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Summary. We define a set of binary arithmetic expressions with the following oper-
ations:+,−, ·, mod, anddiv and formalize the common meaning of the expressions in the set
of integers. Then, we define a compile function that for a given expression results in a program
for theSCM machine defined by Nakamura and Trybulec in [14]. We prove that the generated
program when loaded into the machine and executed computes the value of the expression.
The program uses additional memory and runs in time linear in length of the expression.

MML Identifier: SCM_COMP.

WWW: http://mizar.org/JFM/Vol5/scm_comp.html

The articles [16], [10], [22], [19], [1], [21], [17], [8], [9], [2], [3], [14], [15], [20], [18], [5], [4],
[11], [12], [6], [7], and [13] provide the notation and terminology for this paper.

One can prove the following propositions:

(1) Let I1, I2 be finite sequences of elements of the instructions ofSCM, D be a finite sequence
of elements ofZ, andi1, p1, d1 be natural numbers. Then every state with instruction counter
on i1, with I1 a I2 located fromp1, andD from d1 is a state with instruction counter oni1, with
I1 located fromp1, andD from d1 and a state with instruction counter oni1, with I2 located
from p1 + lenI1, andD from d1.

(2) Let I1, I2 be finite sequences of elements of the instructions ofSCM, i1, p1, d1, k, i2 be
natural numbers,s be a state with instruction counter oni1, with I1 a I2 located fromp1, and
εZ from d1, andu be a state ofSCM. Supposeu= (Computation(s))(k) andi(i2) = ICu. Then
u is a state with instruction counter oni2, with I2 located fromp1 + lenI1, andεZ from d1.

The binary strict non empty tree construction structure AESCM with terminals, nonterminals,
and useful nonterminals is defined by the conditions (Def. 1).

(Def. 1)(i) The terminals of AESCM = Data-LocSCM,

(ii) the nonterminals of AESCM = [:1, 5:], and

(iii) for all symbolsx, y, z of AESCM holdsx⇒ 〈y,z〉 iff x∈ [:1, 5:].

A binary term is an element of TS(AESCM).
Let n1 be a nonterminal of AESCM and lett1, t2 be binary terms. Thenn1-tree(t1, t2) is a binary

term.
Let t be a terminal of AESCM. Then the root tree oft is a binary term.
Let t be a terminal of AESCM. The functor@t yields a data-location and is defined by:

1This work was partially supported by NSERC Grant OGP9207 while the first author visited University
of Alberta, May–June 1993.
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(Def. 2) @t = t.

One can prove the following two propositions:

(3) For every nonterminaln1 of AESCM holds n1 = 〈〈0, 0〉〉 or n1 = 〈〈0, 1〉〉 or n1 = 〈〈0, 2〉〉 or
n1 = 〈〈0, 3〉〉 or n1 = 〈〈0, 4〉〉.

(4)(i) 〈〈0, 0〉〉 is a nonterminal of AESCM,

(ii) 〈〈0, 1〉〉 is a nonterminal of AESCM,

(iii) 〈〈0, 2〉〉 is a nonterminal of AESCM,

(iv) 〈〈0, 3〉〉 is a nonterminal of AESCM, and

(v) 〈〈0, 4〉〉 is a nonterminal of AESCM.

Let t3, t4 be binary terms. The functort3 + t4 yielding a binary term is defined as follows:

(Def. 3) t3 + t4 = 〈〈0, 0〉〉-tree(t3, t4).

The functort3− t4 yielding a binary term is defined by:

(Def. 4) t3− t4 = 〈〈0, 1〉〉-tree(t3, t4).

The functort3 · t4 yielding a binary term is defined by:

(Def. 5) t3 · t4 = 〈〈0, 2〉〉-tree(t3, t4).

The functort3÷ t4 yields a binary term and is defined by:

(Def. 6) t3÷ t4 = 〈〈0, 3〉〉-tree(t3, t4).

The functort3 modt4 yields a binary term and is defined as follows:

(Def. 7) t3 modt4 = 〈〈0, 4〉〉-tree(t3, t4).

Next we state the proposition

(5) Let t5 be a binary term. Then

(i) there exists a terminalt of AESCM such thatt5 = the root tree oft, or

(ii) there exist binary termst1, t2 such thatt5 = t1+ t2 or t5 = t1− t2 or t5 = t1 · t2 or t5 = t1÷ t2
or t5 = t1 modt2.

Let o be a nonterminal of AESCM and leti, j be integers. The functoro(i, j) yielding an integer
is defined by:

(Def. 8)(i) o(i, j) = i + j if o = 〈〈0, 0〉〉,
(ii) o(i, j) = i− j if o = 〈〈0, 1〉〉,

(iii) o(i, j) = i · j if o = 〈〈0, 2〉〉,
(iv) o(i, j) = i÷ j if o = 〈〈0, 3〉〉,
(v) o(i, j) = i mod j if o = 〈〈0, 4〉〉.

