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The articles [13], [7], [22], [17], [23], [24], [12], [2], [5], [6], [14], [9], [4], [8], [20], [18], [3], [21],
[10], [11], [1], [15], [16], and [19] provide the notation and terminology for this paper.

1. INTRODUCTION

In this paperA denotes a set andk, m, n denote natural numbers.
The schemeRegr1deals with a natural numberA and a unary predicateP , and states that:

For everyk such thatk≤ A holdsP [k]
provided the parameters meet the following conditions:

• P [A ], and
• For everyk such thatk < A andP [k+1] holdsP [k].

Let n be a natural number. Note that Seg(n+1) is non empty.
Let X be a non empty set and letRbe an order inX. Note that〈X,R〉 is non empty.
The following proposition is true

(1) /0 |2 A = /0.

Let X be a set. Observe that there exists a subset of FinX which is non empty.
Let X be a non empty set. One can check that there exists a subset of FinX which is non empty

and has non empty elements.
Let X be a non empty set and letF be a non empty subset of FinX with non empty elements.

Note that there exists an element ofF which is non empty.
Let I1 be a set. We say thatI1 has a non-empty element if and only if:

(Def. 1) There exists a non empty setX such thatX ∈ I1.

One can verify that there exists a set which has a non-empty element.
Let X be a set with a non-empty element. Note that there exists an element ofX which is non

empty.
Let us observe that every set which has a non-empty element is also non empty.
Let X be a non empty set. Note that there exists a subset of FinX which has a non-empty

element.
Let X be a non empty set, letR be an order inX, and letA be a subset ofX. ThenR|2 A is an

order inA.
The schemeSubFinitedeals with a setA , a subsetB of A , and a unary predicateP , and states

that:
P [B]

1 c© Association of Mizar Users
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provided the following conditions are met:
• B is finite,
• P [ /0A ], and
• For every elementx of A and for every subsetB of A such thatx∈ B andB⊆ B and

P [B] holdsP [B∪{x}].
One can prove the following proposition

(2) Let F be a non empty poset andA be a subset ofF . SupposeA is finite andA 6= /0 and for
all elementsB, C of F such thatB∈ A andC∈ A holdsB≤C or C≤ B. Then there exists an
elementm of F such thatm∈ A and for every elementC of F such thatC∈ A holdsm≤C.

Let X be a non empty set and letF be a subset of FinX with a non-empty element. Note that
there exists an element ofF which is finite and non empty.

Let P be a non empty poset, letA be a non empty finite subset ofP, and letx be an element of
P. One can check that InitSegm(A,x) is finite.

The following proposition is true

(3) For all finite setsA, B such thatA⊆ B and cardA = cardB holdsA = B.

Let X be a set, letA be a finite subset ofX, and letR be an order inX. Let us assume thatR
linearly ordersA. The functor SgmX(R,A) yielding a finite sequence of elements ofX is defined by
the conditions (Def. 2).

(Def. 2)(i) rngSgmX(R,A) = A, and

(ii) for all natural numbersn, msuch thatn∈ domSgmX(R,A) andm∈ domSgmX(R,A) and
n < m holds(SgmX(R,A))n 6= (SgmX(R,A))m and〈〈(SgmX(R,A))n, (SgmX(R,A))m〉〉 ∈ R.

We now state the proposition

(4) Let X be a set,A be a finite subset ofX, R be an order inX, and f be a finite sequence of
elements ofX. Suppose rngf = A and for all natural numbersn, m such thatn∈ dom f and
m∈ dom f andn < m holds fn 6= fm and〈〈 fn, fm〉〉 ∈ R. Then f = SgmX(R,A).

2. ABSTRACT COMPLEXES

Let C be a non empty poset. The functor symplexes(C) yields a subset of Fin(the carrier ofC) and
is defined as follows:

(Def. 3) symplexes(C)= {A;A ranges over elements of Fin(the carrier ofC): the internal relation ofClinearly
ordersA}.

Let C be a non empty poset. Note that symplexes(C) has a non-empty element.
In the sequelC is a non empty poset.
One can prove the following propositions:

(5) For every elementx of C holds{x} ∈ symplexes(C).

(6) /0 ∈ symplexes(C).

(7) For all setsx, s such thatx⊆ s ands∈ symplexes(C) holdsx∈ symplexes(C).

Let X be a set and letF be a non empty subset of FinX. Observe that every element ofF is
finite.

