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The articles [10], [11], [12], [2], [5], [6], [8], [9], [1], [3], [4], and [7] provide the notation and
terminology for this paper.

Let N be a natural number. A sequence inEN
T is a sequence ofEN

T .
For simplicity, we follow the rules:N, n, m are natural numbers,q, r, r1, r2 are real numbers,x

is a set,w, w1, w2, g are points ofEN
T , ands1, s2, s3, s4, s′1 are sequences inEN

T .
Next we state the proposition

(2)1 Let f be a function. Thenf is a sequence inEN
T if and only if domf = N and for everyn

holds f (n) is a point ofEN
T .

Let us considerN and letI1 be a sequence inEN
T . We say thatI1 is non-zero if and only if:

(Def. 1) rngI1 ⊆ (the carrier ofEN
T )\{0EN

T
}.

One can prove the following propositions:

(3) s1 is non-zero iff for everyx such thatx∈ N holdss1(x) 6= 0EN
T
.

(4) s1 is non-zero iff for everyn holdss1(n) 6= 0EN
T
.

(5) For allN, s1, s2 such that for everyx such thatx∈ N holdss1(x) = s2(x) holdss1 = s2.

(6) For allN, s1, s2 such that for everyn holdss1(n) = s2(n) holdss1 = s2.

The schemeExTopRealNSeqdeals with a natural numberA and a unary functorF yielding a
point of EA

T , and states that:
There exists a sequences1 in EA

T such that for everyn holdss1(n) = F (n)
for all values of the parameters.

Let us considerN, s2, s3. The functors2 +s3 yielding a sequence inEN
T is defined as follows:

(Def. 2) For everyn holds(s2 +s3)(n) = s2(n)+s3(n).

Let us considerr, N, s1. The functorr ·s1 yields a sequence inEN
T and is defined as follows:

(Def. 3) For everyn holds(r ·s1)(n) = r ·s1(n).

Let us considerN, s1. The functor−s1 yielding a sequence inEN
T is defined as follows:

1 The proposition (1) has been removed.
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(Def. 4) For everyn holds(−s1)(n) =−s1(n).

Let us considerN, s2, s3. The functors2−s3 yields a sequence inEN
T and is defined by:

(Def. 5) s2−s3 = s2 +−s3.

Let us considerN and letx be a point ofEN
T . The functor|x| yielding a real number is defined

by:

(Def. 6) There exists a finite sequencey of elements ofR such thatx = y and|x|= |y|.

Let us considerN, s1. The functor|s1| yields a sequence of real numbers and is defined as
follows:

(Def. 7) For everyn holds|s1|(n) = |s1(n)|.

One can prove the following propositions:

(8)2 |r| · |w|= |r ·w|.

(9) |r ·s1|= |r| |s1|.

(10) s2 +s3 = s3 +s2.

(11) (s2 +s3)+s4 = s2 +(s3 +s4).

(12) −s1 = (−1) ·s1.

(13) r · (s2 +s3) = r ·s2 + r ·s3.

(14) (r ·q) ·s1 = r · (q·s1).

(15) r · (s2−s3) = r ·s2− r ·s3.

(16) s2− (s3 +s4) = s2−s3−s4.

(17) 1·s1 = s1.

(18) −−s1 = s1.

(19) s2−−s3 = s2 +s3.

(20) s2− (s3−s4) = (s2−s3)+s4.

(21) s2 +(s3−s4) = (s2 +s3)−s4.

(22) If r 6= 0 ands1 is non-zero, thenr ·s1 is non-zero.

(23) If s1 is non-zero, then−s1 is non-zero.

(24) |0EN
T
|= 0.

(25) If |w|= 0, thenw = 0EN
T
.

(26) |w| ≥ 0.

(27) |−w|= |w|.

(28) |w1−w2|= |w2−w1|.

(29) |w1−w2|= 0 iff w1 = w2.

(30) |w1 +w2| ≤ |w1|+ |w2|.

(31) |w1−w2| ≤ |w1|+ |w2|.
2 The proposition (7) has been removed.
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(32) |w1|− |w2| ≤ |w1 +w2|.

(33) |w1|− |w2| ≤ |w1−w2|.

(34) If w1 6= w2, then|w1−w2|> 0.

(35) |w1−w2| ≤ |w1−w|+ |w−w2|.

(36) If 0≤ r1 and|w1|< |w2| andr1 < r2, then|w1| · r1 < |w2| · r2.

(38)3 −|w|< r andr < |w| iff |r|< |w|.

Let us considerN and letI1 be a sequence inEN
T . We say thatI1 is bounded if and only if:

(Def. 8) There existsr such that for everyn holds|I1(n)|< r.

The following proposition is true

(39) For everyn there existsr such that 0< r and for everymsuch thatm≤ n holds|s1(m)|< r.

Let us considerN and letI1 be a sequence inEN
T . We say thatI1 is convergent if and only if:

(Def. 9) There existsg such that for everyr such that 0< r there existsn such that for everymsuch
thatn≤ mholds|I1(m)−g|< r.

Let us considerN, s1. Let us assume thats1 is convergent. The functor lims1 yielding a point of
EN

T is defined by:

(Def. 10) For everyr such that 0< r there existsn such that for everym such thatn ≤ m holds
|s1(m)− lim s1|< r.

One can prove the following propositions:

(41)4 If s1 is convergent ands′1 is convergent, thens1 +s′1 is convergent.

(42) If s1 is convergent ands′1 is convergent, then lim(s1 +s′1) = lim s1 + lim s′1.

(43) If s1 is convergent, thenr ·s1 is convergent.

(44) If s1 is convergent, then lim(r ·s1) = r · lim s1.

(45) If s1 is convergent, then−s1 is convergent.

(46) If s1 is convergent, then lim(−s1) =−lim s1.

(47) If s1 is convergent ands′1 is convergent, thens1−s′1 is convergent.

(48) If s1 is convergent ands′1 is convergent, then lim(s1−s′1) = lim s1− lim s′1.

(50)5 If s1 is convergent, thens1 is bounded.

(51) If s1 is convergent, then if lims1 6= 0EN
T
, then there existsn such that for everym such that

n≤ m holds | lim s1|
2 < |s1(m)|.

3 The proposition (37) has been removed.
4 The proposition (40) has been removed.
5 The proposition (49) has been removed.
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