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Summary. We prove that the lattice of normal forms over an arbitrary set, intro-
duced in [12], is an implicative lattice. The relative pseudo-complementα ⇒ β is defined
as

⊔
α1∪α2=α−α1uα2 � β, where−α is the pseudo-complement ofα andα � β is a rather

strong implication introduced in this paper.

MML Identifier: HEYTING1.

WWW: http://mizar.org/JFM/Vol3/heyting1.html

The articles [10], [6], [16], [17], [4], [5], [2], [11], [3], [7], [15], [8], [18], [13], [14], [9], [12], and
[1] provide the notation and terminology for this paper.

The following proposition is true

(1) Let A, B, C be non empty sets andf be a function fromA into B. Suppose that for every
elementx of A holds f (x) ∈C. Then f is a function fromA into C.

In the sequelA is a non empty set anda is an element ofA.
Let us considerA and letB, C be elements of FinA. Let us observe thatB⊆C if and only if:

(Def. 1) For everya such thata∈ B holdsa∈C.

Let A be a non empty set and letB be a non empty subset ofA. Then B
↪→ is a function fromB

into A.
In the sequelA denotes a set.
Let us considerA. Let us assume thatA is non empty. The functor[A] yields a non empty set

and is defined as follows:

(Def. 2) [A] = A.

We adopt the following rules:B, C are elements of FinDP(A), a, b, c, s, t1, t2 are elements of
DP(A), andu, v, w are elements of the lattice of normal forms overA.

Next we state the proposition

(3)1 If B = /0, thenµB= /0.

Let us considerA. Observe that there exists an element of the normal forms overA which is non
empty.

Let us considerA, a. Then{a} is an element of the normal forms overA.
Let us considerA and letu be an element of the lattice of normal forms overA. The functor@u

yielding an element of the normal forms overA is defined by:

1Partially supported by RPBP.III-24.B1.
1 The proposition (2) has been removed.
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(Def. 3) @u = u.

In the sequelK, L denote elements of the normal forms overA.
The following propositions are true:

(7)2 µ(K a K) = K.

(8) For every setX such thatX ⊆ K holdsX ∈ the normal forms overA.

(10)3 For every setX such thatX ⊆ u holdsX is an element of the lattice of normal forms over
A.

Let us considerA. The functor{�}A yields a function from DP(A) into the carrier of the lattice
of normal forms overA and is defined as follows:

(Def. 4) {�}A(a) = {a}.

One can prove the following propositions:

(11) If c∈ {�}A(a), thenc = a.

(12) a∈ {�}A(a).

(13) {�}A(a) = singletonDP(A)(a).

(14)
⊔f

K({�}A) = FinUnion(K,singletonDP(A)).

(15) u =
⊔f

@u({�}A).

In the sequelf is an element of[:FinA, FinA:]DP(A) andg is an element of[A]DP(A).
Let A be a set. The functor�\A � yielding a binary operation on[:FinA, FinA:] is defined by:

(Def. 5) For all elementsa, b of [:FinA, FinA:] holds�\A �(a, b) = a\b.

Let us considerA, B. The functor−B yields an element of FinDP(A) and is defined as follows:

(Def. 6) −B = DP(A)∩{〈〈{g(t1) : g(t1) ∈ (t1)2 ∧ t1 ∈ B}, {g(t2) : g(t2) ∈ (t2)1 ∧ t2 ∈ B}〉〉 : s∈
B ⇒ g(s) ∈ s1∪s2}.

Let us considerC. The functorB � C yielding an element of FinDP(A) is defined as follows:

(Def. 7) B � C = DP(A)∩{FinUnion(B,�\A �◦( f , DP(A)
↪→ )) : f ◦B⊆C}.

Next we state a number of propositions:

(16) Supposec∈−B. Then there existsg such that for everyssuch thats∈B holdsg(s)∈ s1∪s2
andc = 〈〈{g(t1) : g(t1) ∈ (t1)2 ∧ t1 ∈ B}, {g(t2) : g(t2) ∈ (t2)1 ∧ t2 ∈ B}〉〉.

(17) 〈〈 /0, /0〉〉 is an element of DP(A).

(18) For everyK such thatK = /0 holds−K = {〈〈 /0, /0〉〉}.

(19) For allK, L such thatK = /0 andL = /0 holdsK � L = {〈〈 /0, /0〉〉}.

(20) For every elementa of DP( /0) holdsa = 〈〈 /0, /0〉〉.

(21) DP( /0) = {〈〈 /0, /0〉〉}.

(22) {〈〈 /0, /0〉〉} is an element of the normal forms overA.

(23) If c ∈ B � C, then there existsf such that f ◦B ⊆ C and c = FinUnion(B,� \A �◦( f ,
DP(A)

↪→ )).

2 The propositions (4)–(6) have been removed.
3 The proposition (9) has been removed.
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(24) If K a {a}= /0, then there existsb such thatb∈ −K andb⊆ a.

(25) Suppose for everyb such thatb∈ u holdsb∪a∈ DP(A) and for everyc such thatc∈ u
there existsb such thatb∈ v andb⊆ c∪a. Then there existsb such thatb∈ (@u) � @v and
b⊆ a.

(26) K a−K = /0.

Let us considerA. The functor�c
A yields a unary operation on the carrier of the lattice of

normal forms overA and is defined as follows:

(Def. 8) �c
A(u) = µ(−@u).

The functor� �A � yielding a binary operation on the carrier of the lattice of normal forms over
A is defined by:

(Def. 9) (� �A �)(u, v) = µ((@u) � @v).

Let us consideru. The functor 2u yielding an element of Fin(the carrier of the lattice of normal
forms overA) is defined by:

(Def. 10) 2u = 2u.

The functor�\u � yields a unary operation on the carrier of the lattice of normal forms overA and
is defined as follows:

(Def. 11) (�\u �)(v) = u\v.

One can prove the following propositions:

(27) (�\u �)(v)v u.

(28) uu�c
A(u) =⊥the lattice of normal forms overA.

(29) uu (� �A �)(u, v)v v.

(30) If (@u)a {a}= /0, then{�}A(a)v�c
A(u).

(31) If for everyb such thatb∈ u holdsb∪a∈ DP(A) anduu{�}A(a) v w, then{�}A(a) v
(� �A �)(u, w).

Let us considerA. Observe that the lattice of normal forms overA is implicative.
Next we state two propositions:

(33)4 u⇒ v =
⊔f

2u((the meet operation of the lattice of normal forms overA)◦(�c
A, (� �A

�)◦(�\u �,v))).

(34) >the lattice of normal forms overA = {〈〈 /0, /0〉〉}.
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