Let X be a set and letF be a non empty subset of FinX. We see that the element ofF is a subset
of X.

Next we state three propositions:

(8) LetX be a set,A be a finite subset ofX, andRbe an order inX. If R linearly ordersA, then
SgmX(R,A) is one-to-one.



ON THE CONCEPT OF THE TRIANGULATION 3

(9) LetX be a set,A be a finite subset ofX, andRbe an order inX. If R linearly ordersA, then
lenSgmX(R,A) = A.

(10) LetC be a non empty poset andA be a non empty element of symplexes(C). If A = n, then
domSgmX(the internal relation ofC, A) = Segn.

LetC be a non empty poset. One can check that there exists an element of symplexes(C) which
is non empty.

3. TRIANGULATIONS

A set sequence is a many sorted set indexed byN.
Let I1 be a set sequence. We say thatI1 is lower non-empty if and only if:

(Def. 4) For everyn such thatI1(n) is non empty and for everym such thatm< n holds I1(m) is
non empty.

Let us note that there exists a set sequence which is lower non-empty.
Let X be a set sequence. The functor FuncsSeq(X) yielding a set sequence is defined as follows:

(Def. 5) For every natural numbern holds(FuncsSeq(X))(n) = X(n)X(n+1).

Let X be a lower non-empty set sequence and letn be a natural number. One can check that
(FuncsSeq(X))(n) is non empty.

Let us considern and let f be an element of(Seg(n+ 1))Segn. The functor@ f yields a finite
sequence of elements ofR and is defined as follows:

(Def. 6) @ f = f .

The set sequence NatEmbSeq is defined by:

(Def. 7) For every natural numbern holds (NatEmbSeq)(n) = { f ; f ranges over elements of
(Seg(n+1))Segn: @ f is increasing}.

Let us considern. One can verify that(NatEmbSeq)(n) is non empty.
Let n be a natural number. Observe that every element of(NatEmbSeq)(n) is function-like and

relation-like.
Let X be a set sequence. A triangulation ofX is a many sorted function from NatEmbSeq into

FuncsSeq(X).
We introduce triangulation structures which are systems
〈 a skeleton sequence, a faces assignment〉,

where the skeleton sequence is a set sequence and the faces assignment is a many sorted function
from NatEmbSeq into FuncsSeq(the skeleton sequence).

Let T be a triangulation structure. We say thatT is lower non-empty if and only if:

(Def. 9)1 The skeleton sequence ofT is lower non-empty.

One can check that there exists a triangulation structure which is lower non-empty and strict.
Let T be a lower non-empty triangulation structure. Note that the skeleton sequence ofT is

lower non-empty.
Let Sbe a lower non-empty set sequence and letF be a many sorted function from NatEmbSeq

into FuncsSeq(S). Observe that〈S,F〉 is lower non-empty.

1 The definition (Def. 8) has been removed.
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4. RELATIONSHIP BETWEEN ABSTRACT COMPLEXES AND TRIANGULATIONS

Let T be a triangulation structure and letn be a natural number. A symplex ofT andn is an element
of (the skeleton sequence ofT)(n).

Let n be a natural number. A face ofn is an element of(NatEmbSeq)(n).
Let T be a lower non-empty triangulation structure, letn be a natural number, letx be a symplex

of T andn+1, and let f be a face ofn. Let us assume that (the skeleton sequence ofT)(n+1) 6= /0.
The functor face(x, f ) yielding a symplex ofT andn is defined by:

(Def. 10) For all functionsF , G such thatF = (the faces assignment ofT)(n) andG = F( f ) holds
face(x, f ) = G(x).

LetC be a non empty poset. The functor Triang(C) yields a lower non-empty strict triangulation
structure and is defined by the conditions (Def. 11).

(Def. 11)(i) (The skeleton sequence of Triang(C))(0) = { /0},
(ii) for every natural numbern such thatn> 0 holds (the skeleton sequence of Triang(C))(n) =

{SgmX(the internal relation ofC, A);A ranges over non empty elements of symplexes(C):
A = n}, and

(iii) for every natural numbern and for every facef of n and for every elementsof (the skeleton
sequence of Triang(C))(n+1) such thats∈ (the skeleton sequence of Triang(C))(n+1) and
for every non empty elementA of symplexes(C) such that SgmX(the internal relation ofC,
A) = s holds face(s, f ) = SgmX(the internal relation ofC, A) · f .
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