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Summary. The concept of characterizing of partial algebras by many sorted signature
is introduced, i.e. we say that a signatureScharacterizes a partial algebraA if there is anS-
algebra whose sorts form a partition of the carrier of algebraA and operations are formed
from operations ofA by the partition. The main result is that for any partial algebra there is
the minimal many sorted signature which characterizes the algebra. The minimality means
that there are signature endomorphisms from any signature which characterizes the algebraA
onto the minimal one.
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The articles [13], [7], [18], [17], [1], [11], [19], [20], [4], [14], [3], [8], [6], [5], [21], [12], [10], [2],
[15], [16], and [9] provide the notation and terminology for this paper.

1. PRELIMINARY

Let f be a non-empty function. Note that rngf has non empty elements.
Let X, Y be non empty sets. One can check that there exists a partial function fromX toY which

is non empty.
Let X be a set with non empty elements. One can verify that every finite sequence of elements

of X is non-empty.
Let A be a non empty set. One can verify that there exists a finite sequence of operational

functions ofA which is homogeneous, quasi total, non-empty, and non empty.
Let us note that every universal algebra structure which is non-empty is also non empty.
Let X be a non empty set with non empty elements. Observe that every element ofX is non

empty.
The following propositions are true:

(1) For all non-empty functionsf , g such that∏ f ⊆ ∏g holds domf = domg and for every
setx such thatx∈ dom f holds f (x)⊆ g(x).

(2) For all non-empty functionsf , g such that∏ f = ∏g holds f = g.

Let A be a non empty set and letf be a finite sequence of operational functions ofA. Then rngf
is a subset ofA∗→̇A.

Let A, B be non empty sets and letSbe a non empty subset ofA→̇B. We see that the element of
S is a partial function fromA to B.

Let A be a non-empty universal algebra structure. An operation symbol ofA is an element of
dom(the characteristic ofA). An operation ofA is an element of rng(the characteristic ofA).

Let A be a non-empty universal algebra structure and leto be an operation symbol ofA. The
functor Den(o,A) yields an operation ofA and is defined by:
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(Def. 1) Den(o,A) = (the characteristic ofA)(o).

2. PARTITIONS

Let X be a set. Note that every partition ofX has non empty elements.
Let X be a set and letRbe an equivalence relation ofX. Then ClassesR is a partition ofX.
Next we state a number of propositions:

(3) Let X be a set,P be a partition ofX, andx, a, b be sets. Ifx∈ a anda∈ P andx∈ b and
b∈ P, thena = b.

(4) Let X, Y be sets. SupposeX is finer thanY. Let p be a finite sequence of elements ofX.
Then there exists a finite sequenceq of elements ofY such that∏ p⊆ ∏q.

(5) LetX be a set,P, Q be partitions ofX, and f be a function fromP into Q. Suppose that for
every seta such thata∈ P holdsa⊆ f (a). Let p be a finite sequence of elements ofP andq
be a finite sequence of elements ofQ. Then∏ p⊆ ∏q if and only if f · p = q.

(6) For every setP and for every functionf such that rngf ⊆
⋃

P there exists a functionp such
that domp = dom f and rngp⊆ P and f ∈ ∏ p.

(7) Let X be a set,P be a partition ofX, and f be a finite sequence of elements ofX. Then
there exists a finite sequencep of elements ofP such thatf ∈ ∏ p.

(8) Let X, Y be non empty sets,P be a partition ofX, andQ be a partition ofY. Then{[: p,
q:] : p ranges over elements ofP, q ranges over elements ofQ} is a partition of[:X, Y :].

(9) For every non empty setX and for every partitionP of X holds {∏ p : p ranges over
elements ofP∗} is a partition ofX∗.

(10) LetX be a non empty set,n be a natural number, andP be a partition ofX. Then{∏ p : p
ranges over elements ofPn} is a partition ofXn.

(11) LetX be a non empty set andY be a set. SupposeY ⊆ X. Let P be a partition ofX. Then
{a∩Y;a ranges over elements ofP: a meetsY} is a partition ofY.

(12) Let f be a non empty function andP be a partition of domf . Then{ f �a : a ranges over
elements ofP} is a partition off .

Let X be a set. The functor SmallestPartition(X) yielding a partition ofX is defined as follows:

(Def. 2) SmallestPartition(X) = Classes(idX).

One can prove the following propositions:

(13) For every non empty setX holds SmallestPartition(X) = {{x} : x ranges over elements of
X}.

