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The articles [13], [8], [15], [11], [16], [5], [7], [6], [4], [14], [12], [17], [2], [3], [9], [10], and [1]
provide the notation and terminology for this paper.

In this paperT denotes a non empty topological space andX denotes a subset ofT.
Let T be a non empty topological structure. The functor OpenClosedSet(T) yielding a family

of subsets ofT is defined by:

(Def. 1) OpenClosedSet(T) = {x;x ranges over subsets ofT: x is open and closed}.

Let T be a non empty topological space. Observe that OpenClosedSet(T) is non empty.
We now state three propositions:

(2)1 If X ∈OpenClosedSet(T), thenX is open.

(3) If X ∈OpenClosedSet(T), thenX is closed.

(4) If X is open and closed, thenX ∈OpenClosedSet(T).

In the sequelx denotes an element of OpenClosedSet(T).
Let us considerT and letC, D be elements of OpenClosedSet(T). ThenC∪D is an element of

OpenClosedSet(T). ThenC∩D is an element of OpenClosedSet(T).
Let us considerT. The functor join(T) yields a binary operation on OpenClosedSet(T) and is

defined as follows:

(Def. 2) For all elementsA, B of OpenClosedSet(T) holds(join(T))(A, B) = A∪B.

The functor meet(T) yielding a binary operation on OpenClosedSet(T) is defined as follows:

(Def. 3) For all elementsA, B of OpenClosedSet(T) holds(meet(T))(A, B) = A∩B.

One can prove the following propositions:

(5) For all elementsx, y of 〈OpenClosedSet(T), join(T),meet(T)〉 and for all elementsx′, y′

of OpenClosedSet(T) such thatx = x′ andy = y′ holdsxty = x′∪y′.

(6) For all elementsx, y of 〈OpenClosedSet(T), join(T),meet(T)〉 and for all elementsx′, y′

of OpenClosedSet(T) such thatx = x′ andy = y′ holdsxuy = x′∩y′.

(7) /0T is an element of OpenClosedSet(T).

1 The proposition (1) has been removed.
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(8) ΩT is an element of OpenClosedSet(T).

(9) xc is an element of OpenClosedSet(T).

(10) 〈OpenClosedSet(T), join(T),meet(T)〉 is a lattice.

Let T be a non empty topological space. The functor OpenClosedSetLatt(T) yields a lattice and
is defined as follows:

(Def. 4) OpenClosedSetLatt(T) = 〈OpenClosedSet(T), join(T),meet(T)〉.

One can prove the following propositions:

(11) For every non empty topological spaceT and for all elementsx, yof OpenClosedSetLatt(T)
holdsxty = x∪y.

(12) For every non empty topological spaceT and for all elementsx, yof OpenClosedSetLatt(T)
holdsxuy = x∩y.

(13) The carrier of OpenClosedSetLatt(T) = OpenClosedSet(T).

(14) OpenClosedSetLatt(T) is Boolean.

(15) ΩT is an element of OpenClosedSetLatt(T).

(16) /0T is an element of OpenClosedSetLatt(T).

In the sequelx, X denote sets.
Let us observe that there exists a Boolean lattice which is non trivial.
We adopt the following rules:B1 denotes a non trivial Boolean lattice,a, b denote elements of

B1, andU1, F denote filters ofB1.
Let us considerB1. The functor ultraset(B1) yields a subset of 2the carrier ofB1 and is defined as

follows:

(Def. 5) ultraset(B1) = {F : F is an ultrafilter}.

Let us considerB1. Observe that ultraset(B1) is non empty.
The following propositions are true:

(18)2 x∈ ultraset(B1) iff there existsU1 such thatU1 = x andU1 is an ultrafilter.

(19) For everya holds{F : F is an ultrafilter∧ a∈ F} ⊆ ultraset(B1).

