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Summary. We define some well known isomorphisms between functor categories:

betweenA�̇(o,m) andA, betweenC[:A,B:] and(CB)A
, and between[:B,C:]A and[:BA,CA:]. Com-

pare [9] and [8]. Unfortunately in this paper ”functor” is used in two different meanings, as a
lingual function and as a functor between categories.

MML Identifier: ISOCAT_2.

WWW: http://mizar.org/JFM/Vol4/isocat_2.html

The articles [10], [6], [14], [15], [16], [3], [4], [2], [1], [11], [5], [7], [13], and [12] provide the
notation and terminology for this paper.

1. PRELIMINARIES

Let A, B, C be non empty sets and letf be a function fromA into CB. Then uncurryf is a function
from [:A, B:] into C.

We now state several propositions:

(1) For all non empty setsA, B, C and for every function f from A into CB holds
curryuncurryf = f .

(2) LetA, B, C be non empty sets,f be a function fromA into CB, a be an element ofA, andb
be an element ofB. Then(uncurryf )(〈〈a, b〉〉) = f (a)(b).

(3) For every setx and for every non empty setA and for all functionsf , g from {x} into A
such thatf (x) = g(x) holds f = g.

(4) For all non empty setsA, B and for every elementx of A and for every functionf from A
into B holds f (x) ∈ rng f .

(5) LetA, B, C be non empty sets andf , g be functions fromA into [:B, C:]. If π1(B×C) · f =
π1(B×C) ·g andπ2(B×C) · f = π2(B×C) ·g, then f = g.

In the sequelA, B, C denote categories.
We now state two propositions:

(6) For every morphismf of A holds idcod f · f = f .

(7) For every morphismf of A holds f · iddom f = f .

In the sequelo, m are sets.
The following propositions are true:
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(8) o is an object ofBA iff o is a functor fromA to B.

(9) Let f be a morphism ofBA. Then there exist functorsF1, F2 from A to B and there exists
a natural transformationt from F1 to F2 such thatF1 is naturally transformable toF2 and
dom f = F1 and codf = F2 and f = 〈〈〈〈F1, F2〉〉, t〉〉.

2. THE ISOMORPHISM BETWEENA�̇(o,m) AND A

Let us considerA, B and leta be an object ofA. The functora 7→ B yields a functor fromBA to B
and is defined by the condition (Def. 1).

(Def. 1) LetF1, F2 be functors fromA to B andt be a natural transformation fromF1 to F2. If F1 is
naturally transformable toF2, then(a 7→ B)(〈〈〈〈F1, F2〉〉, t〉〉) = t(a).

The following proposition is true

(11)1 A�̇(o,m) ∼= A.

3. THE ISOMORPHISM BETWEENC[:A,B:] AND (CB)A

One can prove the following four propositions:

(12) For every functorF from [:A, B:] to C and for every objecta of A and for every objectb of
B holdsF(a,−)(b) = F(〈〈a, b〉〉).

(13) For all objectsa1, a2 of A and for all objectsb1, b2 of B holds hom(a1,a2) 6= /0 and
hom(b1,b2) 6= /0 iff hom(〈〈a1, b1〉〉,〈〈a2, b2〉〉) 6= /0.

(14) Leta1, a2 be objects ofA andb1, b2 be objects ofB. Suppose hom(〈〈a1, b1〉〉,〈〈a2, b2〉〉) 6= /0.
Let f be a morphism ofA andg be a morphism ofB. Then〈〈 f , g〉〉 is a morphism from〈〈a1,
b1〉〉 to 〈〈a2, b2〉〉 if and only if f is a morphism froma1 to a2 andg is a morphism fromb1 to
b2.

(15) Let F1, F2 be functors from[:A, B:] to C. SupposeF1 is naturally transformable toF2.
Let t be a natural transformation fromF1 to F2 anda be an object ofA. ThenF1(a,−) is
naturally transformable toF2(a,−) and(curryt)(a) is a natural transformation fromF1(a,−)
to F2(a,−).

