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Summary. The notions of arc and line segment are introduced in two-dimensional
topological real spaceE2

T. Some basic theorems for these notions are proved. Using line
segments, the notion of special polygonal arc is defined. It has been shown that any special
polygonal arc is homeomorphic to unit intervalI. The notion of unit square�E∈

T
has been

also introduced and some facts about it have been proved.

MML Identifier: TOPREAL1.

WWW: http://mizar.org/JFM/Vol3/topreal1.html

The articles [15], [18], [2], [3], [16], [11], [1], [19], [6], [7], [8], [13], [4], [17], [12], [10], [5], [9],
and [14] provide the notation and terminology for this paper.

We adopt the following rules:l1 denotes a real number,i, j, n denote natural numbers, anda, m
denote natural numbers.

The schemeFraenkel Altdeals with a non empty setA and two unary predicatesP , Q , and
states that:

{v;v ranges over elements ofA : P [v] ∨ Q [v]} = {v1;v1 ranges over elements of
A : P [v1]}∪{v2;v2 ranges over elements ofA : Q [v2]}

for all values of the parameters.
In the sequelD denotes a set andp denotes a finite sequence of elements ofD.
Let us considerD, p, m. The functorp�m yielding a finite sequence of elements ofD is defined

by:

(Def. 1) p�m= p�Segm.

Let D be a set and letf be a finite sequence of elements ofD. One can verify thatf �0 is empty.
The following propositions are true:

(1) If a∈ dom(p�m), then(p�m)a = pa.

(2) If lenp≤m, thenp�m= p.

(3) If m≤ lenp, then len(p�m) = m.

Let T be a 1-sorted structure. A finite sequence of elements ofT is a finite sequence of elements
of the carrier ofT.

We use the following convention:p, p1, p2, q1, q2 are points ofE2
T andP, P1 are subsets ofE2

T.
Let us considern, let p1, p2 be points ofEn

T, and letP be a subset ofEn
T. We say thatP is an arc

from p1 to p2 if and only if:
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(Def. 2) There exists a mapf from I into (En
T)�P such thatf is a homeomorphism andf (0) = p1

and f (1) = p2.

Next we state two propositions:

(4) For every subsetP of En
T and for all pointsp1, p2 of En

T such thatP is an arc fromp1 to p2

holdsp1 ∈ P andp2 ∈ P.

(5) Let P, Q be subsets ofEn
T andp1, p2, q1 be points ofEn

T. SupposeP is an arc fromp1 to
p2 andQ is an arc fromp2 to q1 andP∩Q = {p2}. ThenP∪Q is an arc fromp1 to q1.

The subset�E2 of E2
T is defined by the condition (Def. 3).

(Def. 3) �E2 = {p : p1 = 0 ∧ p2 ≤ 1 ∧ p2 ≥ 0 ∨ p1 ≤ 1 ∧ p1 ≥ 0 ∧ p2 = 1 ∨ p1 ≤ 1 ∧ p1 ≥
0 ∧ p2 = 0 ∨ p1 = 1 ∧ p2 ≤ 1 ∧ p2 ≥ 0}.

Let us considern and letp1, p2 be points ofEn
T. The functorL(p1, p2) yields a subset ofEn

T
and is defined as follows:

(Def. 4) L(p1, p2) = {(1− l1) · p1 + l1 · p2 : 0≤ l1 ∧ l1 ≤ 1}.

Let us considern and letp1, p2 be points ofEn
T. Note thatL(p1, p2) is non empty.

The following propositions are true:

(6) For all pointsp1, p2 of En
T holdsp1 ∈ L(p1, p2) andp2 ∈ L(p1, p2).

(7) For every pointp of En
T holdsL(p, p) = {p}.

(8) For all pointsp1, p2 of En
T holdsL(p1, p2) = L(p2, p1).

Let us considern and let p1, p2 be points ofEn
T. Let us note that the functorL(p1, p2) is

commutative.
Next we state a number of propositions:

(9) If (p1)1 ≤ (p2)1 andp∈ L(p1, p2), then(p1)1 ≤ p1 andp1 ≤ (p2)1.

(10) If (p1)2 ≤ (p2)2 andp∈ L(p1, p2), then(p1)2 ≤ p2 andp2 ≤ (p2)2.

(11) For all pointsp, p1, p2 of En
T such thatp ∈ L(p1, p2) holds L(p1, p2) = L(p1, p) ∪

L(p, p2).

(12) For all pointsp1, p2, q1, q2 of En
T such thatq1 ∈ L(p1, p2) and q2 ∈ L(p1, p2) holds

L(q1,q2)⊆ L(p1, p2).

(13) For all pointsp, q, p1, p2 of En
T such thatp ∈ L(p1, p2) and q ∈ L(p1, p2) holds

L(p1, p2) = L(p1, p)∪L(p,q)∪L(q, p2).

(14) If p∈ L(p1, p2), thenL(p1, p)∩L(p, p2) = {p}.

(15) For all pointsp1, p2 of En
T such thatp1 6= p2 holdsL(p1, p2) is an arc fromp1 to p2.

