
JOURNAL OF FORMALIZED MATHEMATICS

Volume10, Released 1998, Published 2003

Inst. of Computer Science, Univ. of Białystok

Scott-Continuous Functions1

Adam Grabowski
University of Białystok

Summary. The article is a translation of [10, pp. 112–113].

MML Identifier: WAYBEL17.

WWW: http://mizar.org/JFM/Vol10/waybel17.html

The articles [18], [9], [23], [21], [1], [25], [24], [6], [8], [7], [17], [13], [22], [2], [3], [11], [4], [12],
[26], [19], [5], [16], [15], [20], and [14] provide the notation and terminology for this paper.

1. PRELIMINARIES

Let Sbe a non empty set and leta, b be elements ofS. The functora,b, ... yielding a function from
N into S is defined by the condition (Def. 1).

(Def. 1) Leti be a natural number. Then

(i) if there exists a natural numberk such thati = 2·k, then(a,b, ...)(i) = a, and

(ii) if it is not true that there exists a natural numberk such thati = 2·k, then(a,b, ...)(i) = b.

One can prove the following three propositions:

(1) LetS, T be non empty reflexive relational structures,f be a map fromS into T, andP be a
lower subset ofT. If f is monotone, thenf−1(P) is lower.

(2) Let S, T be non empty reflexive relational structures,f be a map fromS into T, andP be
an upper subset ofT. If f is monotone, thenf−1(P) is upper.

(3) LetS, T be reflexive antisymmetric non empty relational structures andf be a map fromS
into T. If f is directed-sups-preserving, thenf is monotone.

Let S, T be reflexive antisymmetric non empty relational structures. Note that every map from
S into T which is directed-sups-preserving is also monotone.

Next we state the proposition

(4) LetS, T be up-complete Scott top-lattices andf be a map fromSinto T. If f is continuous,
then f is monotone.

Let S, T be up-complete Scott top-lattices. One can verify that every map fromS into T which
is continuous is also monotone.
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2. POSET OFCONTINUOUS MAPS

Let Sbe a set and letT be a reflexive relational structure. One can check thatS 7−→ T is reflexive-
yielding.

Let Sbe a non empty set and letT be a complete lattice. Observe thatTS is complete.
Let S, T be up-complete Scott top-lattices. The functor SCMaps(S,T) yielding a strict full

relational substructure of MonMaps(S,T) is defined as follows:

(Def. 2) For every mapf from S into T holds f ∈ the carrier of SCMaps(S,T) iff f is continuous.

Let S, T be up-complete Scott top-lattices. Observe that SCMaps(S,T) is non empty.

3. SOME SPECIAL NETS

Let S be a non empty relational structure and leta, b be elements ofS. The functor NetStr(a,b)
yields a strict non empty net structure overSand is defined by the conditions (Def. 3).

(Def. 3)(i) The carrier of NetStr(a,b) = N,

(ii) the mapping of NetStr(a,b) = a,b, ..., and

(iii) for all elementsi, j of NetStr(a,b) and for all natural numbersi′, j ′ such thati = i′ and
j = j ′ holdsi ≤ j iff i′ ≤ j ′.

Let Sbe a non empty relational structure and leta, b be elements ofS. Observe that NetStr(a,b)
is reflexive, transitive, directed, and antisymmetric.

Next we state four propositions:

(5) Let S be a non empty relational structure,a, b be elements ofS, and i be an element of
NetStr(a,b). Then(NetStr(a,b))(i) = a or (NetStr(a,b))(i) = b.

(6) Let S be a non empty relational structure,a, b be elements ofS, i, j be elements of
NetStr(a,b), andi′, j ′ be natural numbers such thati′ = i and j ′ = i′+1 and j ′ = j. Then

(i) if (NetStr(a,b))(i) = a, then(NetStr(a,b))( j) = b, and

(ii) if (NetStr(a,b))(i) = b, then(NetStr(a,b))( j) = a.

(7) For every posetSwith g.l.b.’s and for all elementsa, b of Sholds liminfNetStr(a,b) = aub.

(8) Let S, T be posets with g.l.b.’s,a, b be elements ofS, and f be a map fromS into T. Then
liminf( f ·NetStr(a,b)) = f (a)u f (b).

Let S be a non empty relational structure and letD be a non empty subset ofS. The functor
NetStr(D) yielding a strict net structure overS is defined by:

(Def. 4) NetStr(D) = 〈D, (the internal relation ofS) |2 D, idthe carrier ofS�D〉.

One can prove the following proposition

(9) LetSbe a non empty reflexive relational structure andD be a non empty subset ofS. Then
NetStr(D) = NetStr(D, idthe carrier ofS�D).