(14) LetX be a set andp be a finite sequence of elements of SmallestPartition(X). Then there
exists a finite sequenceq of elements ofX such that∏ p = {q}.

Let X be a set. A function is called an indexed partition ofX if:

(Def. 3) rng it is a partition ofX and it is one-to-one.

Let X be a set. Note that every indexed partition ofX is one-to-one and non-empty. LetP be an
indexed partition ofX. Then rngP is a partition ofX.

Let X be a non empty set. Note that every indexed partition ofX is non empty.
Let X be a set and letP be a partition ofX. Then idP is an indexed partition ofX.
Let X be a set, letP be an indexed partition ofX, and letx be a set. Let us assume thatx∈ X.

TheP-index ofx is a set and is defined by:
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(Def. 4) TheP-index ofx∈ domP andx∈ P(theP-index ofx).

The following propositions are true:

(15) LetX be a set andP be a non-empty function. Suppose
⋃

P = X and for all setsx, y such
thatx∈ domP andy∈ domP andx 6= y holdsP(x) missesP(y). ThenP is an indexed partition
of X.

(16) LetX, Y be non empty sets,P be a partition ofY, and f be a function fromX into P. If
P⊆ rng f and f is one-to-one, thenf is an indexed partition ofY.

3. RELATIONS GENERATED BY OPERATIONS OFPARTIAL ALGEBRA

In this article we present several logical schemes. The schemeIndRelationExdeals with non empty
setsA , B, a natural numberC , a relationD betweenA andB, and a binary functorF yielding a
relation betweenA andB, and states that:

There exists a relationR betweenA and B and there exists a many sorted setF
indexed byN such that

(i) R= F(C ),
(ii) F(0) = D, and

(iii) for every natural numberi and for every relationRbetweenA andB such that
R= F(i) holdsF(i +1) = F (R, i)

for all values of the parameters.
The schemeRelationUniqdeals with non empty setsA , B and a binary predicateP , and states

that:
Let R1, R2 be relations betweenA andB. Suppose that

(i) for every elementx of A and for every elementy of B holds〈〈x, y〉〉 ∈ R1 iff
P [x,y], and
(ii) for every elementx of A and for every elementy of B holds〈〈x, y〉〉 ∈ R2 iff

P [x,y].
ThenR1 = R2

for all values of the parameters.
The schemeIndRelationUniqdeals with non empty setsA , B, a natural numberC , a relationD

betweenA andB, and a binary functorF yielding a relation betweenA andB, and states that:
Let R1, R2 be relations betweenA andB. Suppose that

(i) there exists a many sorted setF indexed byN such thatR1 = F(C ) andF(0) =
D and for every natural numberi and for every relationRbetweenA andB such that
R= F(i) holdsF(i +1) = F (R, i), and
(ii) there exists a many sorted setF indexed byN such thatR2 = F(C ) andF(0) =

D and for every natural numberi and for every relationRbetweenA andB such that
R= F(i) holdsF(i +1) = F (R, i).

ThenR1 = R2

for all values of the parameters.
Let A be a partial non-empty universal algebra structure. The functor DomRel(A) yielding a

binary relation on the carrier ofA is defined by the condition (Def. 5).

(Def. 5) Letx, y be elements ofA. Then〈〈x, y〉〉 ∈ DomRel(A) if and only if for every operationf of
A and for all finite sequencesp, q holdspa 〈x〉a q∈ dom f iff pa 〈y〉a q∈ dom f .

Let A be a partial non-empty universal algebra structure. Note that DomRel(A) is total, sym-
metric, and transitive.

Let A be a non-empty partial universal algebra structure and letR be a binary relation on the
carrier of A. The functorRA yields a binary relation on the carrier ofA and is defined by the
condition (Def. 6).

(Def. 6) Let x, y be elements ofA. Then〈〈x, y〉〉 ∈ RA if and only if the following conditions are
satisfied:
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(i) 〈〈x, y〉〉 ∈ R, and

(ii) for every operationf of A and for all finite sequencesp, q such thatpa 〈x〉a q∈ dom f
andpa 〈y〉a q∈ dom f holds〈〈 f (pa 〈x〉a q), f (pa 〈y〉a q)〉〉 ∈ R.

Let A be a non-empty partial universal algebra structure, letRbe a binary relation on the carrier
of A, and leti be a natural number. The functorRA,i yields a binary relation on the carrier ofA and
is defined by the condition (Def. 7).

