
JOURNAL OF FORMALIZED MATHEMATICS

Volume1, Released 1989, Published 2003

Inst. of Computer Science, Univ. of Białystok

σ-Fields and Probability

Andrzej Nȩdzusiak
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Summary. This article contains definitions and theorems concerning basic properties
of following objects: - a field of subsets of given nonempty set; - a sequence of subsets of
given nonempty set; - aσ-field of subsets of given nonempty set and events from thisσ-field;
- a probability i.e.σ-additive normed measure defined on previously introducedσ-field; - a
σ-field generated by family of subsets of given set; - family of Borel Sets.
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The articles [8], [4], [11], [10], [12], [2], [3], [1], [9], [6], [5], and [7] provide the notation and
terminology for this paper.

For simplicity, we use the following convention:O1 denotes a non empty set,X, Y, Z, p, x, y,
z denote sets,D denotes a subset ofO1, f denotes a function,m, n denote natural numbers,r, r2

denote real numbers, ands1 denotes a sequence of real numbers.
The following two propositions are true:

(2)1 For all r, r2 such that 0≤ r holdsr2− r ≤ r2.

(3) For all r, s1 such that there existsn such that for everym such thatn≤ m holdss1(m) = r
holdss1 is convergent and lims1 = r.

Let X be a set and letI1 be a family of subsets ofX. We say thatI1 is closed for complement
operator if and only if:

(Def. 1) For every subsetA of X such thatA∈ I1 holdsAc ∈ I1.

Let X be a set. One can verify that there exists a family of subsets ofX which is non empty,
closed for complement operator, and∩-closed.

Let X be a set. A field of subsets ofX is a non empty closed for complement operator∩-closed
family of subsets ofX.

In the sequelF is a field of subsets ofX.
One can prove the following propositions:

(4) For all subsetsA, B of X holds{A,B} is a family of subsets ofX.

(6)2 There exists a subsetA of X such thatA∈ F.

(9)3 For all setsA, B such thatA∈ F andB∈ F holdsA∪B∈ F.

1 The proposition (1) has been removed.
2 The proposition (5) has been removed.
3 The propositions (7) and (8) have been removed.
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(10) /0 ∈ F.

(11) X ∈ F.

(12) For all subsetsA, B of X such thatA∈ F andB∈ F holdsA\B∈ F.

(13) For all setsA, B holdsA\B missesB and ifA∈ F andB∈ F, then(A\B)∪B∈ F.

(14) { /0,X} is a field of subsets ofX.

(15) 2X is a field of subsets ofX.

(16) { /0,X} ⊆ F andF ⊆ 2X.

(18)4 For everyp such thatp∈ [:N, {X} :] there existx, y such that〈〈x, y〉〉= p and for allx, y, z
such that〈〈x, y〉〉 ∈ [:N, {X} :] and〈〈x, z〉〉 ∈ [:N, {X} :] holdsy = z.

(19) There existsf such that domf = N and for everyn holds f (n) = X.

Let X be a set. A sequence of subsets ofX is a function fromN into 2X.
In the sequelA1 denotes a sequence of subsets ofO1 andA2 denotes a sequence of subsets ofX.
The following two propositions are true:

(21)5 There existsA2 such that for everyn holdsA2(n) = X.

(22) For all subsetsA, B of X there existsA2 such thatA2(0) = A and for everyn such thatn 6= 0
holdsA2(n) = B.

Let us considerX, A2, n. ThenA2(n) is a subset ofX.
The following proposition is true

(23)
⋃

rngA2 is a subset ofX.

Let f be a function. The functor
⋃

f yielding a set is defined as follows:

(Def. 3)6
⋃

f =
⋃

rng f .

Let X be a set and letA2 be a sequence of subsets ofX. Then
⋃

A2 is a subset ofX.
The following two propositions are true:

(25)7 x∈
⋃

A2 iff there existsn such thatx∈ A2(n).

(26) There exists a sequenceB1 of subsets ofX such that for everyn holdsB1(n) = A2(n)c.

Let X be a set and letA2 be a sequence of subsets ofX. The functor ComplementA2 yielding a
sequence of subsets ofX is defined by:

(Def. 4) For everyn holds(ComplementA2)(n) = A2(n)c.

Let X be a set and letA2 be a sequence of subsets ofX. The functor IntersectionA2 yields a
subset ofX and is defined as follows:

(Def. 5) IntersectionA2 = (
⋃

ComplementA2)c.

One can prove the following three propositions:

(29)8 x∈ IntersectionA2 iff for every n holdsx∈ A2(n).

4 The proposition (17) has been removed.
5 The proposition (20) has been removed.
6 The definition (Def. 2) has been removed.
7 The proposition (24) has been removed.
8 The propositions (27) and (28) have been removed.
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(30) For all subsetsA, Bof X such thatA2(0) = Aand for everynsuch thatn 6= 0 holdsA2(n) = B
holds IntersectionA2 = A∩B.

(31) ComplementComplementA2 = A2.

Let us considerX, A2. We say thatA2 is non-increasing if and only if:

(Def. 6) For alln, msuch thatn≤m holdsA2(m)⊆ A2(n).

We say thatA2 is non-decreasing if and only if:

(Def. 7) For alln, msuch thatn≤m holdsA2(n)⊆ A2(m).

Let X be a set. A non empty family of subsets ofX is said to be aσ-field of subsets ofX if it
satisfies the conditions (Def. 8).

(Def. 8)(i) For every sequenceA2 of subsets ofX such that for everyn holds A2(n) ∈ it holds
IntersectionA2 ∈ it, and

(ii) for every subsetA of X such thatA∈ it holdsAc ∈ it.

