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Summary. Product of two many sorted universal algebras and product of family of
many sorted universal algebras are defined in this article. Operations on functions, such that
commute, Frege, are also introduced.
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The articles [11], [7], [16], [17], [5], [6], [12], [8], [13], [9], [1], [3], [2], [4], [14], [10], and [15]
provide the notation and terminology for this paper.

1. PRELIMINARIES

We follow the rules:I , J, i, j, x denote sets,A, B denote many sorted sets indexed byI , andSdenotes
a non empty many sorted signature.

Let I1 be a set. We say thatI1 has common domain if and only if:

(Def. 1) For all functionsf , g such thatf ∈ I1 andg∈ I1 holds domf = domg.

Let us note that there exists a set which is functional and non empty and has common domain.
The following proposition is true

(1) { /0} is a functional set with common domain.

Let X be a functional set with common domain. The functor DOM(X) yielding a set is defined
as follows:

(Def. 2)(i) For every functionx such thatx∈ X holds DOM(X) = domx if X 6= /0,

(ii) DOM(X) = /0, otherwise.

Let X be a functional non empty set with common domain. We see that the element ofX is a
many sorted set indexed by DOM(X).

The following proposition is true

(2) For every functional setX with common domain such thatX = { /0} holds DOM(X) = /0.

Let I be a set and letM be a non-empty many sorted set indexed byI . One can verify that∏M
is functional and non empty and has common domain.

1 c© Association of Mizar Users
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2. OPERATIONS ONFUNCTIONS

The schemeLambdaDMSdeals with a non empty setA and a unary functorF yielding a set, and
states that:

There exists a many sorted setX indexed byA such that for every elementd of A
holdsX(d) = F (d)

for all values of the parameters.
Let f be a function. The functor commute( f ) yields a function yielding function and is defined

as follows:

(Def. 5)1 commute( f ) = curry′uncurryf .

The following propositions are true:

(3) For every function f and for every setx such that x ∈ domcommute( f ) holds
(commute( f ))(x) is a function.

(4) For all setsA, B, C and for every functionf such thatA 6= /0 andB 6= /0 and f ∈ (CB)A holds
commute( f ) ∈ (CA)B.

(5) LetA, B, C be sets andf be a function. SupposeA 6= /0 andB 6= /0 and f ∈ (CB)A. Let g, h be
functions andx, y be sets. Supposex∈ A andy∈ B and f (x) = g and(commute( f ))(y) = h.
Thenh(x) = g(y) and domh = A and domg = B and rngh⊆C and rngg⊆C.

(6) For all setsA, B, C and for every functionf such thatA 6= /0 andB 6= /0 and f ∈ (CB)A holds
commute(commute( f )) = f .

(7) commute( /0) = /0.

Let F be a function. The functor�commute(F) yields a function and is defined by the condi-
tions (Def. 6).

(Def. 6)(i) For everyx holdsx ∈ dom�commute(F) iff there exists a functionf such thatf ∈
domF andx = commute( f ), and

(ii) for every function f such that f ∈ dom�commute(F) holds (�commute(F))( f ) =
F(commute( f )).

One can prove the following proposition

(8) For every functionF such that domF = { /0} holds�commute(F) = F.

Let f be a function yielding function. Then Frege( f ) is a many sorted function indexed by
∏(domκ f (κ)) and it can be characterized by the condition:

(Def. 8)2 For every functiong such thatg∈ ∏(domκ f (κ)) holds(Frege( f ))(g) = f " g.

Let us considerI , A, B. The functor[[A,B]] yielding a many sorted set indexed byI is defined
by:

(Def. 9) For everyi such thati ∈ I holds[[A,B]](i) = [:A(i), B(i) :].

Let us considerI and letA, B be non-empty many sorted sets indexed byI . One can check that
[[A,B]] is non-empty.

We now state the proposition

(9) Let I be a non empty set,J be a set,A, B be many sorted sets indexed byI , and f be a
function fromJ into I . Then[[A,B]] · f = [[A· f ,B· f ]].

