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Summary. Let X be a topological space and letD be a subset ofX. D is said to be
discreteprovided for every subsetA of X such thatA⊆D there is an open subsetG of X such
that A = D∩G (comp. e.g., [9]). A discrete subsetM of X is said to bemaximal discrete
provided for every discrete subsetD of X if M ⊆ D thenM = D. A subspace ofX is discrete
(maximal discrete) iff its carrier is discrete (maximal discrete) inX.

Our purpose is to list a number of properties of discrete and maximal discrete sets in
Mizar formalism. In particular, we show here thatif D is dense and discrete then D is maximal
discrete; moreover,if D is open and maximal discrete then D is dense. We discuss also the
problem of the existence of maximal discrete subsets in a topological space.

To present the main results we first recall a definition of a class of topological spaces
considered herein. A topological spaceX is calledalmost discreteif every open subset ofX
is closed; equivalently, if every closed subset ofX is open. Such spaces were investigated
in Mizar formalism in [6] and [7]. We show here thatevery almost discrete space contains
a maximal discrete subspace and every such subspace is a retract of the enveloping space.
Moreover,if X0 is a maximal discrete subspace of an almost discrete space X and r: X → X0
is a continuous retraction, then r−1(x) = {x} for every point x of X belonging to X0. This fact
is a specialization, in the case of almost discrete spaces, of the theorem of M.H. Stone that
every topological space can be made into aT0-space by suitable identification of points (see
[11]).
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The articles [13], [15], [12], [16], [3], [5], [4], [1], [10], [17], [14], [6], [8], and [2] provide the
notation and terminology for this paper.

1. PROPERSUBSETS OF1-SORTEDSTRUCTURES

Let X be a non empty set. Let us observe thatX is trivial if and only if:

(Def. 1) There exists an elements of X such thatX = {s}.

Let us mention that there exists a set which is trivial and non empty.
The following propositions are true:

(1) For every non empty setA and for every trivial non empty setB such thatA⊆ B holds
A = B.

(2) For every trivial non empty setA and for every setB such thatA∩B is non empty holds
A⊆ B.

1 c© Association of Mizar Users
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(4)1 Let S, T be 1-sorted structures. Suppose the carrier ofS= the carrier ofT. If S is trivial,
thenT is trivial.

Let Sbe a set and letI1 be an element ofS. We say thatI1 is proper if and only if:

(Def. 2) I1 6=
⋃

S.

Let Sbe a set. Note that there exists a subset ofSwhich is non proper.
One can prove the following proposition

(5) For every setSand for every subsetA of SholdsA is proper iffA 6= S.

Let Sbe a non empty set. Observe that every subset ofSwhich is non proper is also non empty
and every subset ofSwhich is empty is also proper.

Let S be a trivial non empty set. One can check that every subset ofS which is proper is also
empty and every subset ofSwhich is non empty is also non proper.

Let Sbe a non empty set. Observe that there exists a subset ofSwhich is proper and there exists
a subset ofSwhich is non proper.

Let Sbe a non empty set. Observe that there exists a non empty subset ofSwhich is trivial.
Let y be a set. One can verify that{y} is trivial.
One can prove the following propositions:

(6) For every non empty setSand for every elementy of Ssuch that{y} is proper holdsS is
non trivial.

(7) For every non trivial non empty setSand for every elementy of Sholds{y} is proper.

Let Sbe a trivial non empty set. Note that every non empty subset ofSwhich is non proper is
also trivial.

Let Sbe a non trivial non empty set. Note that every non empty subset ofSwhich is trivial is
also proper and every non empty subset ofSwhich is non proper is also non trivial.

Let S be a non trivial non empty set. One can verify that there exists a non empty subset ofS
which is trivial and proper and there exists a non empty subset ofS which is non trivial and non
proper.

One can prove the following propositions:

(8) For every non empty 1-sorted structureY and for every elementy of Y such that{y} is
proper holdsY is non trivial.

(9) For every non trivial non empty 1-sorted structureY and for every elementy of Y holds{y}
is proper.

Let Y be a trivial non empty 1-sorted structure. Note that every non empty subset ofY is non
proper and every non empty subset ofY which is non proper is also trivial.

LetY be a non trivial non empty 1-sorted structure. Note that every non empty subset ofY which
is trivial is also proper and every non empty subset ofY which is non proper is also non trivial.

LetY be a non trivial non empty 1-sorted structure. Note that there exists a non empty subset of
Y which is trivial and proper and there exists a non empty subset ofY which is non trivial and non
proper.