Let us considerB1. The functor UFilter(B1) yielding a function is defined by:

(Def. 6) domUFilter(B1) = the carrier ofB1 and for every elementa of B1 holds(UFilter(B1))(a) =
{U1 : U1 is an ultrafilter∧ a∈U1}.

Next we state several propositions:

(20) x∈ (UFilter(B1))(a) iff there existsF such thatF = x andF is an ultrafilter anda∈ F.

(21) F ∈ (UFilter(B1))(a) iff F is an ultrafilter anda∈ F.

(22) For everyF such thatF is an ultrafilter holdsatb∈ F iff a∈ F or b∈ F.

(23) (UFilter(B1))(aub) = (UFilter(B1))(a)∩ (UFilter(B1))(b).

(24) (UFilter(B1))(atb) = (UFilter(B1))(a)∪ (UFilter(B1))(b).

Let us considerB1. Then UFilter(B1) is a function from the carrier ofB1 into 2ultraset(B1).
Let us considerB1. The functor StoneR(B1) yields a set and is defined by:

2 The proposition (17) has been removed.
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(Def. 7) StoneR(B1) = rngUFilter(B1).

Let us considerB1. One can check that StoneR(B1) is non empty.
The following two propositions are true:

(25) StoneR(B1)⊆ 2ultraset(B1).

(26) x∈ StoneR(B1) iff there existsa such that(UFilter(B1))(a) = x.

Let us considerB1. The functor StoneSpace(B1) yielding a strict topological space is defined
by:

(Def. 8) The carrier of StoneSpace(B1) = ultraset(B1) and the topology of StoneSpace(B1) =
{
⋃

A;A ranges over families of subsets of ultraset(B1): A⊆ StoneR(B1)}.
Let us considerB1. Note that StoneSpace(B1) is non empty.
We now state two propositions:

(27) If F is an ultrafilter andF /∈ (UFilter(B1))(a), thena /∈ F.

(28) ultraset(B1)\ (UFilter(B1))(a) = (UFilter(B1))(ac).

Let us considerB1. The functor StoneBLattice(B1) yields a lattice and is defined by:

(Def. 9) StoneBLattice(B1) = OpenClosedSetLatt(StoneSpace(B1)).

One can prove the following four propositions:

(29) UFilter(B1) is one-to-one.

(30)
⋃

StoneR(B1) = ultraset(B1).

(31) For all setsA, B, X such thatX ⊆
⋃

(A∪B) and for every setY such thatY ∈ B holdsY
missesX holdsX ⊆

⋃
A.

(32) For every non empty setX holds there exists a finite subset ofX which is non empty.

Let D be a non empty set. One can verify that there exists a finite subset ofD which is non
empty.

The following propositions are true:

(34)3 Let L be a non trivial Boolean lattice andD be a non empty subset ofL. Suppose⊥L ∈ [D).
Then there exists a non empty finite subsetB of the carrier ofL such thatB⊆D andd−efB =⊥L.

(35) For every lower bound latticeL it is not true that there exists a filterF of L such thatF is
an ultrafilter and⊥L ∈ F.

(36) (UFilter(B1))(⊥(B1)) = /0.

(37) (UFilter(B1))(>(B1)) = ultraset(B1).

(38) If ultraset(B1) =
⋃

X andX is a subset of StoneR(B1), then there exists a finite subsetY of
X such that ultraset(B1) =

⋃
Y.

(40)4 StoneR(B1) = OpenClosedSet(StoneSpace(B1)).

Let us considerB1. Then UFilter(B1) is a homomorphism fromB1 to StoneBLattice(B1).
Next we state four propositions:

(41) rngUFilter(B1) = the carrier of StoneBLattice(B1).

(42) UFilter(B1) is isomorphism.

(43) B1 and StoneBLattice(B1) are isomorphic.

(44) For every non trivial Boolean latticeB1 there exists a non empty topological spaceT such
thatB1 and OpenClosedSetLatt(T) are isomorphic.

3 The proposition (33) has been removed.
4 The proposition (39) has been removed.
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