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Summary. Let X be a topological space.X is said to beT0-space(or Kolmogorov
space) provided for every pair of distinct pointsx, y ∈ X there exists an open subset ofX
containing exactly one of these points; equivalently, for every pair of distinct pointsx, y∈ X
there exists a closed subset ofX containing exactly one of these points (see [1], [6], [2]).

The purpose is to list some of the standard facts on Kolmogorov spaces, using Mizar
formalism. As a sample we formulate the following characteristics of such spaces:X is a
Kolmogorov space iff for every pair of distinct points x, y ∈ X the closures{x} and{y} are
distinct.

There is also reviewed analogous facts on Kolmogorov subspaces of topological spaces.
In the presented approachT0-subsets are introduced and some of their properties developed.

MML Identifier: TSP_1.

WWW: http://mizar.org/JFM/Vol6/tsp_1.html

The articles [8], [10], [7], [9], [3], [4], [11], and [5] provide the notation and terminology for this
paper.

1. SUBSPACES

Let Y be a topological structure. We see that the subspace ofY is a topological structure and it can
be characterized by the following (equivalent) condition:

(Def. 1)(i) The carrier of it⊆ the carrier ofY, and

(ii) for every subsetG0 of it holds G0 is open iff there exists a subsetG of Y such thatG is
open andG0 = G∩ the carrier of it.

Next we state the proposition

(2)1 LetY be a topological structure,Y0 be a subspace ofY, andG be a subset ofY. SupposeG
is open. Then there exists a subsetG0 of Y0 such thatG0 is open andG0 = G∩ the carrier of
Y0.

Let Y be a topological structure. We see that the subspace ofY is a topological structure and it
can be characterized by the following (equivalent) condition:

(Def. 2)(i) The carrier of it⊆ the carrier ofY, and

(ii) for every subsetF0 of it holdsF0 is closed iff there exists a subsetF of Y such thatF is
closed andF0 = F ∩ the carrier of it.

1Presented at Mizar Conference: Mathematics in Mizar (Białystok, September 12–14, 1994).
1 The proposition (1) has been removed.
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Next we state the proposition

(4)2 Let Y be a topological structure,Y0 be a subspace ofY, andF be a subset ofY. Suppose
F is closed. Then there exists a subsetF0 of Y0 such thatF0 is closed andF0 = F ∩ the carrier
of Y0.

2. KOLMOGOROV SPACES

Let T be a topological structure. Let us observe thatT is discernible if and only if the conditions
(Def. 3) are satisfied.

(Def. 3)(i) T is empty, or

(ii) for all pointsx, y of T such thatx 6= y holds there exists a subsetV of T such thatV is open
andx∈V andy /∈V or there exists a subsetW of T such thatW is open andx /∈W andy∈W.

We introduceT is T0 as a synonym ofT is discernible.
LetY be a topological structure. Let us observe thatY is T0 if and only if the conditions (Def. 4)

are satisfied.

(Def. 4)(i) Y is empty, or

(ii) for all points x, y of Y such thatx 6= y holds there exists a subsetE of Y such thatE is
closed andx∈ E andy /∈ E or there exists a subsetF of Y such thatF is closed andx /∈ F and
y∈ F.

Let us note that every non empty topological structure which is trivial is alsoT0 and every non
empty topological structure which is nonT0 is also non trivial.

Let us mention that there exists a topological space which is strict,T0, and non empty and there
exists a topological space which is strict, nonT0, and non empty.

One can check the following observations:

∗ every non empty topological space which is discrete is alsoT0,

∗ every non empty topological space which is nonT0 is also non discrete,

∗ every non empty topological space which is anti-discrete and non trivial is also nonT0,

∗ every non empty topological space which is anti-discrete andT0 is also trivial, and

∗ every non empty topological space which isT0 and non trivial is also non anti-discrete.

Let X be a non empty topological space. Let us observe thatX is T0 if and only if:

(Def. 5) For all pointsx, y of X such thatx 6= y holds{x} 6= {y}.

Let X be a non empty topological space. Let us observe thatX is T0 if and only if:

(Def. 6) For all pointsx, y of X such thatx 6= y holdsx /∈ {y} or y /∈ {x}.

Let X be a non empty topological space. Let us observe thatX is T0 if and only if:

(Def. 7) For all pointsx, y of X such thatx 6= y andx∈ {y} holds{y} 6⊆ {x}.

One can verify the following observations:

∗ every non empty topological space which is almost discrete andT0 is also discrete,

∗ every non empty topological space which is almost discrete and non discrete is also nonT0,
and

∗ every non empty topological space which is non discrete andT0 is also non almost discrete.

A Kolmogorov space is aT0 non empty topological space. A non-Kolmogorov space is a nonT0

non empty topological space.
Let us mention that there exists a Kolmogorov space which is non trivial and strict and there

exists a non-Kolmogorov space which is non trivial and strict.
2 The proposition (3) has been removed.



ON KOLMOGOROV TOPOLOGICAL SPACES 3

3. T0-SUBSETS

Let Y be a topological structure and letI1 be a subset ofY. We say thatI1 is T0 if and only if the
condition (Def. 8) is satisfied.

(Def. 8) Letx, y be points ofY. Supposex∈ I1 andy∈ I1 andx 6= y. Then there exists a subsetV of
Y such thatV is open andx∈V andy /∈V or there exists a subsetW of Y such thatW is open
andx /∈W andy∈W.

Let Y be a non empty topological structure and letA be a subset ofY. Let us observe thatA is
T0 if and only if the condition (Def. 9) is satisfied.