LetY be a non trivial non empty 1-sorted structure. Observe that there exists a subset ofY which
is non empty, trivial, and proper.

1 The proposition (3) has been removed.
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2. PROPERSUBSPACES OFTOPOLOGICAL SPACES

One can prove the following propositions:

(10) LetX be a non empty topological structure andX0 be a subspace ofX. Then the topological
structure ofX0 is a strict subspace ofX.

(12)2 LetY0, Y1 be topological structures. Suppose the topological structure ofY0 = the topolog-
ical structure ofY1. If Y0 is topological space-like, thenY1 is topological space-like.

Let Y be a topological structure and letI1 be a subspace ofY. We say thatI1 is proper if and
only if:

(Def. 3) For every subsetA of Y such thatA = the carrier ofI1 holdsA is proper.

In the sequelY is a topological structure.
One can prove the following three propositions:

(13) LetY0 be a subspace ofY andA be a subset ofY. If A = the carrier ofY0, thenA is proper
iff Y0 is proper.

(14) LetY0, Y1 be subspaces ofY. Suppose the topological structure ofY0 = the topological
structure ofY1. If Y0 is proper, thenY1 is proper.

(15) For every subspaceY0 of Y such that the carrier ofY0 = the carrier ofY holdsY0 is non
proper.

LetY be a trivial non empty topological structure. One can verify that every non empty subspace
of Y is non proper and every non empty subspace ofY which is non proper is also trivial.

Let Y be a non trivial non empty topological structure. Note that every non empty subspace of
Y which is trivial is also proper and every non empty subspace ofY which is non proper is also non
trivial.

Let Y be a non empty topological structure. Observe that there exists a subspace ofY which is
non proper, strict, and non empty.

The following proposition is true

(16) LetY be a non empty topological structure andY0 be a non proper subspace ofY. Then the
topological structure ofY0 = the topological structure ofY.

Let Y be a non empty topological structure. One can check the following observations:

∗ every subspace ofY which is discrete is also topological space-like,

∗ every subspace ofY which is anti-discrete is also topological space-like,

∗ every subspace ofY which is non topological space-like is also non discrete, and

∗ every subspace ofY which is non topological space-like is also non anti-discrete.

We now state two propositions:

(17) LetY0, Y1 be topological structures. Suppose the topological structure ofY0 = the topolog-
ical structure ofY1. If Y0 is discrete, thenY1 is discrete.

(18) LetY0, Y1 be topological structures. Suppose the topological structure ofY0 = the topolog-
ical structure ofY1. If Y0 is anti-discrete, thenY1 is anti-discrete.

Let Y be a non empty topological structure. One can verify the following observations:

∗ every subspace ofY which is discrete is also almost discrete,

2 The proposition (11) has been removed.
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∗ every subspace ofY which is non almost discrete is also non discrete,

∗ every subspace ofY which is anti-discrete is also almost discrete, and

∗ every subspace ofY which is non almost discrete is also non anti-discrete.

One can prove the following proposition

(19) LetY0, Y1 be topological structures. Suppose the topological structure ofY0 = the topolog-
ical structure ofY1. If Y0 is almost discrete, thenY1 is almost discrete.

Let Y be a non empty topological structure. One can check the following observations:

∗ every non empty subspace ofY which is discrete and anti-discrete is also trivial,

∗ every non empty subspace ofY which is anti-discrete and non trivial is also non discrete,
and

∗ every non empty subspace ofY which is discrete and non trivial is also non anti-discrete.

Let Y be a non empty topological structure and lety be a point ofY. The functor Sspace(y)
yields a strict non empty subspace ofY and is defined by:

(Def. 4) The carrier of Sspace(y) = {y}.

Let Y be a non empty topological structure. Note that there exists a subspace ofY which is
trivial, strict, and non empty.

Let Y be a non empty topological structure and lety be a point ofY. Note that Sspace(y) is
trivial.

Next we state three propositions:

(20) For every non empty topological structureY and for every pointy of Y holds Sspace(y) is
proper iff{y} is proper.

(21) For every non empty topological structureY and for every pointy of Y such that Sspace(y)
is proper holdsY is non trivial.

(22) For every non trivial non empty topological structureY and for every pointy of Y holds
Sspace(y) is proper.

Let Y be a non trivial non empty topological structure. Note that there exists a non empty
subspace ofY which is proper, trivial, and strict.