Let us considerA, B, C, let F be a functor from[:A, B:] to C, and let f be a morphism ofA.
The functor curry(F, f ) yields a function from the morphisms ofB into the morphisms ofC and is
defined as follows:

(Def. 2) curry(F, f ) = (curryF)( f ).

We now state two propositions:

(16) Leta1, a2 be objects ofA, b1, b2 be objects ofB, f be a morphism ofA, andg be a morphism
of B. If f ∈ hom(a1,a2) andg∈ hom(b1,b2), then〈〈 f , g〉〉 ∈ hom(〈〈a1, b1〉〉,〈〈a2, b2〉〉).

(17) LetF be a functor from[:A, B:] to C anda, b be objects ofA. Suppose hom(a,b) 6= /0. Let
f be a morphism froma to b. Then

(i) F(a,−) is naturally transformable toF(b,−), and

(ii) curry(F, f ) · the id-map ofB is a natural transformation fromF(a,−) to F(b,−).

Let us considerA, B, C, let F be a functor from[:A, B:] to C, and let f be a morphism ofA. The
functorF( f ,−) yielding a natural transformation fromF(dom f ,−) to F(cod f ,−) is defined by:

(Def. 3) F( f ,−) = curry(F, f ) · the id-map ofB.

1 The proposition (10) has been removed.
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One can prove the following propositions:

(18) For every functorF from [:A, B:] toC and for every morphismg of A holdsF(domg,−) is
naturally transformable toF(codg,−).

(19) For every functorF from [:A, B:] to C and for every morphismf of A and for every object
b of B holdsF( f ,−)(b) = F(〈〈 f , idb〉〉).

(20) For every functorF from [:A, B:] toC and for every objecta of A holds idF(a,−) = F(ida,−).

(21) LetF be a functor from[:A, B:] to C andg, f be morphisms ofA. Suppose domg = cod f .
Let t be a natural transformation fromF(dom f ,−) to F(domg,−). If t = F( f ,−), then
F(g· f ,−) = F(g,−) ◦ t.

Let us considerA, B, C and letF be a functor from[:A, B:] to C. The functor export(F) yields a
functor fromA to CB and is defined as follows:

(Def. 4) For every morphismf of A holds (export(F))( f ) = 〈〈〈〈F(dom f ,−), F(cod f ,−)〉〉,
F( f ,−)〉〉.

We now state four propositions:

(24)2 For every functorF from [:A, B:] to C and for every objecta of A holds(export(F))(a) =
F(a,−).

(25) For every functorF from [:A, B:] toC and for every objecta of A holds(export(F))(a) is a
functor fromB to C.

(26) For all functorsF1, F2 from [:A, B:] to C such that export(F1) = export(F2) holdsF1 = F2.

(27) LetF1, F2 be functors from[:A, B:] toC. SupposeF1 is naturally transformable toF2. Let t
be a natural transformation fromF1 to F2. Then

(i) export(F1) is naturally transformable to export(F2), and

(ii) there exists a natural transformationG from export(F1) to export(F2) such that for every
functions from [: the objects ofA, the objects ofB:] into the morphisms ofC such thatt = s
and for every objecta of A holdsG(a) = 〈〈〈〈(export(F1))(a), (export(F2))(a)〉〉, (currys)(a)〉〉.

Let us considerA, B, C and letF1, F2 be functors from[:A, B:] to C. Let us assume thatF1 is
naturally transformable toF2. Let t be a natural transformation fromF1 to F2. The functor export(t)
yielding a natural transformation from export(F1) to export(F2) is defined by the condition (Def. 5).

(Def. 5) Lets be a function from[: the objects ofA, the objects ofB:] into the morphisms ofC. If
t = s, then for every objecta of A holds(export(t))(a) = 〈〈〈〈(export(F1))(a), (export(F2))(a)〉〉,
(currys)(a)〉〉.

We now state several propositions:

(28) For every functorF from [:A, B:] to C holds idexport(F) = export(idF).

