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Summary. The purpose of this article is to define projections of ordered pairs,
and to introduce triples and quadruples, and their projections. The theorems in this
paper may be roughly divided into two groups: theorems describing basic properties
of introduced concepts and theorems related to the regularity, analogous to those

proved for ordered pairs by Cz. Byliriski [1]. Cartesian products of subsets are
redefined as subsets of Cartesian products.

The notation and terminology used here are introduced in the following papers: [3], [4],
and [2]. For simplicity we adopt the following convention: v, x, z1, 2, 3, 24, y, y1,
y2, y3, y4, z denote objects of the type Any; X, X1, X2, X3, X4, Y, Y1, Y2 Y3, Y4,
Y5, Z denote objects of the type set. Omne can prove the following propositions:

(1) X # () impliesexY st Y € X & Y misses X,
(2) X #0impliesexY stY € X & forY1st Y1 €Y holds Y1 misses X,

(3) X # () implies
exYstY e X&forY1,Y2stY1€Y2& Y2 €Y holds Y1 misses X,

(4) X # 0 impliesexY stY € X
&forY1,Y2Y3stY1eY2&Y2€Y3&Y3e€Y holds Y1 misses X,

(5) X # () impliesexY st Y € X & forY1,Y2,Y3,Y4
stY1leY2&Y2€Y3&Y3€Y4&Y4e€Y holds Y1 misses X,

(6) X # () impliesexY st Y € X & forY1,Y2,Y3,Y4,Y5 st
Y1eY2&Y2€Y3&Y3e€Y4&Y4eY5&YH5 €Y holds Y1 misses X.

1Supported by RPBP.I11-24.C1.
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We now define two new functors. Let us consider x. Assume there exist x1, 2, of
the type Any such that

x = (zl,22).

The functor

is defined by

x = (yl,y2) implies it = y1.

The functor

is defined by

x = (yl,y2) implies it = y2.
We now state a number of propositions:
(7) (@ y) 1=z (z,y)2 =y,
(8) (exx,y st z = (x,y)) implies (z1,22) = 2,

(9) X #0impliesexvstve X &notexz,yst (zr€ Xorye X) &v=(x,y),

(10) z€[X,Y]impliesz1 € X & z2 €Y,

(11) (exzyst z=(z,y)) &z1 € X & z2 € Y implies z € [ X, Y],
(12) z € [{z},Y] impliesz1 =2 & 22 €Y,

(13) z€[X,{y}]impliesz1 € X & z2 =y,

(14) z € [{z},{y}] implies z1 =z & 22 =y,

(15) z € [{z1,22},Y] implies (z1 =zlor z1 =22) & 22 €Y,
(16) z € [X,{yl,y2}] implies z1 € X & (z2 =yl or z2 = y2),
(17) z € H{xl,22},{y}] implies (z1 =zlorz1 =22) & 22 =y,
(18) z € H{a},{yl,y2}] implies z1 =z & (22 = yl or z2 = y2),
(19) z € H{zl,22} {yly2}

implies (z1 =zl orz1 =122) & (22 =yl or z2 = y2),

(20) (exy,zstx = (y,z)) impliesz #x1 &z # 2.
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In the sequel zz will have the type Element of X; yy will have the type Element

of Y. One can prove the following propositions:

(21) X #0 &Y # 0 implies (xz,yy) € [ X, Y],
(22) X #0 &Y # 0 implies (zz,yy) is Element of [ X, Y],
(23) x € [X,Y] implies © = (x 1 ,x 2),

(24) X # 0 & Y # 0 implies for z being Element of [ X,Y] holds z = (z 1,7 2),

(25) Hel22} {yl,y2} = {{z1,y1),(x1,y2),(x2,y1),(x2,32) },

(26) X#0&Y #0
implies for = being Element of [ X, Y] holdsz # 21 &z £z 2.

Let us consider z1, 22, 3. The functor
(x1,22,23),
is defined by
it = ((z1,22),23).