(Def. 9) Letx, y be points ofY. Supposex∈ A andy∈ A andx 6= y. Then

(i) there exists a subsetE of Y such thatE is closed andx∈ E andy /∈ E, or

(ii) there exists a subsetF of Y such thatF is closed andx /∈ F andy∈ F.

Next we state two propositions:

(5) LetY0, Y1 be topological structures,D0 be a subset ofY0, andD1 be a subset ofY1. Suppose
the topological structure ofY0 = the topological structure ofY1 andD0 = D1. If D0 is T0, then
D1 is T0.

(6) LetY be a non empty topological structure andA be a subset ofY. SupposeA= the carrier
of Y. ThenA is T0 if and only if Y is T0.

In the sequelY is a non empty topological structure.
One can prove the following propositions:

(7) For all subsetsA, B of Y such thatB⊆ A holds ifA is T0, thenB is T0.

(8) For all subsetsA, B of Y such thatA is T0 or B is T0 holdsA∩B is T0.

(9) Let A, B be subsets ofY. SupposeA is open orB is open. IfA is T0 andB is T0, thenA∪B
is T0.

(10) LetA, B be subsets ofY. SupposeA is closed orB is closed. IfA is T0 andB is T0, then
A∪B is T0.

(11) For every subsetA of Y such thatA is discrete holdsA is T0.

(12) For every non empty subsetA of Y such thatA is anti-discrete andA is not trivial holdsA
is notT0.

Let X be a non empty topological space and letA be a subset ofX. Let us observe thatA is T0 if
and only if:

(Def. 10) For all pointsx, y of X such thatx∈ A andy∈ A andx 6= y holds{x} 6= {y}.

Let X be a non empty topological space and letA be a subset ofX. Let us observe thatA is T0 if
and only if:

(Def. 11) For all pointsx, y of X such thatx∈ A andy∈ A andx 6= y holdsx /∈ {y} or y /∈ {x}.

Let X be a non empty topological space and letA be a subset ofX. Let us observe thatA is T0 if
and only if:

(Def. 12) For all pointsx, y of X such thatx∈A andy∈A andx 6= y holds ifx∈ {y}, then{y} 6⊆ {x}.

In the sequelX denotes a non empty topological space.
Next we state two propositions:

(13) Every empty subset ofX is T0.

(14) For every pointx of X holds{x} is T0.



ON KOLMOGOROV TOPOLOGICAL SPACES 4

4. KOLMOGOROV SUBSPACES

Let Y be a non empty topological structure. One can verify that there exists a subspace ofY which
is strict,T0, and non empty.

LetY be a topological structure and letY0 be a subspace ofY. Let us observe thatY0 is T0 if and
only if the conditions (Def. 13) are satisfied.

(Def. 13)(i) Y0 is empty, or

(ii) for all points x, y of Y such thatx is a point ofY0 andy is a point ofY0 andx 6= y holds
there exists a subsetV of Y such thatV is open andx∈V andy /∈V or there exists a subset
W of Y such thatW is open andx /∈W andy∈W.

LetY be a topological structure and letY0 be a subspace ofY. Let us observe thatY0 is T0 if and
only if the conditions (Def. 14) are satisfied.

(Def. 14)(i) Y0 is empty, or

(ii) for all points x, y of Y such thatx is a point ofY0 andy is a point ofY0 andx 6= y holds
there exists a subsetE of Y such thatE is closed andx∈ E andy /∈ E or there exists a subset
F of Y such thatF is closed andx /∈ F andy∈ F.

In the sequelY denotes a non empty topological structure.
Next we state two propositions:

(15) LetY0 be a non empty subspace ofY andA be a subset ofY. SupposeA = the carrier ofY0.
ThenA is T0 if and only if Y0 is T0.

(16) LetY0 be a non empty subspace ofY andY1 be aT0 non empty subspace ofY. If Y0 is a
subspace ofY1, thenY0 is T0.

In the sequelX is a non empty topological space.
We now state three propositions:

(17) LetX1 be aT0 non empty subspace ofX andX2 be a non empty subspace ofX. If X1 meets
X2, thenX1∩X2 is T0.

(18) For allT0 non empty subspacesX1, X2 of X such thatX1 is open orX2 is open holdsX1∪X2

is T0.

(19) For allT0 non empty subspacesX1, X2 of X such thatX1 is closed orX2 is closed holds
X1∪X2 is T0.

Let X be a non empty topological space. A Kolmogorov subspace ofX is a T0 non empty
subspace ofX.

The following proposition is true

(20) LetX be a non empty topological space andA0 be a non empty subset ofX. SupposeA0 is
T0. Then there exists a strict Kolmogorov subspaceX0 of X such thatA0 = the carrier ofX0.

Let X be a non trivial non empty topological space. Observe that there exists a Kolmogorov
subspace ofX which is proper and strict.

Let X be a Kolmogorov space. One can verify that every non empty subspace ofX is T0.
Let X be a non-Kolmogorov space. Note that every non empty subspace ofX which is non

proper is also nonT0 and every non empty subspace ofX which isT0 is also proper.
Let X be a non-Kolmogorov space. Observe that there exists a subspace ofX which is strict and

nonT0.
Let X be a non-Kolmogorov space. A non-Kolmogorov subspace ofX is a nonT0 subspace of

X.
We now state the proposition

(21) LetX be a non empty non-Kolmogorov space andA0 be a subset ofX. SupposeA0 is not
T0. Then there exists a strict non-Kolmogorov subspaceX0 of X such thatA0 = the carrier of
X0.
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