(29) LetF1, F2, F3 be functors from[:A, B:] to C. SupposeF1 is naturally transformable toF2

andF2 is naturally transformable toF3. Let t1 be a natural transformation fromF1 to F2 and
t2 be a natural transformation fromF2 to F3. Then export(t2 ◦ t1) = export(t2) ◦ export(t1).

(30) LetF1, F2 be functors from[:A, B:] to C. SupposeF1 is naturally transformable toF2. Let
t1, t2 be natural transformations fromF1 to F2. If export(t1) = export(t2), thent1 = t2.

(31) For every functorG from A to CB there exists a functorF from [:A, B:] to C such that
G = export(F).

2 The propositions (22) and (23) have been removed.
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(32) Let F1, F2 be functors from[:A, B:] to C. Suppose export(F1) is naturally transformable
to export(F2). Let t be a natural transformation from export(F1) to export(F2). ThenF1 is
naturally transformable toF2 and there exists a natural transformationu from F1 to F2 such
thatt = export(u).

Let us considerA, B, C. The functorexportA,B,C yielding a functor fromC[:A,B:] to (CB)A is
defined by the condition (Def. 6).

(Def. 6) LetF1, F2 be functors from[:A, B:] to C. SupposeF1 is naturally transformable toF2. Let
t be a natural transformation fromF1 to F2. ThenexportA,B,C(〈〈〈〈F1, F2〉〉, t〉〉) = 〈〈〈〈export(F1),
export(F2)〉〉, export(t)〉〉.

Next we state two propositions:

(33) exportA,B,C is an isomorphism.

(34) C[:A,B:] ∼= (CB)A.

4. THE ISOMORPHISM BETWEEN[:B,C:]A AND [:BA,CA:]

We now state the proposition

(35) LetF1, F2 be functors fromA to B andG be a functor fromB to C. SupposeF1 is naturally
transformable toF2. Let t be a natural transformation fromF1 to F2. ThenG · t = G · (t qua
function).

Let us considerA, B. Thenπ1(A×B) is a functor from[:A, B:] to A. Thenπ2(A×B) is a functor
from [:A, B:] to B.

Let us considerA, B, C, let F be a functor fromA to B, and letG be a functor fromA toC. Then
〈F,G〉 is a functor fromA to [:B, C:].

Let us considerA, B, C and letF be a functor fromA to [:B, C:]. The functorπ1·F yields a
functor fromA to B and is defined by:

(Def. 7) π1·F = π1(B×C) ·F.

The functorπ2·F yields a functor fromA to C and is defined by:

(Def. 8) π2·F = π2(B×C) ·F.

Next we state two propositions:

(36) For every functorF from A to B and for every functorG from A to C holdsπ1· 〈F,G〉= F
andπ2· 〈F,G〉= G.

(37) For all functorsF , G from A to [:B, C:] such thatπ1·F = π1·G andπ2·F = π2·G holds
F = G.

Let us considerA, B, C, let F1, F2 be functors fromA to [:B, C:], and lett be a natural transfor-
mation fromF1 to F2. The functorπ1· t yielding a natural transformation fromπ1·F1 to π1·F2 is
defined as follows:

(Def. 9) π1· t = π1(B×C) · t.

The functorπ2· t yields a natural transformation fromπ2·F1 to π2·F2 and is defined as follows:

(Def. 10) π2· t = π2(B×C) · t.

Next we state several propositions:

(38) LetF , G be functors fromA to [:B, C:]. SupposeF is naturally transformable toG. Then
π1·F is naturally transformable toπ1·G andπ2·F is naturally transformable toπ2·G.
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(39) LetF1, F2, G1, G2 be functors fromA to [:B, C:]. SupposeF1 is naturally transformable to
F2 andG1 is naturally transformable toG2. Let s be a natural transformation fromF1 to F2

andt be a natural transformation fromG1 to G2. If π1·s= π1· t andπ2·s= π2· t, thens= t.