One can prove the following two propositions:

(32) LetSbe a non empty set. ThenS is aσ-field of subsets ofX if and only if the following
conditions are satisfied:

(i) S⊆ 2X,

(ii) for every sequenceA2 of subsets ofX such that for everyn holds A2(n) ∈ S holds
IntersectionA2 ∈ S, and

(iii) for every subsetA of X such thatA∈ SholdsAc ∈ S.

(35)9 If Y is aσ-field of subsets ofX, thenY is a field of subsets ofX.

Let X be a set. Note that everyσ-field of subsets ofX is ∩-closed and closed for complement
operator.

In the sequelS1 is aσ-field of subsets ofO1 andS2 is aσ-field of subsets ofX.
We now state several propositions:

(38)10 There exists a subsetA of X such thatA∈ S2.

(41)11 For all subsetsA, B of X such thatA∈ S2 andB∈ S2 holdsA∪B∈ S2.

(42) /0 ∈ S2.

(43) X ∈ S2.

(44) For all subsetsA, B of X such thatA∈ S2 andB∈ S2 holdsA\B∈ S2.

Let X be a set and letS2 be aσ-field of subsets ofX. A sequence of subsets ofX is said to be a
sequence of subsets ofS2 if:

(Def. 9) For everyn holds it(n) ∈ S2.

Next we state the proposition

(46)12 For every sequenceA1 of subsets ofS2 holds
⋃

A1 ∈ S2.

Let X be a set and letF be aσ-field of subsets ofX. A subset ofX is called an event ofF if:

(Def. 10) It∈ F.

9 The propositions (33) and (34) have been removed.
10 The propositions (36) and (37) have been removed.
11 The propositions (39) and (40) have been removed.
12 The proposition (45) has been removed.
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Next we state several propositions:

(48)13 If x∈ S2, thenx is an event ofS2.

(49) For all eventsA, B of S2 holdsA∩B is an event ofS2.

(50) For every eventA of S2 holdsAc is an event ofS2.

(51) For all eventsA, B of S2 holdsA∪B is an event ofS2.

(52) /0 is an event ofS2.

(53) X is an event ofS2.

(54) For all eventsA, B of S2 holdsA\B is an event ofS2.

Let us considerX, S2. One can verify that there exists an event ofS2 which is empty.
Let us considerX, S2. The functorΩ(S2) yields an event ofS2 and is defined as follows:

(Def. 11) Ω(S2) = X.

Let us considerX, S2 and letA, B be events ofS2. ThenA∩B is an event ofS2. ThenA∪B is
an event ofS2. ThenA\B is an event ofS2.

The following two propositions are true:

(57)14 A1 is a sequence of subsets ofS1 iff for every n holdsA1(n) is an event ofS1.

(58) If A1 is a sequence of subsets ofS1, then
⋃

A1 is an event ofS1.

In the sequelA, B are events ofS1 andA1 is a sequence of subsets ofS1.
Next we state the proposition

(59) There existsf such that domf = S1 and for everyD such thatD ∈ S1 holds if p∈ D, then
f (D) = 1 and if p /∈ D, then f (D) = 0.

In the sequelP denotes a function fromS1 into R.
The following two propositions are true:

(60) There existsP such that for everyD such thatD ∈ S1 holds if p∈ D, thenP(D) = 1 and if
p /∈ D, thenP(D) = 0.

(62)15 P·A1 is a sequence of real numbers.

Let us considerO1, S1, A1, P. ThenP·A1 is a sequence of real numbers.
Let us considerO1, S1, P, A. ThenP(A) is a real number.
Let us considerO1, S1. A function fromS1 into R is said to be a probability onS1 if it satisfies

the conditions (Def. 13).

(Def. 13)16(i) For everyA holds 0≤ it(A),

(ii) it (O1) = 1,

(iii) for all A, B such thatA missesB holds it(A∪B) = it(A)+ it(B), and

(iv) for every A1 such thatA1 is non-increasing holds it·A1 is convergent and lim(it ·A1) =
it(IntersectionA1).

In the sequelP denotes a probability onS1.
Next we state a number of propositions:

13 The proposition (47) has been removed.
14 The propositions (55) and (56) have been removed.
15 The proposition (61) has been removed.
16 The definition (Def. 12) has been removed.



σ-FIELDS AND PROBABILITY 5

(64)17 P( /0) = 0.

(66)18 P(Ω(S1)) = 1.

(67) P(Ω(S1) \A)+P(A) = 1.

(68) P(Ω(S1) \A) = 1−P(A).

(69) If A⊆ B, thenP(B\A) = P(B)−P(A).

(70) If A⊆ B, thenP(A)≤ P(B).

(71) P(A)≤ 1.

(72) P(A∪B) = P(A)+P(B\A).

(73) P(A∪B) = P(A)+P(B\A∩B).

(74) P(A∪B) = (P(A)+P(B))−P(A∩B).

(75) P(A∪B)≤ P(A)+P(B).

In the sequelD denotes a subset ofR.
We now state the proposition

(76) 2O1 is aσ-field of subsets ofO1.

Let us considerO1 and letX be a subset of 2O1. The functorσ(X) yielding aσ-field of subsets
of O1 is defined by:

(Def. 14) X ⊆ σ(X) and for everyZ such thatX ⊆ Z and Z is a σ-field of subsets ofO1 holds
σ(X)⊆ Z.

Let us considerr. The functor HL(r) yielding a subset ofR is defined by:

(Def. 15) HL(r) = {r1; r1 ranges over elements ofR: r1 < r}.

The subset Halflines of 2R is defined as follows:

(Def. 16) Halflines= {D :
∨

r D = HL(r)}.

Theσ-field the Borel sets of subsets ofR is defined by:

(Def. 17) The Borel sets= σ(Halflines).
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