Let Sbe a non empty reflexive relational structure and letD be a directed non empty subset of
S. Observe that NetStr(D) is non empty, directed, and reflexive.

Let Sbe a non empty reflexive transitive relational structure and letD be a directed non empty
subset ofS. One can verify that NetStr(D) is transitive.

Let Sbe a non empty reflexive relational structure and letD be a directed non empty subset of
S. Observe that NetStr(D) is monotone.

The following proposition is true

(10) For every up-complete latticeS and for every directed non empty subsetD of S holds
liminfNetStr(D) = supD.
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4. MONOTONEMAPS

The following propositions are true:

(11) LetS, T be lattices andf be a map fromSintoT. If for every netN in Sholds f (liminf N)≤
liminf( f ·N), then f is monotone.

(12) LetS, T be continuous lower-bounded lattices andf be a map fromS into T. Supposef
is directed-sups-preserving. Letx be an element ofS. Then f (x) =

⊔
T{ f (w);w ranges over

elements ofS: w� x}.

(13) LetSbe a lattice,T be an up-complete lower-bounded lattice, andf be a map fromS into
T. Suppose that for every elementx of Sholds f (x) =

⊔
T{ f (w);w ranges over elements of

S: w� x}. Then f is monotone.

(14) LetSbe an up-complete lower-bounded lattice,T be a continuous lower-bounded lattice,
and f be a map fromSinto T. Suppose that for every elementx of Sholds f (x) =

⊔
T{ f (w);w

ranges over elements ofS: w� x}. Let x be an element ofSandy be an element ofT. Then
y� f (x) if and only if there exists an elementw of Ssuch thatw� x andy� f (w).

(15) LetS, T be non empty relational structures,D be a subset ofS, and f be a map fromS into
T. Suppose that

(i) supD exists inSand supf ◦D exists inT, or

(ii) S is complete and antisymmetric andT is complete and antisymmetric.

If f is monotone, then sup( f ◦D)≤ f (supD).

(16) Let S, T be non empty reflexive antisymmetric relational structures,D be a directed non
empty subset ofS, and f be a map fromSinto T. Suppose supD exists inSand supf ◦D exists
in T or S is up-complete andT is up-complete. Iff is monotone, then sup( f ◦D)≤ f (supD).

(17) LetS, T be non empty relational structures,D be a subset ofS, and f be a map fromS into
T. Suppose that

(i) inf D exists inSand inf f ◦D exists inT, or

(ii) S is complete and antisymmetric andT is complete and antisymmetric.

If f is monotone, thenf (inf D)≤ inf( f ◦D).

(18) Let S, T be up-complete lattices,f be a map fromS into T, andN be a monotone non
empty net structure overS. If f is monotone, thenf ·N is monotone.

LetS, T be up-complete lattices, letf be a monotone map fromSintoT, and letN be a monotone
non empty net structure overS. Note thatf ·N is monotone.

One can prove the following two propositions:

(19) LetS, T be up-complete lattices andf be a map fromS into T. Suppose that for every net
N in Sholds f (liminf N) ≤ liminf( f ·N). Let D be a directed non empty subset ofS. Then
sup( f ◦D) = f (supD).

(20) LetS, T be complete lattices,f be a map fromS into T, N be a net inS, j be an element of
N, and j ′ be an element off ·N. Supposej ′ = j. Supposef is monotone. Thenf (d−eS{N(k);k
ranges over elements ofN: k≥ j})≤ d−eT{( f ·N)(l); l ranges over elements off ·N : l ≥ j ′}.

5. NECESSARY ANDSUFFICIENT CONDITIONS OFSCOTT-CONTINUITY

One can prove the following propositions:

(21) LetS, T be complete Scott top-lattices andf be a map fromS into T. Then f is continuous
if and only if for every netN in Sholds f (liminf N)≤ liminf( f ·N).
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(22) LetS, T be complete Scott top-lattices andf be a map fromS into T. Then f is continuous
if and only if f is directed-sups-preserving.

Let S, T be complete Scott top-lattices. Observe that every map fromS into T which is continu-
ous is also directed-sups-preserving and every map fromS into T which is directed-sups-preserving
is also continuous.

The following propositions are true:

(23) LetS, T be continuous complete Scott top-lattices andf be a map fromS into T. Then f is
continuous if and only if for every elementx of Sand for every elementy of T holdsy� f (x)
iff there exists an elementw of Ssuch thatw� x andy� f (w).

(24) LetS, T be continuous complete Scott top-lattices andf be a map fromS into T. Then f
is continuous if and only if for every elementx of S holds f (x) =

⊔
T{ f (w);w ranges over

elements ofS: w� x}.

