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Summary. In the chapter IT.4 of his book [17] A.Mostowski intro-
duces what he calls fundamental operations:

Alga 23:{{@ ), (Lyyt:x€eyhz€any€al,
Aa(a,b) = Ja

(a,b)Z{{< )} o€ any € b),

As(a,b) ={zUy:z €any € b},

Ags(a,b) ={z\y:xz €anyE b},

Ar(a,b) ={zoy:x Canycb}

He proves that if a non-void class is closed under these operations then it
is predicatively closed. Then he formulates sufficient criteria for a class
to be a model of ZF set theory (theorem 4.12).

The article includes the translation of this part of Mostowski’s book.
The fundamental operations are defined (to be precise, not these opera-
tions, but the notions of closure of a class with respect to them). Some
properties of classes closed under these operations are proved. At last it
is proved that if a non-void class X is closed under the operations A; — Az
then Dg(a) € X for every a in X and every H being formula of ZF lan-
guage (Dm(a) consists of all finite sequences with terms belonging to a
which satisfy H in a).

MML Identifier: ZF_FUND1.

The articles [20], [12], [7], [10], [4], [11], [13], [18], [2], [1], [24], [19], [8], [5], [9],
6], [16], [21], [14], [22], [15], [3], and [23] provide the notation and terminology
for this paper. For simplicity we follow the rules: V will be a universal class, a,
b, z, y will be elements of V', X will be a subclass of V', o, p, q, r, s, t, u will
be arbitrary, A, B will be sets, n will be an element of w, f; will be a finite
subset of w, F will be a non-empty set, f will be a function from VAR into E,
k will be a natural number, v, vo will be elements of VAR, and H, H' will be
ZF-formulae. Let us consider A, B. The functor AB yielding a set is defined as
follows:
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(Def.1) p € AB if and only if there exist ¢, r, s such that p = (g,s) and
(¢,7) € A and (r,s) € B.
Let us consider V, z, y. Then zy is an element of V.
The function decode from w into VAR is defined by:
(Def.2)  for every p such that p € w holds decode(p) = Zcard p-
Let us consider v1. The functor "'z yielding a natural number is defined by:
(Def.3)  xviy = 0.
Let A be a finite subset of VAR. The functor code(A) yielding a finite subset
of w is defined as follows:
(Def.4)  code(A) = (decode™!)° A.
Let us consider H. Then Free H is a finite subset of VAR.

Let us consider v1. Then {v;} is a finite subset of VAR. Let us consider vs.
Then {v1,v2} is a finite subset of VAR.

Let us consider H, E. The functor Dg(H) yielding a set is defined by:
(Det.5) p € Dr(H) if and only if there exists f such that p = (f - decode) |
code(Free H) and f € Stg(H).
Let us consider n. Then {n} is a finite subset of w.

We now define several new predicates. Let us consider V', X. We say that
X is closed w.r.t. Al if and only if:

(Def.6)  for every a such that a € X holds {{{Oy,z),{ly,y)} : x € y Az €
aNy€a}leX.

We say that X is closed w.r.t. A2 if and only if:

(Def.7)  for all a, b such that a € X and b € X holds {a,b} € X.
We say that X is closed w.r.t. A3 if and only if:

(Def.8)  for every a such that a € X holds Ja € X.
We say that X is closed w.r.t. A4 if and only if:

(Det.9)  for all a, b such that a € X and b € X holds {{(z,y)} :x € aNny €
b} € X.

We say that X is closed w.r.t. A5 if and only if:
(Def.10)  for all @, b such that a € X and b € X holds {zUy:z € aAy € b} € X.
We say that X is closed w.r.t. A6 if and only if:
(Def.11)  for all a, b such that a € X and b € X holds {z\y:z € aAy € b} € X.
We say that X is closed w.r.t. A7 if and only if:
(Def.12)  for all a, b such that a € X and b€ X holds {zy:x € a Ay € b} € X.
Let us consider V', X. We say that X is closed w.r.t. A1-A7 if and only if:

(Def.13) X is closed w.r.t. Al and X is closed w.r.t. A2 and X is closed w.r.t.
A3 and X is closed w.r.t. A4 and X is closed w.r.t. A5 and X is closed
w.r.t. A6 and X is closed w.r.t. A7.

We now state a number of propositions:
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(1) X CVbutifoe X, then ois an element of V butifo € A and A € X,
then o is an element of V.