One can prove the following three propositions:

(27) (x1,22,23) = ((x1,22),23),
(28) (x1,22,23) = (y1,y2,y3) implies z1 = y1 & 22 = y2 & 23 = y3,
(29) X #0

impliesexvst v € X & notexz,y,zst (r € Xory € X) &v={x,y,z2).

Let us consider z1, 22, 3, 4. The functor
(x1,22,23,24),
is defined by
it = ((z1,22,23),24).

The following propositions are true:

(30) (x1,22,23,24) = ((x1,22,23),x4),
(31) (x1,22,23,24) = ({({(x1,22),23),24),
(32) (x1,22,23,24) = ({(x1,22),23,24),
(33) (x1,22,23,24) = (y1,y2,y3,y4)

implies 1 =yl & 22 = y2 & 23 = y3 & x4 = y4,
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(34) X # () implies exv
stve X & notexzl,a2x3.x4 st (21 € X or 22 € X) & v = (x1,22,23,24),

(35) X1#£0& X240& X3#0iff [X1,X2,X3] #0.

In the sequel xx1 has the type Element of X1; xz2 has the type Element of X?2;
zx3 has the type Element of X3. One can prove the following propositions:

(36) X1#0& X2+# 0 & X3 # 0 implies
(EX1,X2,X3] = [YV1,Y2,Y3] implies X1 = Y1 & X2 =Y2 & X3 =Y3),
(37) EX1,X2,X3] # 0 & [X1,X2,X3] = [Y1,Y2,Y3]
implies X1 =Y1& X2=Y2& X3=Y3,

(38) EX, X, X] = }Y,Y,Y] implies X =,

(39) Ha1}{=2} {23} = {{z1,22,23)},

(40) Halyl} {22}, {e3}] = {(21,22,23),(y1,2,23)},
(41) Hal) {2292} {23} = {(e1.02.03), (z1,52,23)},
(42) a1} {22} {2393} = {(21,22,23),(x1,22,y3)},

(43) Halyl} {22,y2},{x3}] = {{x1,22,23),(y1,22,23),(x1,y2,23),(y1,y2,23) },
(44)  Halyl}{z2} {23,y3}] = {{x1,22,23),(y1,22,23),(x1,22,y3),(y1,22,y3) },
(45) a1} {x2,92} {23,y3}] = {{x1,22,23),(x1,y2,23),(x1,22,y3),(x1,y2,y3) },

(46) Hzlyl} {o2,y2} {23,y3} = {(z1,22,23),
(1,y2,23),(x1,22,y3),(xr1,y2,y3),(y1,22,23) (y1,y2,23),(y1,22,y3),(y1,y2,y3) }.

We now define three new functors. Let us consider X1, X2, X3. Assume that the
following holds

X1#0& X2#08& X3 #0.

Let  have the type Element of [X1,X2,X3]. The functor

T,

with values of the type Element of X1, is defined by

x = (x1,22,23) implies it = x1.

The functor



TupPLES, PROJECTIONS AND CARTESIAN ... 101

yields the type Element of X2 and is defined by
x = (x1,22,23) implies it = 22.

The functor

T3,
with values of the type Element of X3, is defined by
x = (x1,22,23) implies it = 3.
One can prove the following propositions:
(47) X1#0& X2 # 0 & X3 # () implies for z being Element of [ X1,X2,X3]
forzl,2223 st x = (z1,22,23) holds x1 =21 & x2 = 22 & x 3 = 23,
(48) X1#D& X24£0& X3#0
implies for 2 being Element of [ X1,X2,X3] holds z = (x 1 ,x 2,2 3),
(49) XCiX,)Y,Z]or X ClY,Z,X]or X C |[Z,X,Y] implies X = 0),
(50) X1#0& X2+# 0 & X3 +# () implies for z being Element of [ X1,X2,X3]
holds z1 = (x qua Any)11 & 2 = (x qua Any) 1 2 & 23 = (z qua Any) 2,
(51) X1#0& X2+#0 & X3 # () implies
for 2 being Element of [ X1,X2,X3]holdsz # 21 &z #2x2& x# 3,
(52) EX1,X2,X3] meets [Y1,Y2,Y3]
implies X1 meets Y1 & X2 meets Y2 & X3 meets Y3,