The following propositions are true:

(23) LetY be a non empty topological structure andY0 be a trivial non empty subspace ofY.
Then there exists a pointy of Y such that the topological structure ofY0 = the topological
structure of Sspace(y).

(24) LetY be a non empty topological structure andy be a point ofY. If Sspace(y) is topological
space-like, then Sspace(y) is discrete and anti-discrete.

LetY be a non empty topological structure. Observe that every non empty subspace ofY which
is trivial and topological space-like is also discrete and anti-discrete.

Let X be a non empty topological space. Observe that there exists a subspace ofX which is
trivial, strict, topological space-like, and non empty.

Let X be a non empty topological space and letx be a point ofX. Note that Sspace(x) is
topological space-like.

Let X be a non empty topological space. One can verify that there exists a subspace ofX which
is discrete, anti-discrete, strict, and non empty.

Let X be a non empty topological space and letx be a point ofX. One can check that Sspace(x)
is discrete and anti-discrete.

Let X be a non empty topological space. One can verify the following observations:
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∗ every subspace ofX which is non proper is also open and closed,

∗ every subspace ofX which is non open is also proper, and

∗ every subspace ofX which is non closed is also proper.

Let X be a non empty topological space. Note that there exists a subspace ofX which is open,
closed, and strict.

Let X be a discrete non empty topological space. One can check that every non empty subspace
of X which is anti-discrete is also trivial and every non empty subspace ofX which is non trivial is
also non anti-discrete.

Let X be a discrete non trivial non empty topological space. Note that there exists a subspace of
X which is discrete, open, closed, proper, and strict.

Let X be an anti-discrete non empty topological space. One can verify that every non empty
subspace ofX which is discrete is also trivial and every non empty subspace ofX which is non
trivial is also non discrete.

Let X be an anti-discrete non trivial non empty topological space. One can check that every
proper non empty subspace ofX is non open and non closed and every discrete non empty subspace
of X is trivial and proper.

Let X be an anti-discrete non trivial non empty topological space. Observe that there exists a
subspace ofX which is anti-discrete, non open, non closed, proper, and strict.

Let X be an almost discrete non trivial non empty topological space. Observe that there exists a
subspace ofX which is almost discrete, proper, strict, and non empty.

3. MAXIMAL DISCRETESUBSETS ANDSUBSPACES

Let Y be a topological structure and letI1 be a subset ofY. We say thatI1 is discrete if and only if:

(Def. 5) For every subsetD of Y such thatD ⊆ I1 there exists a subsetG of Y such thatG is open
andI1∩G = D.

Let Y be a topological structure and letA be a subset ofY. Let us observe thatA is discrete if
and only if:

(Def. 6) For every subsetD of Y such thatD⊆ A there exists a subsetF of Y such thatF is closed
andA∩F = D.

One can prove the following propositions:

(25) LetY0, Y1 be topological structures,D0 be a subset ofY0, andD1 be a subset ofY1. Suppose
the topological structure ofY0 = the topological structure ofY1 andD0 = D1. If D0 is discrete,
thenD1 is discrete.

(26) LetY be a non empty topological structure,Y0 be a non empty subspace ofY, andA be a
subset ofY. SupposeA = the carrier ofY0. ThenA is discrete if and only ifY0 is discrete.

(27) LetY be a non empty topological structure andA be a subset ofY. SupposeA= the carrier
of Y. ThenA is discrete if and only ifY is discrete.

(28) For all subsetsA, B of Y such thatB⊆ A holds ifA is discrete, thenB is discrete.

(29) For all subsetsA, B of Y such thatA is discrete orB is discrete holdsA∩B is discrete.

(30) Suppose that for all subsetsP, Q of Y such thatP is open andQ is open holdsP∩Q is open
andP∪Q is open. LetA, B be subsets ofY. SupposeA is open andB is open. IfA is discrete
andB is discrete, thenA∪B is discrete.

(31) Suppose that for all subsetsP, Q of Y such thatP is closed andQ is closed holdsP∩Q is
closed andP∪Q is closed. LetA, B be subsets ofY. SupposeA is closed andB is closed. If
A is discrete andB is discrete, thenA∪B is discrete.
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(32) LetA be a subset ofY. SupposeA is discrete. Letx be a point ofY. If x∈ A, then there
exists a subsetG of Y such thatG is open andA∩G = {x}.

(33) LetA be a subset ofY. SupposeA is discrete. Letx be a point ofY. If x∈ A, then there
exists a subsetF of Y such thatF is closed andA∩F = {x}.