(2) If X is closed w.r.t. A1-A7, then o € X if and only if {o} € X but if
A€ X, then A € X.

(3) If X is closed w.r.t. A1-A7, then ) € X and 0 € X.

(4) If X is closed w.r.t. A1-A7 and A € X and B € X, then AUB € X
and A\ Be€ X and AB € X.

(5) If X is closed w.r.t. A1-A7 and A € X and B € X, then AN B € X.
(6) If X is closed w.r.t. A1-A7 and 0 € X and p € X, then {o,p} € X and
(o,p) € X.

(7)  If X is closed w.r.t. A1-A7, then w C X.

(8) If X is closed w.r.t. A1-A7, then w/t C X.

(9) If X is closed w.r.t. A1-A7 and a € X, then a/! € X.

10)

If X is closed w.r.t. A1-A7 and a € w/* and b € X, then {az : x € b} €
X

(11) If X is closed w.r.t. Al1-A7 and n € f; and @ € X and b € X and
bCal', then {z:z € a " AV {(n,u)} Uz b} € X.

(12) If X is closed w.r.t. Al-A7 and n ¢ f; and a € X and b € X and
b Calt, then {{{n,z)}Uy:z€anycb}eX.

(13) If X is closed w.r.t. A1-A7 and B is finite and for every o such that
0 € B holds 0 € X, then B € X.

(14) If X is closed w.r.t. A1-A7 and A C X and y € A1, then y € X.

(15) If X is closed w.r.t. Al-A7 and n ¢ f; and @ € X and a C X and
y € al', then {{{n,z)}Uy:z €a} € X.

(16) Suppose X is closed w.r.t. A1-A7 and n ¢ f; and a € X and a C X
and y € a/t and b C o' and b€ X. Then {z:z € an{{(n,z)} Uy €
b} € X.

(17) If X is closed w.r.t. A1-A7 and a € X, then {{(Ov,z),(1y,x)} : z €
a € X.

(18) If X is closed w.r.t. Al-A7 and F € X, then for all vy, ve holds
De(v1=v2) € X and Dg(vievs) € X.

(19) If X is closed w.r.t. A1-A7 and E € X, then for every H such that
Dr(H) € X holds Dg(—H) € X.

(20) If X is closed w.r.t. A1-A7 and E € X, then for all H, H’ such that
De(H) € X and Dg(H') € X holds Dg(H A H') € X.

(21) If X is closed w.r.t. A1-A7 and E € X, then for all H, v such that

Dp(H) € X holds Dp(V,, H) € X.

(22) If X is closed w.r.t. A1-A7 and FE € X, then Dg(H) € X.

(23) If X is closed w.r.t. A1-A7, then n € X and Oy € X and 1y € X.

(24)

(25)

{{o,p), (v, VY H(p, @)} = {{0,q), {p, 1) }-
If p # r, then {{o0,p), (¢, ") H(p, ), (r, 1)} = {{0,5),{q,t)}.
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[\)
D

ey = k.

code({v1}) = {ord("'x)} and code({v1,v2}) = {ord("*z),ord("2x)}.
dom f = {0, ¢} if and only if graph f = {{o, f(0)), (g, f(a)}}.

dom decode = w and rngdecode = VAR and decode is one-to-one and

decode™! is one-to-one and dom(decode™!) = VAR and rng(decode™!) =
w

(30)  For every finite subset A of VAR holds A ~ code(A).
(31) If A€ w,then A= ord(card A) and A = ord(¥eardAg).
One can prove the following propositions:

(32)  dom((f - decode) | f1) = f1 and rng((f - decode) | f1) C E and (f -
decode) | f; € E/t and dom(f - decode) = w and rng(f - decode) C E.

(33)  decode(ord(“'x)) = v; and decode™!(v;) = ord(“'x) and
(f - decode)(ord("*z)) = f(v1).

(34)  For every finite subset A of VAR holds p € code(A) if and only if there
exists vy such that v; € A and p = ord(" ).

(35)  For all finite subsets A, B of VAR holds code(A U B) = code(A4) U
code(B) and code(A \ B) = code(A) \ code(B).

(36) If vy € Free H, then ((f - decode) | code(Free H))(ord("'x)) = f(v1).

(37)  For all functions f, g from VAR into E such that
(f - decode) | code(Free H) = (g - decode) | code(Free H)
and f € Stg(H) holds g € Stg(H).

(38) If p € Ef1, then there exists f such that p = (f - decode) | fi.
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