FORMALIZED MATHEMATICS
Volume 4, Number 1, 1993
Université Catholique de Louvain

Free Universal Algebra Construction

" Beata Perkowska
Warsaw University
Bialystok

Summary. A construction of the free universal algebra with fixed
signature and a given set of generators.

MML Identifier: FREEALG.

The articles [17], [19], [20], [9], [13], [10], [11], (5], [16], [8], [18], 1], (3], [4], [2],
[15], [7], [12], [6], and [14] provide the terminology and notation for this paper.

1. PRELIMINARIES

In the sequel z is arbitrary and n denotes a natural number.
Let D be a non empty set and let X be a set. Then D U X is a non empty
set. '
A set is missing N if:
(Def.l) It NN = 0.

One can check that there exists a set which is non empty and missing N .
A finite sequence has zero if:
(Def.2) 0 € mngit.

Let us observe that there exists a finite sequence of elements of N which is
non empty and has zero and there exists a finite sequence of elements of N which
is non empty and without zero.

Let f be a non empty finite sequence. Then dom f is a non empty set.

Let X be a set, let D be a non empty set, let f be a partial function from X
to D, and'let z be arbitrary. Let us assume that z € dom f. The functor T f
yxelds an element of D and is defined as fol]ows

(Def.3) 7w.f = f(z).
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2. FREE UNIVERSAL ALGEBRA - GENERAL NOTIONS

Let U; be a universal algebra and let n be a natural number. Let us assume
that n € dom Opers Uy. The functor oper(n,U1) yielding a operation of Uy is
defined as follows: '

Vb . (Def.4) oper(n,U;) = (Opers Uy)(n).
e Let Up be a universal algebra. A subset of Up is called a generator set of U
SV i o

(Def.5) The carrier of GenU2(it) = the carrier of Up.
Let Uy be a universal algebra. A generator set of Up is free if satisfies the
condition (Def.6).

B (Def.6) Let Uy be a universal algebra. Suppose Up and U, are similar. Let f

be a function from it into the carrier of U;. Then there exists a function
h from Up into U; such that h is a homomorphism of Up into Uy and
hlit = f. :

A universal algebra is free if:

(Def.7)  There exists generator set of it which is free.
Let us observe that there exists a universal algebra which is free and strict.
Let Up be a free universal algebra. Observe that there exists a generator set
of Up which is free.

One can prove the following proposition , :

(1) Let Up be a strict universal algebra and let A be a subset of Up. Then
A is a generator set of Up if and only if Gen"*(4) = Uo.

3. CONSTRUCTION OF DECORATED TREE STRUCTURE FOR FREE
‘ UNIVERSAL ALGEBRA

Let f be a non empty finite sequence of elements of N and let X be a set.
The functor REL(f, X) yielding a relation between dom fUX and (dom fU X)*
is defined by: ‘ i B

(Def.8) For every element a of domf U X and for every element b of
(dom f U X)* holds {a, b) € REL(f, X) iff a € dom f and f(a) =lenbd.

Let f be a non‘empty finite sequence of elements of N and let X be a set.
The functor DTConUA(f, X) yields a strict tree construction structure and is
defined as follows:

(Def.9) DTConUA(f, X) = (dom f U X, REL(f, X)).
“Next we state two propositions:
(2) Let f be a non empty finite sequence of elements of N and let X be a
set. Then the terminals of DTConUA(f,X) C X and the nonterminals
of DTConUA(f, X) = dom f. : ‘
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(3) Let f be a non empty finite sequence of elements of N and let X be a
‘missing N set. Then the terminals of DTConUA(f,X) =X '

Let f be a non empty finite sequence of elements of N and let X be a set.
Then DTConUA(f, X) is a strict tree construction structure with nonterminals.

Let f be a non empty finite sequence of elements of N with zero and let
X be a set. Then DTConUA(f, X) is a strict tree construction structure Wlth
nonterminals and useful nonterminals.

Let f be a non empty finite sequence of elements of N and let D be a missing
N non empty set. Then DTConUA(f, D) is a strict tree construction structure
with terminals, nonterminals, and useful nonterminals.