(Def. 7) There exists a many sorted setF indexed byN such that

(i) RA,i = F(i),

(ii) F(0) = R, and

(iii) for every natural numberi and for every binary relationR on the carrier ofA such that
R= F(i) holdsF(i +1) = RA.

We now state several propositions:

(17) LetA be a non-empty partial universal algebra structure andR be a binary relation on the
carrier ofA. ThenRA,0 = RandRA,1 = RA.

(18) LetA be a non-empty partial universal algebra structure,i be a natural number, andR be a
binary relation on the carrier ofA. ThenRA,i+1 = (RA,i)A.

(19) LetA be a non-empty partial universal algebra structure,i, j be natural numbers, andR be
a binary relation on the carrier ofA. ThenRA,i+ j = (RA,i)A, j .

(20) LetA be a non-empty partial universal algebra structure andR be an equivalence relation
of the carrier ofA. If R⊆ DomRel(A), thenRA is total, symmetric, and transitive.

(21) LetA be a non-empty partial universal algebra structure andR be a binary relation on the
carrier ofA. ThenRA ⊆ R.

(22) LetA be a non-empty partial universal algebra structure andR be an equivalence relation
of the carrier ofA. SupposeR⊆ DomRel(A). Let i be a natural number. ThenRA,i is total,
symmetric, and transitive.

Let A be a non-empty partial universal algebra structure. The functor LimDomRel(A) yielding
a binary relation on the carrier ofA is defined by:

(Def. 8) For all elementsx, y of A holds〈〈x, y〉〉 ∈ LimDomRel(A) iff for every natural numberi holds
〈〈x, y〉〉 ∈ (DomRel(A))A,i .

The following proposition is true

(23) For every non-empty partial universal algebra structureA holds LimDomRel(A) ⊆
DomRel(A).

Let A be a non-empty partial universal algebra structure. One can check that LimDomRel(A) is
total, symmetric, and transitive.

4. PARTITABILITY

Let X be a non empty set, letf be a partial function fromX∗ to X, and letP be a partition ofX. We
say thatf is partitable w.r.t.P if and only if:

(Def. 9) For every finite sequencep of elements ofP there exists an elementa of P such that
f ◦∏ p⊆ a.

Let X be a non empty set, letf be a partial function fromX∗ to X, and letP be a partition ofX.
We say thatf is exactly partitable w.r.t.P if and only if:
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(Def. 10) f is partitable w.r.t.P and for every finite sequencep of elements ofP such that∏ p meets
dom f holds∏ p⊆ dom f .

We now state the proposition

(24) Let A be a non-empty partial universal algebra structure. Then every operation ofA is
exactly partitable w.r.t. SmallestPartition(the carrier ofA).

The schemeFiniteTransitivity deals with finite sequencesA , B, a unary predicateP , and a
binary predicateQ , and states that:

P [B]
provided the following requirements are met:

• P [A ],
• lenA = lenB,
• For all finite sequencesp, q and for all setsz1, z2 such thatP [p a 〈z1〉 a q] and

Q [z1,z2] holdsP [pa 〈z2〉a q], and
• For every natural numberi such thati ∈ domA holdsQ [A(i),B(i)].

The following proposition is true

(25) For every non-empty partial universal algebra structureA holds every operation ofA is
exactly partitable w.r.t. ClassesLimDomRel(A).

Let A be a partial non-empty universal algebra structure. A partition of the carrier ofA is said to
be a partition ofA if:

(Def. 11) Every operation ofA is exactly partitable w.r.t. it.

Let A be a partial non-empty universal algebra structure. An indexed partition of the carrier of
A is said to be an indexed partition ofA if:

(Def. 12) rng it is a partition ofA.

Let A be a partial non-empty universal algebra structure and letP be an indexed partition ofA.
Then rngP is a partition ofA.

Next we state three propositions:

(26) For every non-empty partial universal algebra structureA holds ClassesLimDomRel(A) is
a partition ofA.

(27) LetX be a non empty set,P be a partition ofX, p be a finite sequence of elements ofP,
q1, q2 be finite sequences, andx, y be sets. Supposeq1

a 〈x〉a q2 ∈ ∏ p and there exists an
elementa of P such thatx∈ a andy∈ a. Thenq1

a 〈y〉a q2 ∈ ∏ p.

(28) For every partial non-empty universal algebra structureA holds every partition ofA is finer
than ClassesLimDomRel(A).

5. SIGNATURE MORPHISMS

Let S1, S2 be many sorted signatures and letf , g be functions. We say thatf andg form morphism
betweenS1 andS2 if and only if the conditions (Def. 13) are satisfied.