Let s be a state ofSCM and lett be a terminal of AESCM. Thens(t) is an integer.
Let D be a non empty set, letf be a function fromZ into D, and letx be an integer. Thenf (x)

is an element ofD.
Let s be a state ofSCM and lett5 be a binary term. The functort5 @ s yielding an integer is

defined by the condition (Def. 9).
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(Def. 9) There exists a functionf from TS(AESCM) into Z such that

(i) t5 @s= f (t5),

(ii) for every terminalt of AESCM holds f (the root tree oft) = s(t), and

(iii) for every nonterminaln1 of AESCM and for all binary termst1, t2 and for all symbolsr1,
r2 of AESCM such thatr1 = the root label oft1 andr2 = the root label oft2 andn1 ⇒ 〈r1, r2〉
and for all elementsx1, x2 of Z such thatx1 = f (t1) andx2 = f (t2) holds f (n1-tree(t1, t2)) =
n1(x1,x2).

We now state three propositions:

(6) For every statesof SCM and for every terminalt of AESCM holds (the root tree oft)@s=
s(t).

(7) For every states of SCM and for every nonterminaln1 of AESCM and for all binary terms
t1, t2 holds(n1-tree(t1, t2)) @s= n1(t1 @s, t2 @s).

(8) Let s be a state ofSCM andt1, t2 be binary terms. Then(t1 + t2) @ s= (t1 @ s)+ (t2 @ s)
and(t1− t2) @ s= (t1 @ s)− (t2 @ s) andt1 · t2 @ s= (t1 @ s) · (t2 @ s) and(t1÷ t2) @ s= (t1 @

s)÷ (t2 @s) and(t1 modt2) @s= (t1 @s)mod(t2 @s).

Let n1 be a nonterminal of AESCM and letn be a natural number. The functor Selfwork(n1,n)
yields an element of(the instructions ofSCM qua set)∗ and is defined as follows:

(Def. 10)(i) Selfwork(n1,n) = 〈AddTo(dn,dn+1)〉 if n1 = 〈〈0, 0〉〉,
(ii) Selfwork(n1,n) = 〈SubFrom(dn,dn+1)〉 if n1 = 〈〈0, 1〉〉,

(iii) Selfwork(n1,n) = 〈MultBy(dn,dn+1)〉 if n1 = 〈〈0, 2〉〉,
(iv) Selfwork(n1,n) = 〈Divide(dn,dn+1)〉 if n1 = 〈〈0, 3〉〉,
(v) Selfwork(n1,n) = 〈Divide(dn,dn+1),dn:=dn+1〉 if n1 = 〈〈0, 4〉〉.

Let t5 be a binary term and leta1 be a natural number. The functor Compile(t5,a1) yielding a
finite sequence of elements of the instructions ofSCM is defined by the condition (Def. 11).

(Def. 11) There exists a functionf from TS(AESCM) into ((the instructions ofSCM qua set)∗)N

such that

(i) Compile(t5,a1) = ( f (t5) qua element of((the instructions ofSCM qua set)∗)N)(a1),

(ii) for every terminal t of AESCM there exists a functiong from N into
(the instructions ofSCM qua set)∗ such thatg = f (the root tree oft) and for every natural
numbern holdsg(n) = 〈dn:=@t〉, and

(iii) for every nonterminaln1 of AESCM and for all binary termst3, t4 and for all symbolsr1,
r2 of AESCM such thatr1 = the root label oft3 and r2 = the root label oft4 andn1 ⇒ 〈r1,
r2〉 there exist functionsg, f1, f2 from N into (the instructions ofSCM qua set)∗ such that
g = f (n1-tree(t3, t4)) and f1 = f (t3) and f2 = f (t4) and for every natural numbern holds
g(n) = f1(n)a f2(n+1)a Selfwork(n1,n).

We now state two propositions:

(9) For every terminalt of AESCM and for every natural numbern holds Compile(the root tree
of t, n) = 〈dn:=@t〉.

(10) Letn1 be a nonterminal of AESCM, t3, t4 be binary terms,n be a natural number, andr1,
r2 be symbols of AESCM. Supposer1 = the root label oft3 and r2 = the root label oft4
andn1 ⇒ 〈r1, r2〉. Then Compile(n1-tree(t3, t4),n) = (Compile(t3,n)) a Compile(t4,n+1) a

Selfwork(n1,n).

Let t be a terminal of AESCM. The functord−1(t) yielding a natural number is defined by:

(Def. 12) dd−1(t) = t.
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Let t5 be a binary term. The functor maxDL(t5) yields a natural number and is defined by the
condition (Def. 13).