In the sequelX denotes a non empty topological space.
Next we state a number of propositions:

(34) Let A0 be a non empty subset ofX. SupposeA0 is discrete. Then there exists a discrete
strict non empty subspaceX0 of X such thatA0 = the carrier ofX0.

(35) Every empty subset ofX is discrete.

(36) For every pointx of X holds{x} is discrete.

(37) LetA be a subset ofX. Suppose that for every pointx of X such thatx∈ A there exists a
subsetG of X such thatG is open andA∩G = {x}. ThenA is discrete.

(38) LetA, B be subsets ofX. SupposeA is open andB is open. IfA is discrete andB is discrete,
thenA∪B is discrete.

(39) Let A, B be subsets ofX. SupposeA is closed andB is closed. IfA is discrete andB is
discrete, thenA∪B is discrete.

(40) For every subsetA of X such thatA is everywhere dense holds ifA is discrete, thenA is
open.

(41) For every subsetA of X holdsA is discrete iff for every subsetD of X such thatD ⊆ A
holdsA∩D = D.

(42) For every subsetA of X such thatA is discrete and for every pointx of X such thatx∈ A
holdsA∩{x}= {x}.

(43) For every discrete non empty topological spaceX holds every subset ofX is discrete.

(44) LetX be an anti-discrete non empty topological space andA be a non empty subset ofX.
ThenA is discrete if and only ifA is trivial.

LetY be a topological structure and letI1 be a subset ofY. We say thatI1 is maximal discrete if
and only if:

(Def. 7) I1 is discrete and for every subsetD of Y such thatD is discrete andI1 ⊆ D holdsI1 = D.

The following propositions are true:

(45) LetY0, Y1 be topological structures,D0 be a subset ofY0, andD1 be a subset ofY1. Suppose
the topological structure ofY0 = the topological structure ofY1 andD0 = D1. If D0 is maximal
discrete, thenD1 is maximal discrete.

(46) For every empty subsetA of X holdsA is not maximal discrete.

(47) For every subsetA of X such thatA is open holds ifA is maximal discrete, thenA is dense.

(48) For every subsetA of X such thatA is dense holds ifA is discrete, thenA is maximal
discrete.

(49) LetX be a discrete non empty topological space andA be a subset ofX. ThenA is maximal
discrete if and only ifA is non proper.

(50) LetX be an anti-discrete non empty topological space andA be a non empty subset ofX.
ThenA is maximal discrete if and only ifA is trivial.
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Let Y be a non empty topological structure and letI1 be a subspace ofY. We say thatI1 is
maximal discrete if and only if:

(Def. 8) For every subsetA of Y such thatA = the carrier ofI1 holdsA is maximal discrete.

Next we state the proposition

(51) LetY be a non empty topological structure,Y0 be a subspace ofY, andA be a subset of
Y. SupposeA = the carrier ofY0. ThenA is maximal discrete if and only ifY0 is maximal
discrete.

LetY be a non empty topological structure. Observe that every non empty subspace ofY which
is maximal discrete is also discrete and every non empty subspace ofY which is non discrete is also
non maximal discrete.

One can prove the following propositions:

(52) Let X0 be a non empty subspace ofX. ThenX0 is maximal discrete if and only if the
following conditions are satisfied:

(i) X0 is discrete, and

(ii) for every discrete non empty subspaceY0 of X such thatX0 is a subspace ofY0 holds the
topological structure ofX0 = the topological structure ofY0.

(53) LetA0 be a non empty subset ofX. SupposeA0 is maximal discrete. Then there exists a
strict non empty subspaceX0 of X such thatX0 is maximal discrete andA0 = the carrier of
X0.

Let X be a discrete non empty topological space. One can check the following observations:

∗ every subspace ofX which is maximal discrete is also non proper,

∗ every subspace ofX which is proper is also non maximal discrete,

∗ every subspace ofX which is non proper is also maximal discrete, and

∗ every subspace ofX which is non maximal discrete is also proper.

Let X be an anti-discrete non empty topological space. One can verify the following observa-
tions:

∗ every non empty subspace ofX which is maximal discrete is also trivial,

∗ every non empty subspace ofX which is non trivial is also non maximal discrete,

∗ every non empty subspace ofX which is trivial is also maximal discrete, and

∗ every non empty subspace ofX which is non maximal discrete is also non trivial.