Let f be a non empty finite sequence of elements of N, let X be a set, and let
n be a natural number. Let us assume that » € dom f. The functor Sym(=, f, X)
yielding a symbol of DTConUA(f, X) is defined by:

(Def.10) ~ Sym(n, f,X)=n.

4. CONSTRUCTION OF FREE UNIVERSAL ALGEBRA FOR NON-EMPTY SET OF
GENERATORS AND GIVEN SIGNATURE

Let f be a non empty finite sequence of elements of N, let D be a missing N
non empty set, and let » be a natural number. Let us assume that n € dom f.
The functor FreeOpNSG(n, f, D) yields a homogeneous quasi total non empty
partial function from TS(DTConUA(f, D))* to TS(DTConUA(f, D)) and is de-
fined by the conditions (Def.11).

(Def11) (i) dom FreeOpNSG(n, f,D) = TS(DTConUA(f, )™, and
(ii)  for every finite sequence p of elements of TS(DTConUA(f, D)) such
that p € dom FreeOpNSG(n, f, D) holds (FreeOpNSG(z, f, D))(p) =
(Sym(n, f, D))-tree(p).
Let f be a non empty finite sequence of elements of N and let D be a missing
N non empty set. The functor FreeOpSeqNSG( f, D) yleldmg»avﬁmte sequence of
elements of TS(DTConUA(f, D))* TS(DTConUA(f, D)) is defined as follows:

(Def.12)  len FreeOpSeqNSG(f,D) = lenf and for every n such that
n € dom FreeOpSeqNSG(f, D) holds (FreeOpSeqNSG(f,D))(n) =
FreeOpNSG(n, f, D).

Let f be a non empty finite sequence of elements of N and let D be a missing
M non empty set. The functor FreeUvalgNSG( f, D) yields a strict universal
algebra and is defined as follows:

(Def.13)  FreeUnivAlgNSG(f, D) = (TS(DTConUA(f, D)) FreeOpSeqNSG(f, D))

One can prove the following proposition

(4) For every non empty finite sequence f of elements of N and for every
missing N non empty set D holds signature FreeUnivAlgNSG(f, D) =
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Let f be a non empty finite sequence of elements of N and let D be a non
empty missing N set. The functor FreeGenSetNSG(f, D) yielding a subset of
; FreeUnivAlgNSG(f, D) is defined by:
(Def.14)  FreeGenSetNSG(f, D) = {the root tree of s: s ranges over symbols of
DTConUA(f, D), s € the terminals of DTConUA(f, D)}.
One can prove the following proposition

(5) Let f be a non empty finite sequence of elements of N and let D be a ,
non empty missing N set. Then FreeGenSetNSG(f, D) is non empty.

Let f be a non empty finite sequence of elements of N and let D be a
non empty missing N set. Then FreeGenSetNSG(f, D) is a generator set of
FreeUnivAlgNSG(f, D).

Let f be a non empty finite sequence of elements of N, let D be a non empty
missing N set, let C be a non empty set, let s be a symbol of DTConUA(f, D),
and let F be a function from FreeGenSetNSG(f, D) into C. Let us assume that
s € the terminals of DTConUA(f, D). The functor 7, F yielding an element of
C is defined as follows:

" "(Def.15) w,F = F(the root tree of s).

. Let f be a non empty finite sequence of elements of N, let D be a non empty
missing N set, and let s be a symbol of DTConUA(f, D). Let us assume that
there exists a finite sequence p such that s = p. The functor @5 yielding a
natural number is defined by:

(Def.16) s =s.
Next we state the proposition

(6) For every non empty finite sequence f of elements of N and for every
non empty missing N set D holds FreeGenSetNSG(f, D) is free.

Let f be a non empty finite sequence of elements of N and let D be a non
empty missing N set.” Then FreeUnivAlgNSG(f, D) is a strict free universal
‘algebra. B '

Let f be a non empty finite sequence of elements of N and let D be a non

. empty missing N'set. Then FreeGenSetNSG(f, D) is a free generator set of
FreeUnivAlgNSG(f, D).

