
(iv) the carrier of C, = A,

(v) for every object a of C, and for every setx holds x 2 the
carrierofai x2F (a) and P[a, x], and
(vi) for all elements a, b of A and for every function f holds
f 2 (the arrows of Cy)(a, b) i F 2 (C,-carrier of h)Cz-carier of a
and QJa, b, f].
Then the category structure of C; = the category structure of
Co
for all values of the parameters.

5. Equivalence Between Concrete Categories

One can prove the following propositions:

(40) Let C be a concrete category andh, b be objects ofC. Supposeha, bi & ;
and hb,ai & ;. Let T be a morphism froma to b. If f is retraction, then
rng f = the carrier of b.

(41) Let C be a concrete category andh, b be objects ofC. Supposeha, bi 6= ;

and hv, ai & ;. Let f be a morphism froma to b. If  is coretraction, then
T is one-to-one.
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(42) Let C be a concrete category andh, b be objects ofC. Supposeha, hi 6= ;
and b, ai & ;. Let f be a morphism froma to b. If f is iso, thenf is one-
to-one and rngf = the carrier of b.

(43) Let C be a para-functional semi-functional category anda, b be objects
of C. Supposem, bi & ;. Let f be a morphism fromato b. If f is one-to-one
and (f qua function) ! 2 hb,ai, then f is iso.

(44) Let C be a concrete category andh, b be objects ofC. Supposeta, hi 6= ;
and hh,ai & ;. Let f be a morphism froma to b. If f is iso, thenf 1=
(f qua function) 1.

The schemeConcreteCatEquivalencealeals with para-functional semi-functional
categoriesA, B, two unary functors F and G yielding sets, two ternary functors
H and | yielding functions, and two unary functors A and B yielding functions,
and states that:

A and B are equivalent
provided the following conditions are met:

There exists a covariant functor F from A to B such that

(i) for every object a of A holds F(a) = F (a), and

(i) for all objects a, b of A such that ha, bi 6 ; and for every
morphism f from a to b holds F (f) = H(a, b, T),
There exists a covariant functor G from B to A such that

(i) for every object a of B holds G(a) = G(a), and

(i) for all objects a, b of B such that ha, bi 6= ; and for every
morphism f from a to b holds G(f) =1 (a, b, ),
For all objects a, b of A such that a = G(F (b)) holds A (b) 2 ha, bi
and A(b) ! 2hb,ai and A(b) is one-to-one,
For all objects a, b of B such that b = F (G(a)) holds B(a) 2 ha, bi
and B(a) ! 2 hb,ai and B(a) is one-to-one,
For all objects a, b of A such that ha,bi & ; and for every
morphism f from a to b holds A(b) | (F(a),F (b),H(a,b,f)) =
f A(a), and
For all objects a, b of B such that ha,bi & ; and for every mor-
phism f from a to b holds H (G(a), G(b), | (a,b, )) B(a) = B(b) f.

6. Concretization of Categories

Let C be a category. The concretizedC is a concrete strict category and is
de ned by the conditions (Def. 12).
(Def. 12)(i) The carrier of the concretized C = the carrier of C,
(i)  for every object a of the concretizedC and for every setx holds x 2 the
carrier of ai x 2 Uniondisjoint (the arrows of C) and a = x2.2, and
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(i)  for all elements a, b of the carrier of C and for every function f holds f 2
(the arrows of the concretizedC)(a, b) i f 2 ((the concretized C)-carrier
of ) (the concretized C)-carrier of a gnd there exist objectsfy, f, of C and there
exists a morphismg from f; to f, such that f; = a and f, = b and
hfy, f2i = ; and for every objecto of C such that ho, f1i 6= ; and for every
morphism h from o to f; holds f(tin, o, fiii ) =ty h, Ho, Fii .

One can prove the following proposition

(45) Let A be a category,a be an object of A, and x be a set. Thenx 2
(the concretized A)-carrier of a if and only if there exists an objectb of A
and there exists a morphismf from b to a such that hv, ai & ; and x = Hf,
tio, aui .

Let A be a category and leta be an object ofA. Observe that (the concretized
A)-carrier of a is non empty.
One can prove the following two propositions:

(46) Let A be a category anda, b be objects of A. Supposeha, bi 6= ;. Let
f be a morphism froma to b. Then there exists a function F from (the
concretized A)-carrier of a into (the concretized A)-carrier of b such that

() F 2 (the arrows of the concretizedA)(a, b), and
(i) for every object c of A and for every morphismg from c to a such that
hc, ai 6= ; holds F (i, He, aii ) = Wf g, He, bi .
(47) Let A be a category anda, b be objects of A. Supposeha, bi 6= ;. Let
F1, F> be functions. Suppose that
() F1 2 (the arrows of the concretizedA)(a, b),
(i) F2 2 (the arrows of the concretizedA)(a, b), and
(i)  Fyo(hidy, ta, aii ) = Fy(hidy, e, ail ).
Then F; = Fs.
The schemeNonUnigMSFunctionEx deals with a setA, many sorted setsB,
Cindexed by A, and a ternary predicate P, and states that:
There exists a many sorted functionF from B into C such that
for all setsi, x if i 2 A and x 2 B(i), then F(i)(x) 2 C(i) and
P, x, F(i)(X)]
provided the following condition is met:
For all sets i, x such that i 2 A and x 2 B (i) there exists a sety
such that y 2 C(i) and P[i, X, y].
Let A be a category. The concretization ofA is a covariant strict functor
from A to the concretized A and is de ned by the conditions (Def. 13).

(Def. 13)(I) For every object a of A holds (the concretization of A)(a) = a, and
(i) for all objects a, b of A such that ha, bi 6= ; and for every morphism f
from a to b holds (the concretization of A)(f)(lnd,, Ha, aii ) = Wf, Ha, bii .

Let A be a category. One can check that the concretization oA is bijective.
The following proposition is true
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(48) For every category A holds A and the concretized A are isomorphic.

(1]

(2]
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