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Summary. This paper is a continuation of the formalisation of [9] pp. 108–109.
Order-consistent and upper topologies are defined. The theorem that the Scott and the up-
per topologies are order-consistent is proved. Remark 1.4 and example 1.5(2) are generalized
for proving this theorem.
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The articles [15], [7], [20], [21], [5], [8], [6], [18], [1], [13], [12], [23], [19], [2], [3], [14], [10],
[16], [11], [22], [17], and [4] provide the notation and terminology for this paper.

Let T be a non empty FR-structure. We say thatT is upper if and only if:

(Def. 1) {(↓x)c : x ranges over elements ofT} is a prebasis ofT.

One can check that there exists a top-lattice which is Scott, up-complete, and strict.
Let T be a topological space-like non empty reflexive FR-structure. We say thatT is order

consistent if and only if the condition (Def. 2) is satisfied.

(Def. 2) Letx be an element ofT. Then

(i) ↓x = {x}, and

(ii) for every eventually-directed netN in T such thatx = supN and for every neighbourhood
V of x holdsN is eventually inV.

Let us note that every non empty reflexive topological space-like FR-structure which is trivial is
also upper.

Let us mention that there exists a top-lattice which is upper, trivial, up-complete, and strict.
One can prove the following propositions:

(1) For every upper up-complete non empty top-posetT and for every subsetA of T such that
A is open holdsA is upper.

(2) For every up-complete non empty top-posetT such thatT is upper holdsT is order consis-
tent.

(7)1 For every up-complete non empty reflexive transitive antisymmetric relational structureR
holds there exists a topological augmentation ofRwhich is Scott.

(8) Let R be an up-complete non empty poset andT be a topological augmentation ofR. If T
is Scott, thenT is correct.

1 The propositions (3)–(6) have been removed.

1 c© Association of Mizar Users

http://mizar.org/JFM/Vol12/waybel32.html


ON THE ORDER-CONSISTENT TOPOLOGY OF COMPLETE. . . 2

Let Rbe an up-complete non empty reflexive transitive antisymmetric relational structure. Note
that every topological augmentation ofRwhich is Scott is also correct.

Let R be an up-complete non empty reflexive transitive antisymmetric relational structure. Ob-
serve that there exists a topological augmentation ofRwhich is Scott and correct.

We now state several propositions:

(9) Let T be a Scott up-complete non empty reflexive transitive antisymmetric FR-structure
andx be an element ofT. Then{x}= ↓x.

(10) Every up-complete Scott non empty top-poset is order consistent.

(11) Let R be an inf-complete semilattice,Z be a net inR, andD be a subset ofR. Suppose
D = {d−eR{Z(k);k ranges over elements ofZ: k≥ j} : j ranges over elements ofZ}. ThenD
is non empty and directed.

(12) LetRbe an inf-complete semilattice,Sbe a subset ofR, anda be an element ofR. If a∈ S,
thend−eRS≤ a.

(13) For every inf-complete semilatticeR and for every monotone reflexive netN in R holds
liminf N = supN.

(14) Let R be an inf-complete semilattice andS be a subset ofR. ThenS∈ the topology of
ConvergenceSpace(the Scott convergence ofR) if and only if S is inaccessible and upper.

(15) LetR be an inf-complete up-complete semilattice andT be a topological augmentation of
R. If the topology ofT = σ(R), thenT is Scott.

Let R be an inf-complete up-complete semilattice. Note that there exists a topological augmen-
tation ofRwhich is strict, Scott, and correct.

The following two propositions are true:

(16) LetSbe an up-complete inf-complete semilattice andT be a Scott topological augmenta-
tion of S. Thenσ(S) = the topology ofT.

(17) Every Scott up-complete non empty reflexive transitive antisymmetric FR-structure is a
T0-space.

Let Rbe an up-complete non empty reflexive transitive antisymmetric relational structure. Note
that every topological augmentation ofR is up-complete.

One can prove the following propositions:

(18) LetR be an up-complete non empty reflexive transitive antisymmetric relational structure,
T be a Scott topological augmentation ofR, x be an element ofT, andA be an upper subset
of T. If x /∈ A, then(↓x)c is a neighbourhood ofA.

(19) LetR be an up-complete non empty reflexive transitive antisymmetric FR-structure,T be
a Scott topological augmentation ofR, andS be an upper subset ofT. Then there exists a
family F of subsets ofT such thatS=

⋂
F and for every subsetX of T such thatX ∈ F holds

X is a neighbourhood ofS.

(20) Let T be a Scott up-complete non empty reflexive transitive antisymmetric FR-structure
andSbe a subset ofT. ThenS is open if and only ifS is upper and property(S).

(21) LetRbe an up-complete non empty reflexive transitive antisymmetric FR-structure,Sbe a
non empty directed subset ofR, anda be an element ofR. If a∈ S, thena≤

⊔
RS.

