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Summary. In two articles (this one and [4]) we discuss correctness of two short pro-
grams for theSCM machine: one computes Fibonacci numbers and the other computes the
fuscfunction of Dijkstra [9]. The limitations of current Mizar implementation rendered it im-
possible to present the correctness proofs for the programs in one article. This part is purely
technical and contains a number of very specific lemmas about integer division, floor, ex-
ponentiation and logarithms. The formal definitions of the Fibonacci sequence and thefusc
function may be of general interest.

MML Identifier: PRE_FF.

WWW: http://mizar.org/JFM/Vol5/pre_ff.html

The articles [7], [16], [2], [13], [14], [1], [12], [11], [10], [5], [6], [3], [8], and [15] provide the
notation and terminology for this paper.

Let X1, X2 be non empty sets, letY1 be a non empty subset ofX1, let Y2 be a non empty subset
of X2, and letx be an element of[:Y1, Y2 :]. Thenx1 is an element ofY1. Thenx2 is an element ofY2.

In the sequeln denotes a natural number.
Let us considern. The functor Fib(n) yielding a natural number is defined by the condition

(Def. 1).

(Def. 1) There exists a functionf1 from N into [:N, N :] such that Fib(n) = f1(n)1 and f1(0) = 〈〈0,
1〉〉 and for every natural numbern holds f1(n+1) = 〈〈 f1(n)2, f1(n)1 + f1(n)2〉〉.

One can prove the following propositions:

(1) Fib(0) = 0 and Fib(1) = 1 and for every natural numbern holds Fib(n+1+1) = Fib(n)+
Fib(n+1).

(2) For every integeri holdsi÷1 = i.

(3) For all integersi, j such thatj > 0 andi÷ j = 0 holdsi < j.

(4) For all integersi, j such that 0≤ i andi < j holdsi÷ j = 0.

(5) For all integersi, j, k such thatj > 0 andk > 0 holdsi÷ j ÷k = i÷ j ·k.

(6) For every integeri holdsi mod 2= 0 or i mod 2= 1.

(7) For every integeri such thati is a natural number holdsi÷2 is a natural number.
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(10)1 For all real numbersa, b, c such thata≤ b andc > 1 holdsca ≤ cb.

(11) For all real numbersr, s such thatr ≥ s holdsbrc ≥ bsc.

(12) For all real numbersa, b, c such thata > 1 andb > 0 andc≥ b holds logac≥ logab.

(13) For every natural numbern such thatn > 0 holdsblog2(2·n)c+1 6= blog2(2·n+1)c.

(14) For every natural numbern such thatn > 0 holdsblog2(2·n)c+1≥ blog2(2·n+1)c.

(15) For every natural numbern such thatn > 0 holdsblog2(2·n)c = blog2(2·n+1)c.

(16) For every natural numbern such thatn > 0 holdsblog2nc+1 = blog2(2·n+1)c.

Let f be a function fromN into N∗ and letn be a natural number. Thenf (n) is a finite sequence
of elements ofN.

Let n be a natural number. The functor Fusc(n) yielding a natural number is defined by:

(Def. 2)(i) Fusc(n) = 0 if n = 0,

(ii) there exists a natural numberl and there exists a functionf2 from N into N∗ such that
l + 1 = n and Fusc(n) = f2(l)n and f2(0) = 〈1〉 and for every natural numbern holds for
every natural numberk such thatn+2= 2·k holds f2(n+1) = f2(n)a 〈 f2(n)k〉 and for every
natural numberk such thatn+ 2 = 2 · k+ 1 holds f2(n+ 1) = f2(n) a 〈 f2(n)k + f2(n)k+1〉,
otherwise.

Next we state several propositions:

(17) Fusc(0) = 0 and Fusc(1) = 1 and for every natural numbern holds Fusc(2 ·n) = Fusc(n)
and Fusc(2·n+1) = Fusc(n)+Fusc(n+1).

(18) For all natural numbersn1, n′1 such thatn1 6= 0 andn1 = 2·n′1 holdsn′1 < n1.

(19) For all natural numbersn1, n′1 such thatn1 = 2·n′1 +1 holdsn′1 < n1.

(20) For all natural numbersA, B holdsB = A·Fusc(0)+B·Fusc(0+1).

(21) For all natural numbersn1, n′1, A, B, N such thatn1 = 2·n′1+1 and Fusc(N) = A·Fusc(n1)+
B·Fusc(n1 +1) holds Fusc(N) = A·Fusc(n′1)+(B+A) ·Fusc(n′1 +1).

(22) For all natural numbersn1, n′1, A, B, N such thatn1 = 2 ·n′1 and Fusc(N) = A ·Fusc(n1)+
B·Fusc(n1 +1) holds Fusc(N) = (A+B) ·Fusc(n′1)+B·Fusc(n′1 +1).
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