1 The definitions (Def. 3) and (Def. 4) have been removed.
2 The definition (Def. 7) has been removed.
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Let I be a non empty set, let us considerJ, let A, B be non-empty many sorted sets indexed byI ,
let p be a function fromJ into I∗, let r be a function fromJ into I , let j be a set, letf be a function
from (A# · p)( j) into (A· r)( j), and letg be a function from(B# · p)( j) into (B· r)( j). Let us assume
that j ∈ J. The functoree f ,gdd yielding a function from([[A,B]]# · p)( j) into ([[A,B]] · r)( j) is defined
by:

(Def. 10) For every functionh such thath ∈ ([[A,B]]# · p)( j) holds ee f ,gdd(h) = 〈〈 f (pr1(h)),
g(pr2(h))〉〉.

Let I be a non empty set, let us considerJ, let A, B be non-empty many sorted sets indexed
by I , let p be a function fromJ into I∗, let r be a function fromJ into I , let F be a many sorted
function fromA# · p into A· r, and letG be a many sorted function fromB# · p into B· r. The functor
eeF,Gdd yields a many sorted function from[[A,B]]# · p into [[A,B]] · r and is defined by the condition
(Def. 11).

(Def. 11) Let givenj. Supposej ∈ J. Let f be a function from(A# · p)( j) into (A · r)( j) andg be a
function from(B# · p)( j) into (B· r)( j). If f = F( j) andg= G( j), theneeF,Gdd( j) =ee f ,gdd.

3. FAMILY OF MANY SORTED UNIVERSAL ALGEBRAS

Let us considerI , S. A many sorted set indexed byI is said to be an algebra family ofI overS if:

(Def. 12) For everyi such thati ∈ I holds it(i) is a non-empty algebra overS.

Let I be a non empty set, let us considerS, let A be an algebra family ofI overS, and leti be an
element ofI . ThenA(i) is a non-empty algebra overS.

Let Sbe a non empty many sorted signature and letU1 be an algebra overS. The functor|U1|
yielding a set is defined as follows:

(Def. 13) |U1| =
⋃

rng(the sorts ofU1).

Let Sbe a non empty many sorted signature and letU1 be a non-empty algebra overS. Note that
|U1| is non empty.

Let I be a non empty set, letS be a non empty many sorted signature, and letA be an algebra
family of I overS. The functor|A| yields a set and is defined by:

(Def. 14) |A| =
⋃
{|A(i)| : i ranges over elements ofI}.

Let I be a non empty set, letS be a non empty many sorted signature, and letA be an algebra
family of I overS. Note that|A| is non empty.

4. PRODUCT OFMANY SORTED UNIVERSAL ALGEBRAS

Next we state two propositions:

(10) LetSbe a non void non empty many sorted signature,U0 be an algebra overS, ando be an
operation symbol ofS. Then Args(o,U0) = ∏((the sorts ofU0) ·Arity(o)) and dom((the sorts
of U0) ·Arity(o)) = domArity(o) and Result(o,U0) = (the sorts ofU0)(the result sort ofo).

(11) LetSbe a non void non empty many sorted signature,U0 be an algebra overS, ando be an
operation symbol ofS. If Arity (o) = /0, then Args(o,U0) = { /0}.

Let us considerSand letU1, U2 be non-empty algebras overS. The functor[:U1, U2 :] yielding
an algebra overS is defined by:

(Def. 15) [:U1, U2 :] = 〈[[the sorts ofU1, the sorts ofU2]],eethe characteristics ofU1, the characteristics
of U2dd〉.

Let us considerSand letU1, U2 be non-empty algebras overS. Note that[:U1, U2 :] is strict.
Let us considerI , S, let s be a sort symbol ofS, and letA be an algebra family ofI overS. The

functor Carrier(A,s) yields a many sorted set indexed byI and is defined as follows:
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(Def. 16)(i) For every seti such thati ∈ I there exists an algebraU0 overSsuch thatU0 = A(i) and
(Carrier(A,s))(i) = (the sorts ofU0)(s) if I 6= /0,

(ii) Carrier(A,s) = /0, otherwise.