Let T be an up-complete non empty reflexive transitive antisymmetric FR-structure. One can
check that every subset ofT which is lower is also property(S).

Next we state three propositions:

(22) For every finite up-complete non empty posetT holds every subset ofT is inaccessible.
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(23) LetR be a complete connected lattice,T be a Scott topological augmentation ofR, andx
be an element ofT. Then(↓x)c is open.

(24) LetR be a complete connected lattice,T be a Scott topological augmentation ofR, andS
be a subset ofT. ThenS is open if and only if one of the following conditions is satisfied:

(i) S= the carrier ofT, or

(ii) S∈ {(↓x)c : x ranges over elements ofT}.

Let R be an up-complete non empty poset. Note that there exists a correct topological augmen-
tation ofRwhich is order consistent.

Let us mention that there exists a top-lattice which is order consistent and complete.
One can prove the following propositions:

(25) LetR be a non empty FR-structure andA be a subset ofR. Suppose that for every element
x of Rholds↓x = {x}. If A is open, thenA is upper.

(26) LetR be a non empty FR-structure andA be a subset ofR. Suppose that for every element
x of Rholds↓x = {x}. Let A be a subset ofR. If A is closed, thenA is lower.

(27) For every up-complete inf-complete latticeT and for every netN in T and for every element
i of N holds liminf(N�i) = liminf N.

Let Sbe a non empty 1-sorted structure, letRbe a non empty relational structure, and letf be a
function from the carrier ofR into the carrier ofS. The functorR∗ f yields a strict non empty net
structure overSand is defined as follows:

(Def. 3) The relational structure ofR∗ f = the relational structure ofRand the mapping ofR∗ f = f .

Let Sbe a non empty 1-sorted structure, letRbe a non empty transitive relational structure, and
let f be a function from the carrier ofR into the carrier ofS. Observe thatR∗ f is transitive.

Let Sbe a non empty 1-sorted structure, letR be a non empty directed relational structure, and
let f be a function from the carrier ofR into the carrier ofS. Note thatR∗ f is directed.

Let R be a non empty relational structure and letN be a prenet overR. The functor infnetN
yielding a strict prenet overR is defined by:

(Def. 4) There exists a mapf from N into R such that infnetN = N ∗ f and for every elementi of
N holds f (i) = d−eR{N(k);k ranges over elements ofN: k≥ i}.

Let R be a non empty relational structure and letN be a net inR. One can check that infnetN
is transitive.

Let R be a non empty relational structure and letN be a net inR. Observe that infnetN is
directed.

Let R be an inf-complete non empty reflexive antisymmetric relational structure and letN be a
net inR. One can check that infnetN is monotone.

Let R be an inf-complete non empty reflexive antisymmetric relational structure and letN be a
net inR. Observe that infnetN is eventually-directed.

Next we state several propositions:

(28) LetR be a non empty relational structure andN be a net inR. Then rng(the mapping of
inf netN) = {d−eR{N(i); i ranges over elements ofN: i ≥ j} : j ranges over elements ofN}.

(29) For every up-complete inf-complete latticeRand for every netN in Rholds supinfnetN =
liminf N.

(30) For every up-complete inf-complete latticeRand for every netN in Rand for every element
i of N holds supinfnetN = liminf(N�i).

(31) Let R be an inf-complete semilattice,N be a net inR, andV be an upper subset ofR. If
inf netN is eventually inV, thenN is eventually inV.



ON THE ORDER-CONSISTENT TOPOLOGY OF COMPLETE. . . 4

(32) LetR be an inf-complete semilattice,N be a net inR, andV be a lower subset ofR. If N is
eventually inV, then inf netN is eventually inV.

(33) LetRbe an order consistent up-complete inf-complete non empty top-lattice,N be a net in
R, andx be an element ofR. If x≤ liminf N, thenx is a cluster point ofN.

(34) Let R be an order consistent up-complete inf-complete non empty top-lattice,N be an
eventually-directed net inR, andx be an element ofR. Thenx≤ liminf N if and only if x is a
cluster point ofN.

ACKNOWLEDGMENTS

I would like to thank Dr. Grzegorz Bancerek for his help in the preparation of this article.

REFERENCES

[1] Grzegorz Bancerek. Complete lattices.Journal of Formalized Mathematics, 4, 1992.http://mizar.org/JFM/Vol4/lattice3.html.

[2] Grzegorz Bancerek. Bounds in posets and relational substructures.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/
JFM/Vol8/yellow_0.html.

[3] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/
JFM/Vol8/waybel_0.html.

[4] Grzegorz Bancerek. Bases and refinements of topologies.Journal of Formalized Mathematics, 10, 1998.http://mizar.org/JFM/
Vol10/yellow_9.html.
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