(Def. 13)(i) domf = the carrier ofS1,

(ii) domg = the operation symbols ofS1,

(iii) rng f ⊆ the carrier ofS2,

(iv) rngg⊆ the operation symbols ofS2,

(v) f · the result sort ofS1 = (the result sort ofS2) ·g, and

(vi) for every seto and for every functionp such thato ∈ the operation symbols ofS1 and
p = (the arity ofS1)(o) holds f · p = (the arity ofS2)(g(o)).
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One can prove the following propositions:

(29) Let S be a non void non empty many sorted signature. Then idthe carrier ofS and
idthe operation symbols ofS form morphism betweenSandS.

(30) LetS1, S2, S3 be many sorted signatures andf1, f2, g1, g2 be functions. Supposef1 andg1

form morphism betweenS1 andS2 and f2 andg2 form morphism betweenS2 andS3. Then
f2 · f1 andg2 ·g1 form morphism betweenS1 andS3.

Let S1, S2 be many sorted signatures. We say thatS1 is rougher thanS2 if and only if the
condition (Def. 14) is satisfied.

(Def. 14) There exist functionsf , g such thatf andg form morphism betweenS2 andS1 and rngf =
the carrier ofS1 and rngg = the operation symbols ofS1.

Let S1, S2 be non void non empty many sorted signatures. Let us note that the predicateS1 is
rougher thanS2 is reflexive.

Next we state the proposition

(31) For all many sorted signaturesS1, S2, S3 such thatS1 is rougher thanS2 andS2 is rougher
thanS3 holdsS1 is rougher thanS3.

6. MANY SORTED SIGNATURE OF PARTIAL ALGEBRA

Let A be a partial non-empty universal algebra structure and letP be a partition ofA. The functor
MSSign(A,P) yields a strict many sorted signature and is defined by the conditions (Def. 15).

(Def. 15)(i) The carrier of MSSign(A,P) = P,

(ii) the operation symbols of MSSign(A,P) = {〈〈o, p〉〉;o ranges over operation symbols ofA,
p ranges over elements ofP∗: ∏ p meets domDen(o,A)}, and

(iii) for every operation symbolo of A and for every elementp of P∗ such that∏ p meets
domDen(o,A) holds (the arity of MSSign(A,P))(〈〈o, p〉〉) = p and (Den(o,A))◦∏ p ⊆ (the
result sort of MSSign(A,P))(〈〈o, p〉〉).

Let A be a partial non-empty universal algebra structure and letP be a partition ofA. Note that
MSSign(A,P) is non empty and non void.

Let A be a partial non-empty universal algebra structure, letP be a partition ofA, and leto be
an operation symbol of MSSign(A,P). Theno1 is an operation symbol ofA. Theno2 is an element
of P∗.

Let A be a partial non-empty universal algebra structure, letS be a non void non empty many
sorted signature, letG be an algebra overS, and letP be an indexed partition of the operation
symbols ofS. We say thatA can be characterized byS, G, andP if and only if the conditions
(Def. 16) are satisfied.

(Def. 16)(i) The sorts ofG are an indexed partition ofA,

(ii) domP = dom(the characteristic ofA), and

(iii) for every operation symbolo of A holds (the characteristics ofG)�P(o) is an indexed
partition of Den(o,A).

Let A be a partial non-empty universal algebra structure and letSbe a non void non empty many
sorted signature. We say thatA can be characterized byS if and only if the condition (Def. 17) is
satisfied.

(Def. 17) There exists an algebraG over S and there exists an indexed partitionP of the operation
symbols ofSsuch thatA can be characterized byS, G, andP.

One can prove the following propositions:
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(32) LetA be a partial non-empty universal algebra structure andP be a partition ofA. ThenA
can be characterized by MSSign(A,P).

(33) LetA be a partial non-empty universal algebra structure,Sbe a non void non empty many
sorted signature,G be an algebra overS, andQ be an indexed partition of the operation
symbols ofS. SupposeA can be characterized byS, G, andQ. Let o be an operation symbol
of A andr be a finite sequence of elements of rng(the sorts ofG). Suppose∏ r ⊆ domDen(o,
A). Then there exists an operation symbols of Ssuch that (the sorts ofG) ·Arity(s) = r and
s∈ Q(o).

(34) LetA be a partial non-empty universal algebra structure andP be a partition ofA. Suppose
P = ClassesLimDomRel(A). Let Sbe a non void non empty many sorted signature. IfA can
be characterized byS, then MSSign(A,P) is rougher thanS.
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