(25) Let S be a lattice,T be a complete lattice, andf be a map fromS into T. Suppose that
for every elementx of Sholds f (x) =

⊔
T{ f (w);w ranges over elements ofS: w≤ x ∧ wis

compact}. Then f is monotone.

(26) LetS, T be complete Scott top-lattices andf be a map fromSinto T. Suppose that for every
elementx of Sholds f (x) =

⊔
T{ f (w);w ranges over elements ofS: w≤ x ∧ wis compact}.

Let x be an element ofS. Then f (x) =
⊔

T{ f (w);w ranges over elements ofS: w� x}.

(27) LetS, T be complete Scott top-lattices andf be a map fromSinto T. SupposeSis algebraic
andT is algebraic. Thenf is continuous if and only if for every elementx of Sand for every
elementk of T such thatk∈ the carrier of CompactSublatt(T) holdsk≤ f (x) iff there exists
an elementj of Ssuch thatj ∈ the carrier of CompactSublatt(S) and j ≤ x andk≤ f ( j).

(28) Let S, T be complete Scott top-lattices andf be a map fromS into T. SupposeS is
algebraic andT is algebraic. Thenf is continuous if and only if for every elementx of S
holds f (x) =

⊔
T{ f (w);w ranges over elements ofS: w≤ x ∧ wis compact}.

(29) Let S, T be up-complete Scott non empty reflexive transitive antisymmetric topological
space-like FR-structures andf be a map fromS into T. If f is directed-sups-preserving, then
f is continuous.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers.Journal of Formalized Mathematics, 1, 1989. http://mizar.
org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek. Complete lattices.Journal of Formalized Mathematics, 4, 1992.http://mizar.org/JFM/Vol4/lattice3.html.

[3] Grzegorz Bancerek. Bounds in posets and relational substructures.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/
JFM/Vol8/yellow_0.html.

[4] Grzegorz Bancerek. Directed sets, nets, ideals, filters, and maps.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/
JFM/Vol8/waybel_0.html.

[5] Grzegorz Bancerek. The “way-below” relation.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/JFM/Vol8/waybel_
3.html.
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[9] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
zfmisc_1.html.

[10] G. Gierz, K.H. Hofmann, K. Keimel, J.D. Lawson, M. Mislove, and D.S. Scott.A Compendium of Continuous Lattices. Springer-Verlag,
Berlin, Heidelberg, New York, 1980.

[11] Adam Grabowski. On the category of posets.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/JFM/Vol8/orders_
3.html.

http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol4/lattice3.html
http://mizar.org/JFM/Vol8/yellow_0.html
http://mizar.org/JFM/Vol8/yellow_0.html
http://mizar.org/JFM/Vol8/waybel_0.html
http://mizar.org/JFM/Vol8/waybel_0.html
http://mizar.org/JFM/Vol8/waybel_3.html
http://mizar.org/JFM/Vol8/waybel_3.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol8/orders_3.html
http://mizar.org/JFM/Vol8/orders_3.html


SCOTT-CONTINUOUS FUNCTIONS 5

[12] Adam Grabowski and Robert Milewski. Boolean posets, posets under inclusion and products of relational structures.Journal of
Formalized Mathematics, 8, 1996.http://mizar.org/JFM/Vol8/yellow_1.html.

[13] Krzysztof Hryniewiecki. Relations of tolerance.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/toler_
1.html.

[14] Artur Korniłowicz. Meet – continuous lattices.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/JFM/Vol8/waybel_
2.html.

[15] Artur Korniłowicz. On the topological properties of meet-continuous lattices.Journal of Formalized Mathematics, 8, 1996. http:
//mizar.org/JFM/Vol8/waybel_9.html.

[16] Robert Milewski. Algebraic lattices.Journal of Formalized Mathematics, 8, 1996.http://mizar.org/JFM/Vol8/waybel_8.html.

[17] Beata Padlewska and Agata Darmochwał. Topological spaces and continuous functions.Journal of Formalized Mathematics, 1, 1989.
http://mizar.org/JFM/Vol1/pre_topc.html.

[18] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[19] Andrzej Trybulec. Natural transformations. Discrete categories.Journal of Formalized Mathematics, 3, 1991. http://mizar.org/
JFM/Vol3/nattra_1.html.

[20] Andrzej Trybulec. Scott topology.Journal of Formalized Mathematics, 9, 1997.http://mizar.org/JFM/Vol9/waybel11.html.

[21] Andrzej Trybulec. Subsets of real numbers.Journal of Formalized Mathematics, Addenda, 2003.http://mizar.org/JFM/Addenda/
numbers.html.

[22] Wojciech A. Trybulec. Partially ordered sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/orders_
1.html.

[23] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[24] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

[25] Edmund Woronowicz. Relations defined on sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
relset_1.html.
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