(53) EX1,X2,X3,X4] = [[X1,X2],X3],X4],

(54) FEX1,X2],X3,X4] = [X1,X2,X3,X4],

(55) X1#D&X2#AD& X3#0& X4#£0ifF[X1,X2,X3,X4] # 0,
(56) X140& X240 & X3 # 0 & X4 # 0 implies

(FX1,X2,X3,X4] = [Y1,Y2,Y3,Y4]
implies X1 =Y1& X2=Y2& X3=Y3 & X4=Y4),

(57) EX1,X2,X3.X4] # 0 & [X1,X2,X3.X4] = [Y1Y2,Y3,Y4]
implies X1 =Y1& X2=Y2& X3 =Y3 & X4 =Y4,
(58) X, X, X, X]=}Y,Y,Y,Y] implies X =Y.

In the sequel xx4 will have the type Element of X4. We now define four new
functors. Let us consider X1, X2, X3, X4. Assume that the following holds

X1#40&X240& X340 & X4 0.
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Let  have the type Element of [X1,X2,X3,X4]. The functor
1,

yields the type Element of X1 and is defined by
x = (zl,22,23,z4) implies it = z1.
The functor
Tz,
with values of the type Element of X2, is defined by
x = (x1,22,23,24) implies it = 2.
The functor
rs,
yields the type Element of X3 and is defined by
x = (x1,22,23,24) implies it = 3.
The functor
Tyq,
with values of the type Element of X4, is defined by

x = (x1,22,23,24) implies it = z4.

Next we state several propositions:
(59) X1£0& X2#0& X3#0& X4 +# 0 implies
for 2 being Element of [ X1,X2,X3,X4] for x1,22,23,24
stz = (122,23, 24) holds 1 =21 & z2 =22 & v3 =23 & x4 = 24,
(60) X1#DP&X24£D&X3AD& X4#£0)
implies for = being Element of [ X1,X2 X3 X4] holds z = (z1 ,x 2 ,x 3,2 4),
(61) X1#08& X2+ 08& X3+0& X4+ 0 implies
for z being Element of [ X1,X2,X3,X4] holds 21 = (x qua Any) 111
&ro=(rqualAny)i12& x3=(rqualny)i2& 4= (xquaAny)q,
(62) X1£0& X2#0& X3#0& X4 # 0 implies
for z being Element of [ X1,X2,X3,X4]
holdsz #z1 & x#z2&x#ax3&r#14,
(63) X1C[X1,X2,X3,X4] or
X1C[X2,X3,X4,X1] or X1 C [X3,X4,X1,X2] or X1 C [X4,X1,X2,X3]
implies X1 = 0,
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(64) FX1,X2,X3 X4] meets [Y1,Y2,Y3,Y4]
implies X1 meets Y1 & X2 meets Y2 & X3 meets Y3 & X4 meets Y4,

(65) Haol} {22} {23} {zd}] = {(21,22,23,24)},
(66) [X,Y] # 0 implies for z being Element of [ X, Y] holdsz #x1 & z # z 2,
(67) x € X, Y]implieszx #x1 &z # x2.

For simplicity we adopt the following convention: Al will denote an object of the
type Subset of X1; A2 will denote an object of the type Subset of X2; A3 will denote
an object of the type Subset of X3; A4 will denote an object of the type Subset of
X4; z will denote an object of the type Element of [X1,X2 X3].  We now state a
number of propositions:

(68) X1#0& X2+#0 & X3 # 0 implies
forzl,2223 st x = (z1,22,23) holds x1 = 21 & x 2 = 22 & x 3 = 23,

(69) X1#0&
X240 & X3 +#0& (for zxl,xr2,223 st z = (zxl,zx2,x23) holds y1 = xx1)

implies yl = x 1,

(70) X1#0&
X240 & X3 +#0& (for zxl,xr2,223 st x = (zxl,z22,x23) holds y2 = xx2)

implies y2 =z 5,

(71) X1#£0&
X240 & X3 +#0& (for zxl,zr2,223 st z = (zxl,z22,x23) holds y3 = xx3)

implies y3 = x 3,

(72) 2 € [X1,X2,X3]
impliesexxl,22,23st 21 € X1 & 22 € X2 & 23 € X3 & 2z = (x1,22,23),