Let us considerI , S, let s be a sort symbol ofS, and letA be an algebra family ofI over S.
Observe that Carrier(A,s) is non-empty.

Let us considerI , Sand letA be an algebra family ofI overS. The functor SORTS(A) yields a
many sorted set indexed by the carrier ofSand is defined as follows:

(Def. 17) For every sort symbols of Sholds(SORTS(A))(s) = ∏Carrier(A,s).

Let us considerI , S and letA be an algebra family ofI over S. Observe that SORTS(A) is
non-empty.

Let us considerI , let Sbe a non empty many sorted signature, and letA be an algebra family of
I overS. The functor OPER(A) yields a many sorted function indexed byI and is defined by:

(Def. 18)(i) For every seti such thati ∈ I there exists an algebraU0 overSsuch thatU0 = A(i) and
(OPER(A))(i) = the characteristics ofU0 if I 6= /0,

(ii) OPER(A) = /0, otherwise.

The following two propositions are true:

(12) LetSbe a non empty many sorted signature andA be an algebra family ofI overS. Then
domuncurryOPER(A) = [: I , the operation symbols ofS:].

(13) Let I be a non empty set,S be a non void non empty many sorted signature,A be an
algebra family ofI overS, ando be an operation symbol ofS. Then commute(OPER(A)) ∈
((rnguncurryOPER(A))I )the operation symbols ofS.

Let I be a set, letSbe a non void non empty many sorted signature, letA be an algebra family
of I overS, and leto be an operation symbol ofS. The functorA(o) yielding a many sorted function
indexed byI is defined by:

(Def. 19) A(o) = (commute(OPER(A)))(o).

One can prove the following propositions:

(14) Let I be a non empty set,i be an element ofI , S be a non void non empty many sorted
signature,A be an algebra family ofI over S, ando be an operation symbol ofS. Then
A(o)(i) = Den(o,A(i)).

(15) LetI be a non empty set,Sbe a non void non empty many sorted signature,A be an algebra
family of I overS, o be an operation symbol ofS, andx be a set. Ifx∈ rngFrege(A(o)), then
x is a function.

(16) LetI be a non empty set,Sbe a non void non empty many sorted signature,A be an algebra
family of I overS, o be an operation symbol ofS, and f be a function. Iff ∈ rngFrege(A(o)),
then domf = I and for every elementi of I holds f (i) ∈ Result(o,A(i)).

(17) Let I be a non empty set,S be a non void non empty many sorted signature,A be an
algebra family ofI over S, o be an operation symbol ofS, and f be a function. Suppose
f ∈ domFrege(A(o)). Then domf = I and for every elementi of I holds f (i) ∈ Args(o,A(i))
and rngf ⊆ |A|domArity(o).

(18) LetI be a non empty set,Sbe a non void non empty many sorted signature,A be an algebra
family of I overS, ando be an operation symbol ofS. Then dom(domκ A(o)(κ)) = I and for
every elementi of I holds(domκ A(o)(κ))(i) = Args(o,A(i)).

Let us considerI , let Sbe a non void non empty many sorted signature, and letA be an algebra
family of I overS. The functor OPS(A) yields a many sorted function from(SORTS(A))# · the arity
of S into SORTS(A) · the result sort ofSand is defined as follows:
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(Def. 20)(i) For every operation symbolo of S holds (OPS(A))(o) = (Arity(o) = /0 →
commute(A(o)),�commute(Frege(A(o)))) if I 6= /0,

(ii) TRUE, otherwise.

Let I be a set, letS be a non void non empty many sorted signature, and letA be an algebra
family of I overS. The functor∏A yielding an algebra overS is defined by:

(Def. 21) ∏A = 〈SORTS(A),OPS(A)〉.

Let I be a set, letS be a non void non empty many sorted signature, and letA be an algebra
family of I overS. Note that∏A is strict.

One can prove the following proposition

(20)3 Let Sbe a non void non empty many sorted signature andA be an algebra family ofI over
S. Then the sorts of∏A = SORTS(A) and the characteristics of∏A = OPS(A).
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