5. CONSTRUCTION OF FREE UNIVERSAL ALGEBRA AND SET OF
' GENERATORS

[

Let f be a non empty finite sequence of elemenfs ofN with zero, let D be a

missing N set, and let n be a natural number. Let us assume that n € dom f. The

" functor FreeOpZAO(n, f, D) yields a homogeneous quasi total non empty partial

function from TS(DTConUA(f, D))* to TS(DTConUA(f, D)) and is defined by
the conditions (Def.17). o

(Def.17) (i) dom FreeOpZAO(n, f, D) = TS(DTConUA(f, D))™1, and
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(i) for every finite sequence p of elements of TS(DTConUA(f, D)) such
that p € dom FreeOpZAO(n, f, D) holds (FreeOpZAO(=n, f, D))(p) =
(Sym(n, f, D))-tree(p).

Let f be a non empty finite sequence of elements of N with zero and let D

be a missing N set. The functor FreeOpSeqZAO(f, D) yields a finite sequence
of elements of TS(DTConUA(f, D))*~ TS(DTConUA(f, D)) and is defined by:

(Def.18)  len FreeOpSeqZAO(f,D) = lenf and for every n such that
n € domFreeOpSeqZAO(f, D) holds (FreeOpSeqZAO(f,D))(n) =
FreeOpZAO(n, f, D).

Let f be a non empty finite sequence of elements of N with zero and let D be
a missing N set. The functor FreeUnivAlgZAO( f, D) yielding a strict universal
algebra is defined by:

(Def.19)  FreeUnivAlgZAO(f, D) = (TS(DTConUA(f, D)), FreeOpSeqZAO(f, D))
We now state three propositions:

(7) For every non empty finite sequence f of elements of N with zero and
for every missing N set D holds signature FreeUnivAlgZAO(f, D) = f
(8) Let f be anon empty finite sequence of elements of N with zero and let
D be a missing N set. Then FreeUnivAlgZAO(f, D) has constants.
(9) For every non empty finite sequence f of elements of N with zero and
~ for every missing N set D holds Constants(FreeUnivAlgZAO(f, D)) # 0.
Let f be a non empty finite sequence of elements of N with zero and let
D be a missing N set. The functor FreeGenSetZAO(f, D) yielding a subset of
FreeUnivAlgZAO(f, D) is defined as follows:

(Def.20)  FreeGenSetZAO(f, D) = {the root tree of s: s ranges over symbols of
DTConUA(f, D), s € the terminals of DTConUA(f, D)}.

Let f be a non empty finite sequence of elements of N with zero and
let D be a missing N set. Then FreeGenSetZAO(f,D) is a generator set of
FreeUnivAlgZAO(f, D).

Let f be a non empty finite sequence of elements of N with zero, let D be a
missing N set, let C' be a non empty set, let s be a symbol of DTConUA(f, D),
and let F be a function from FreeGenSetZAO( f, D) into C. Let us assume that
s € the terminals of DTConUA( f, D). The functor 7, F yields an element of C
and is defined by: }

(Def.21) 7, F = F(the root tree of s).

Let f be a non empty finite sequence of elements of N w1th zero, let D be a
missing N set, and let s be a symbol of DTConUA(f, D). Let us assume that
there exists a ﬁnite sequence p such that s = p. The functor @s yields a natural
number and is defined by:

(Def.22) ©s=s.
The following proposition is true

(10) For every non empty finite sequence f of elements of N with zero and
for every missing N set D holds FreeGenSetZAO(f, D) is free.
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Let f be a non empty finite sequence of elements of N with zero and let D be
a missing N set. Then FreeUnivAlgZAO(f, D) is a strict free universal algebra.
Let f be a non empty finite sequence of elements of N with zero and let
D be a missing N set. Then FreeGenSetZAO(f, D) is a free generator set of
FreeUnivAlgZAO(f, D).
One can verify that there exists a universal algebra which is strict and free
" and has constants.
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