(40) For every functorF from A to [:B, C:] holds idπ1·F = π1· (idF) and idπ2·F = π2· (idF).

(41) LetF , G, H be functors fromA to [:B, C:]. SupposeF is naturally transformable toG and
G is naturally transformable toH. Let s be a natural transformation fromF to G andt be a
natural transformation fromG to H. Thenπ1· (t ◦ s) = π1· t ◦ π1·sandπ2· (t ◦ s) = π2· t ◦ π2·s.

(42) LetF be a functor fromA to B, G be a functor fromA to C, anda, b be objects ofA. If
hom(a,b) 6= /0, then for every morphismf from a to b holds〈F,G〉( f ) = 〈〈F( f ), G( f )〉〉.

(43) LetF be a functor fromA to B, G be a functor fromA to C, anda be an object ofA. Then
〈F,G〉(a) = 〈〈F(a), G(a)〉〉.

(44) Let F1, G1 be functors fromA to B andF2, G2 be functors fromA to C. SupposeF1 is
transformable toG1 andF2 is transformable toG2. Then〈F1,F2〉 is transformable to〈G1,G2〉.

Let us considerA, B, C, let F1, G1 be functors fromA to B, and letF2, G2 be functors from
A to C. Let us assume thatF1 is transformable toG1 andF2 is transformable toG2. Let t1 be a
transformation fromF1 to G1 and lett2 be a transformation fromF2 to G2. The functor〈t1, t2〉 yields
a transformation from〈F1,F2〉 to 〈G1,G2〉 and is defined as follows:

(Def. 11) 〈t1, t2〉= 〈t1, t2〉.

Next we state two propositions:

(45) Let F1, G1 be functors fromA to B andF2, G2 be functors fromA to C. SupposeF1 is
transformable toG1 andF2 is transformable toG2. Let t1 be a transformation fromF1 to G1,
t2 be a transformation fromF2 to G2, anda be an object ofA. Then〈t1, t2〉(a) = 〈〈t1(a), t2(a)〉〉.

(46) Let F1, G1 be functors fromA to B and F2, G2 be functors fromA to C. SupposeF1

is naturally transformable toG1 andF2 is naturally transformable toG2. Then〈F1,F2〉 is
naturally transformable to〈G1,G2〉.

Let us considerA, B, C, let F1, G1 be functors fromA to B, and letF2, G2 be functors fromA to
C. Let us assume thatF1 is naturally transformable toG1 andF2 is naturally transformable toG2.
Let t1 be a natural transformation fromF1 to G1 and lett2 be a natural transformation fromF2 to
G2. The functor〈t1, t2〉 yields a natural transformation from〈F1,F2〉 to 〈G1,G2〉 and is defined as
follows:

(Def. 12) 〈t1, t2〉= 〈t1, t2〉.

One can prove the following proposition

(47) Let F1, G1 be functors fromA to B andF2, G2 be functors fromA to C. SupposeF1 is
naturally transformable toG1 andF2 is naturally transformable toG2. Let t1 be a natural
transformation fromF1 to G1 and t2 be a natural transformation fromF2 to G2. Thenπ1·
〈t1, t2〉= t1 andπ2· 〈t1, t2〉= t2.

Let us considerA, B, C. The functordistributeA,B,C yields a functor from[:B, C:]A to [:BA, CA :]
and is defined by the condition (Def. 13).

(Def. 13) LetF1, F2 be functors fromA to [:B, C:]. SupposeF1 is naturally transformable toF2. Let
t be a natural transformation fromF1 to F2. ThendistributeA,B,C(〈〈〈〈F1, F2〉〉, t〉〉) = 〈〈〈〈〈〈π1·F1,
π1·F2〉〉, π1· t〉〉, 〈〈〈〈π2·F1, π2·F2〉〉, π2· t〉〉〉〉.

One can prove the following two propositions:

(48) distributeA,B,C is an isomorphism.

(49) [:B, C:]A ∼= [:BA, CA :].
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