(73) (xl,22,23) € [ X1,X2,X3]iff 1 € X1 & 22 € X2 & 23 € X3,

(74) (for z holds
zeZiffexxlz2a3stal € X1& 22 € X2& 23 € X3& z = (21,22,23))
implies Z = [X1,X2,X3],

(75) X1#AD&X2#0D& X34D&Y1#D&Y2# (D& Y3 #D implies
for z being Element of [ X1,X2,X3], y being Element of [Y'1,Y2,Y3]
holds z = yimpliesz1 =y1 & 2 =y2 & 3 =93,
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(76) for x being Element of [ X1,X2,X3]
stz € [A1,4A2,A3] holds z1 € Al & x2 € A2 & x5 € A3,

(77)  X1CY1& X2CY2& X3CVY3implies [X1,X2X3]C[Y1,Y2Y3].
In the sequel z has the type Element of [ X1,X2,X3,X4]. We now state a number
of propositions:

(78) X1#0& X2#0& X3 #0 & X4 +# () implies for z1,22,23,z4
stz = (zl,22,23,24) holds x1 =21 & z2 =22 & v3 =23 & x4 = 24,

(79) X14£D&X240D& X3£0&
X4 # 0 & (for xzl,zx2,x23,274 st x = (xxl,zx2,2x23,v24) holds yl1 = zx1)

implies yl =z 1,

(80) X14D&X240& X3£0&
X4 # 0 & (for xzl,zx2,x23,274 st © = (xxl,zx2,2x23,v24) holds y2 = xx2)

implies y2 =z o,

(81) X140&X2#0& X340 &
X4 # 0 & (for zzl,x22,223,x24 st © = (vzl,xx2,223,x04) holds y3 = zx3)

implies y3 =z 3,

(82) X14£0&X2#0& X340 &
X4 # 0 & (for zzl,x22,223,x24 st v = (vzl,z22,223,x04) holds y4 = xz4)

implies y4d = x4,

(83) z € [X1,X2 X3 X4] implies ex x1,22,23,24
stxl e X1&a2e€ X2& 23 € X3&xd € X4& 2= (xl,22,23,24),

(84) (xl,22,23,24) € [ X1,X2,X3,X4]
iffzl e X1& 22 € X2& 23 € X3 & x4 € X4,

(85) (for z holds z € Z iff ex x1,22,23,24
stzle X1&a2€ X2& a3 € X3& a4 € X4 & z = (zl,22,23,24))
implies 7 = [ X1,X2,X3,X4],

(86) X1#10
&EX2ADEX3ADEXA4AD&EYT#D&Y2AD&LY3IADP&YAH#D
implies
for 2 being Element of [ X1,X2,X3,X4],y being Element of [Y'1,Y2,Y3,Y4]
holdsz =y impliesz1 =y1 & o =y2 & zrz3=y3& x4=y4,
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(87) for z being Element of [ X1,X2 X3, X4]
stz € [A1,A2,A3,A4] holds x1 € Al & x5 € A2& x5 € A3 & x4 € A4,

(88) X1CY1&X2CY2& X3CY3& X4C Y4
implies [X1,X2,X3,X4] C [Y1,Y2,Y3,Y4].

Let us consider X1, X2, A1, A2. Let us note that it makes sense to consider the

following functor on a restricted area. Then

FA1,A2] is Subset of [ X1,X2].

Let us consider X1, X2, X3, A1, A2, A3. Let us note that it makes sense to consider

the following functor on a restricted area. Then

[A1,A2,A3] is Subset of [ X1,X2,X3].

Let us consider X1, X2, X3, X4, Al, A2, A3, A4. Let us note that it makes sense

to consider the following functor on a restricted area. Then

FA1,A2,A3,A4] is  Subset of [X1,X2,X3,X4].
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