(16) LetP be a subset ofEn
T and p1, p2, q1 be points ofEn

T. If P is an arc fromp1 to p2 and
P∩L(p2,q1) = {p2}, thenP∪L(p2,q1) is an arc fromp1 to q1.

(17) LetP be a subset ofEn
T and p1, p2, q1 be points ofEn

T. If P is an arc fromp2 to p1 and
L(q1, p2)∩P = {p2}, thenL(q1, p2)∪P is an arc fromq1 to p1.

(18) For all pointsp1, p2, q1 of En
T such thatp1 6= p2 or p2 6= q1 but L(p1, p2)∩L(p2,q1) =

{p2} holdsL(p1, p2)∪L(p2,q1) is an arc fromp1 to q1.

(19)(i) L([0,0], [0,1]) = {p1 : (p1)1 = 0 ∧ (p1)2 ≤ 1 ∧ (p1)2 ≥ 0},
(ii) L([0,1], [1,1]) = {p2 : (p2)1 ≤ 1 ∧ (p2)1 ≥ 0 ∧ (p2)2 = 1},

(iii) L([0,0], [1,0]) = {q1 : (q1)1 ≤ 1 ∧ (q1)1 ≥ 0 ∧ (q1)2 = 0}, and

(iv) L([1,0], [1,1]) = {q2 : (q2)1 = 1 ∧ (q2)2 ≤ 1 ∧ (q2)2 ≥ 0}.
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(20) �E2 = L([0,0], [0,1])∪L([0,1], [1,1])∪ (L([0,0], [1,0])∪L([1,0], [1,1])).

Let us note that�E2 is non empty.
We now state several propositions:

(21) L([0,0], [0,1])∩L([0,1], [1,1]) = {[0,1]}.

(22) L([0,0], [1,0])∩L([1,0], [1,1]) = {[1,0]}.

(23) L([0,0], [0,1])∩L([0,0], [1,0]) = {[0,0]}.

(24) L([0,1], [1,1])∩L([1,0], [1,1]) = {[1,1]}.

(25) L([0,0], [1,0]) missesL([0,1], [1,1]).

(26) L([0,0], [0,1]) missesL([1,0], [1,1]).

Let us considern, let f be a finite sequence of elements ofEn
T, and let us consideri. The functor

L( f , i) yielding a subset ofEn
T is defined as follows:

(Def. 5) L( f , i) =
{

L( fi , fi+1), if 1 ≤ i andi +1≤ len f ,
/0, otherwise.

The following proposition is true

(27) For every finite sequencef of elements ofEn
T such that 1≤ i and i + 1 ≤ len f holds

fi ∈ L( f , i) and fi+1 ∈ L( f , i).

Let us considern and let f be a finite sequence of elements ofEn
T. The functorL̃( f ) yields a

subset ofEn
T and is defined as follows:

(Def. 6) L̃( f ) =
⋃
{L( f , i) : 1≤ i ∧ i +1≤ len f}.

The following propositions are true:

(28) For every finite sequencef of elements ofEn
T holds lenf = 0 or lenf = 1 iff L̃( f ) = /0.

(29) For every finite sequencef of elements ofEn
T such that lenf ≥ 2 holdsL̃( f ) 6= /0.

Let I1 be a finite sequence of elements ofE2
T. We say thatI1 is special if and only if:

(Def. 7) For everyi such that 1≤ i and i + 1 ≤ lenI1 holds ((I1)i)1 = ((I1)i+1)1 or ((I1)i)2 =
((I1)i+1)2.

We say thatI1 is unfolded if and only if:

(Def. 8) For everyi such that 1≤ i andi +2≤ lenI1 holdsL(I1, i)∩L(I1, i +1) = {(I1)i+1}.

We say thatI1 is s.n.c. if and only if:

(Def. 9) For alli, j such thati +1 < j holdsL(I1, i) missesL(I1, j).

In the sequelf , f1, f2, h are finite sequences of elements ofE2
T.

Let us considerf . We say thatf is special sequence if and only if:

(Def. 10) f is one-to-one and lenf ≥ 2 and f is unfolded, s.n.c., and special.

We introducef is a special sequence as a synonym off is special sequence.
One can prove the following two propositions:

(30) There existf1, f2 such that

f1 is a special sequence andf2 is a special sequence and�E2 = L̃( f1)∪ L̃( f2) andL̃( f1)∩
L̃( f2) = {[0,0], [1,1]} and( f1)1 = [0,0] and( f1)len f1 = [1,1] and( f2)1 = [0,0] and( f2)len f2 =
[1,1].
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(31) If h is a special sequence, thenL̃(h) is an arc fromh1 to hlenh.

Let P be a subset ofE2
T. We say thatP is special polygonal arc if and only if:

(Def. 11) There existsf such thatf is a special sequence andP = L̃( f ).

We introduceP is a special polygonal arc as a synonym ofP is special polygonal arc.
Next we state the proposition

(32) If P1 is a special polygonal arc, thenP1 6= /0.

One can verify that every subset ofE2
T which is special polygonal arc is also non empty.

We now state three propositions:

(34)1 There exist non empty subsetsP1, P2 of E2
T such thatP1 is a special polygonal arc andP2

is a special polygonal arc and�E2 = P1∪P2 andP1∩P2 = {[0,0], [1,1]}.

(35) If P is a special polygonal arc, then there existp1, p2 such thatP is an arc fromp1 to p2.

(36) If P is a special polygonal arc, then there exists a map fromI into E2
T�P which is a homeo-

morphism.
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