4. MAXIMAL DISCRETESUBSPACES OFALMOST DISCRETESPACES

The schemeExChoiceFColdeals with a non empty topological structureA , a family B of subsets
of A , and a binary predicateP , and states that:

There exists a functionf from B into the carrier ofA such that for every subsetSof
A such thatS∈ B holdsP [S, f (S)]

provided the following requirement is met:
• For every subsetSof A such thatS∈ B there exists a pointx of A such thatP [S,x].

In the sequelX denotes an almost discrete non empty topological space.
We now state a number of propositions:

(54) For every subsetA of X holdsA =
⋃
{{a};a ranges over points ofX: a∈ A}.

(55) For all pointsa, b of X such thata∈ {b} holds{a}= {b}.
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(56) For all pointsa, b of X holds{a} misses{b} or {a}= {b}.

(57) LetA be a subset ofX. Suppose that for every pointx of X such thatx∈ A there exists a
subsetF of X such thatF is closed andA∩F = {x}. ThenA is discrete.

(58) For every subsetA of X such that for every pointx of X such thatx∈A holdsA∩{x}= {x}
holdsA is discrete.

(59) LetA be a subset ofX. ThenA is discrete if and only if for all pointsa, b of X such that
a∈ A andb∈ A holds ifa 6= b, then{a} misses{b}.

(60) LetA be a subset ofX. ThenA is discrete if and only if for every pointx of X such that
x∈ A there exists a pointa of X such thata∈ A andA∩{x}= {a}.

(61) For every subsetA of X such thatA is open and closed holds ifA is maximal discrete, then
A is not proper.

(62) For every subsetA of X such thatA is maximal discrete holdsA is dense.

(63) For every subsetA of X such thatA is maximal discrete holds
⋃
{{a};a ranges over points

of X: a∈ A}= the carrier ofX.

(64) Let A be a subset ofX. ThenA is maximal discrete if and only if for every pointx of X
there exists a pointa of X such thata∈ A andA∩{x}= {a}.

(65) For every subsetA of X such thatA is discrete there exists a subsetM of X such thatA⊆M
andM is maximal discrete.

(66) There exists a subset ofX which is maximal discrete.

(67) LetY0 be a discrete non empty subspace ofX. Then there exists a strict non empty subspace
X0 of X such thatY0 is a subspace ofX0 andX0 is maximal discrete.

Let X be an almost discrete non discrete non empty topological space. One can verify that every
non empty subspace ofX which is maximal discrete is also proper and every non empty subspace
of X which is non proper is also non maximal discrete.

Let X be an almost discrete non anti-discrete non empty topological space. One can check that
every non empty subspace ofX which is maximal discrete is also non trivial and every non empty
subspace ofX which is trivial is also non maximal discrete.

Let X be an almost discrete non empty topological space. Note that there exists a subspace ofX
which is maximal discrete, strict, non empty, and non empty.

5. CONTINUOUS MAPPINGS ANDALMOST DISCRETESPACES

The schemeMapExChoiceFdeals with non empty topological structuresA , B and a binary predi-
cateP , and states that:

There exists a mapf from A into B such that for every pointx of A holdsP [x, f (x)]
provided the following condition is met:

• For every pointx of A there exists a pointy of B such thatP [x,y].
In the sequelX, Y denote non empty topological spaces.
Next we state four propositions:

(68) For every discrete non empty topological spaceX holds every map fromX into Y is con-
tinuous.

(69) If for every non empty topological spaceY holds every map fromX into Y is continuous,
thenX is discrete.

(70) For every anti-discrete non empty topological spaceY holds every map fromX into Y is
continuous.
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(71) If for every non empty topological spaceX holds every map fromX into Y is continuous,
thenY is anti-discrete.

In the sequelX is a discrete non empty topological space andX0 is a non empty subspace ofX.
The following propositions are true:

(72) There exists a continuous map fromX into X0 which is a retraction.

(73) X0 is a retract ofX.

In the sequelX is an almost discrete non empty topological space andX0 is a maximal discrete
non empty subspace ofX.

The following four propositions are true:

(74) There exists a continuous map fromX into X0 which is a retraction.

(75) X0 is a retract ofX.

(76) Let r be a continuous map fromX into X0. Supposer is a retraction. LetF be a subset of
X0 andE be a subset ofX. If F = E, thenr−1(F) = E.

(77) Letr be a continuous map fromX into X0. Supposer is a retraction. Leta be a point ofX0

andb be a point ofX. If a = b, thenr−1({a}) = {b}.

In the sequelX0 is a discrete non empty subspace ofX.
One can prove the following propositions:

(78) There exists a continuous map fromX into X0 which is a retraction.

(79) X0 is a retract ofX.
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