(Def. 13) There exists a functionf from TS(AESCM) into N such that

(i) maxDL(t5) = f (t5),

(ii) for every terminalt of AESCM holds f (the root tree oft) = d−1(t), and

(iii) for every nonterminaln1 of AESCM and for all binary termst1, t2 and for all symbolsr1, r2

of AESCM such thatr1 = the root label oft1 andr2 = the root label oft2 andn1 ⇒〈r1, r2〉 and
for all natural numbersx1, x2 such thatx1 = f (t1) andx2 = f (t2) holds f (n1-tree(t1, t2)) =
max(x1,x2).

Next we state three propositions:

(11) For every terminalt of AESCM holds maxDL(the root tree oft) = d−1(t).

(12) For every nonterminaln1 of AESCM and for all binary terms t1, t2 holds
maxDL(n1-tree(t1, t2)) = max(maxDL(t1),maxDL(t2)).

(13) Lett5 be a binary term ands1, s2 be states ofSCM. Suppose that for every natural number
d2 such thatd2 ≤maxDL(t5) holdss1(d(d2)) = s2(d(d2)). Thent5 @s1 = t5 @s2.

We now state two propositions:

(14) Let t5 be a binary term,a1, n, k be natural numbers, ands be a state with instruction
counter onn, with Compile(t5,a1) located fromn, andεZ from k. Supposea1 > maxDL(t5).
Then there exists a natural numberi and there exists a stateu of SCM such that

(i) u = (Computation(s))(i +1),

(ii) i +1 = lenCompile(t5,a1),

(iii) IC (Computation(s))(i) = in+i ,

(iv) ICu = in+(i+1),

(v) u(d(a1)) = t5 @s, and

(vi) for every natural numberd2 such thatd2 < a1 holdss(d(d2)) = u(d(d2)).

(15) Let t5 be a binary term,a1, n, k be natural numbers, ands be a state with instruction
counter onn, with (Compile(t5,a1)) a 〈haltSCM〉 located fromn, andεZ from k. Suppose
a1 > maxDL(t5). Thens is halting and(Result(s))(d(a1)) = t5 @ s and the complexity ofs=
lenCompile(t5,a1).
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[11] Czesław Bylínski. Finite sequences and tuples of elements of a non-empty sets.Journal of Formalized Mathematics, 2, 1990.http:
//mizar.org/JFM/Vol2/finseq_2.html.

[12] Patricia L. Carlson and Grzegorz Bancerek. Context-free grammar — part I.Journal of Formalized Mathematics, 4, 1992. http:
//mizar.org/JFM/Vol4/lang1.html.

[13] Jarosław Kotowicz. The limit of a real function at infinity.Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/
Vol2/limfunc1.html.

[14] Yatsuka Nakamura and Andrzej Trybulec. A mathematical model of CPU.Journal of Formalized Mathematics, 4, 1992. http:
//mizar.org/JFM/Vol4/ami_1.html.

[15] Yatsuka Nakamura and Andrzej Trybulec. On a mathematical model of programs.Journal of Formalized Mathematics, 4, 1992.
http://mizar.org/JFM/Vol4/ami_2.html.

[16] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[17] Andrzej Trybulec. Tuples, projections and Cartesian products.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/
Vol1/mcart_1.html.

[18] Andrzej Trybulec. Function domains and Frænkel operator.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/
Vol2/fraenkel.html.

[19] Andrzej Trybulec. Subsets of real numbers.Journal of Formalized Mathematics, Addenda, 2003.http://mizar.org/JFM/Addenda/
numbers.html.

[20] Andrzej Trybulec and Yatsuka Nakamura. Some remarks on the simple concrete model of computer.Journal of Formalized Mathematics,
5, 1993.http://mizar.org/JFM/Vol5/ami_3.html.

[21] Michał J. Trybulec. Integers.Journal of Formalized Mathematics, 2, 1990.http://mizar.org/JFM/Vol2/int_1.html.

[22] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

Received December 30, 1993

Published January 2, 2004

http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol2/finseq_2.html
http://mizar.org/JFM/Vol2/finseq_2.html
http://mizar.org/JFM/Vol4/lang1.html
http://mizar.org/JFM/Vol4/lang1.html
http://mizar.org/JFM/Vol2/limfunc1.html
http://mizar.org/JFM/Vol2/limfunc1.html
http://mizar.org/JFM/Vol4/ami_1.html
http://mizar.org/JFM/Vol4/ami_1.html
http://mizar.org/JFM/Vol4/ami_2.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol1/mcart_1.html
http://mizar.org/JFM/Vol2/fraenkel.html
http://mizar.org/JFM/Vol2/fraenkel.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol5/ami_3.html
http://mizar.org/JFM/Vol2/int_1.html
http://mizar.org/JFM/Vol1/subset_1.html

	a compiler of arithmetic expressions for … By grzegorz bancerek and piotr rudnicki

