
JOURNAL OF FORMALIZED MATHEMATICS

Volume2, Released 1990, Published 2003

Inst. of Computer Science, Univ. of Białystok

Pigeon Hole Principle

Wojciech A. Trybulec
Warsaw University

Summary. We introduce the notion of a predicate that states that a function is one-to-
one at a given element of its domain (i.e. counterimage of image of the element is equal to its
singleton). We also introduce some rather technical functors concerning finite sequences: the
lowest index of the given element of the range of the finite sequence, the substring preceding
(and succeeding) the first occurrence of given element of the range. At the end of the article
we prove the pigeon hole principle.

MML Identifier: FINSEQ_4.

WWW: http://mizar.org/JFM/Vol2/finseq_4.html

The articles [7], [10], [8], [3], [11], [4], [1], [5], [6], [2], and [9] provide the notation and terminol-
ogy for this paper.

For simplicity, we adopt the following rules:f is a function,p, q are finite sequences,A, B, x, y,
z are sets, andi, k, n are natural numbers.

Let us considerf , x. We say thatf is one-to-one atx if and only if:

(Def. 1) f−1( f ◦{x}) = {x}.

The following propositions are true:

(2)1 If f is one-to-one atx, thenx∈ dom f .

(3) f is one-to-one atx iff x∈ dom f and f−1({ f (x)}) = {x}.

(4) f is one-to-one atx iff x ∈ dom f and for everyz such thatz∈ dom f and x 6= z holds
f (x) 6= f (z).

(5) For everyx such thatx∈ dom f holds f is one-to-one atx iff f is one-to-one.

Let us considerf , y. We say thatf yieldsy just once if and only if:

(Def. 2) There exists a finite setB such thatB = f−1({y}) and cardB = 1.

We now state several propositions:

(7)2 If f yieldsy just once, theny∈ rng f .

(8) f yieldsy just once iff there existsx such that{x}= f−1({y}).

(9) f yieldsy just once if and only if there existsx such thatx∈ dom f andy = f (x) and for
everyz such thatz∈ dom f andz 6= x holds f (z) 6= y.

1 The proposition (1) has been removed.
2 The proposition (6) has been removed.
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(10) f is one-to-one iff for everyy such thaty∈ rng f holds f yieldsy just once.

(11) f is one-to-one atx iff x∈ dom f and f yields f (x) just once.

Let us considerf , y. Let us assume thatf yieldsy just once. The functorf−1(y) yielding a set
is defined by:

(Def. 3) f−1(y) ∈ dom f and f ( f−1(y)) = y.

We now state several propositions:

(16)3 If f yieldsy just once, thenf ◦{ f−1(y)}= {y}.

(17) If f yieldsy just once, thenf−1({y}) = { f−1(y)}.

(18) If f is one-to-one andy∈ rng f , then f−1(y) = f−1(y).

(20)4 If f is one-to-one atx, then f−1( f (x)) = x.

(21) If f yieldsy just once, thenf is one-to-one atf−1(y).

We use the following convention:D denotes a non empty set andd, d1, d2, d3 denote elements
of D.

Let us considerD and let us considerd1, d2. Then〈d1,d2〉 is a finite sequence of elements ofD.
Let us considerD and let us considerd1, d2, d3. Then〈d1,d2,d3〉 is a finite sequence of elements

of D.
Let X, D be sets, letp be a partial function fromX to D, and leti be a set. Let us assume that

i ∈ domp. The functorpi yields an element ofD and is defined as follows:

(Def. 4) pi = p(i).

The following propositions are true:

(22) For all non empty setsX, D and for every functionp from X into D and for every element
i of X holdspi = p(i).

(24)5 For every setD and for every finite sequenceP of elements ofD and for everyi such that
1≤ i andi ≤ lenP holdsPi = P(i).

(25) 〈d〉1 = d.

(26) 〈d1,d2〉1 = d1 and〈d1,d2〉2 = d2.

(27) 〈d1,d2,d3〉1 = d1 and〈d1,d2,d3〉2 = d2 and〈d1,d2,d3〉3 = d3.

Let us considerp and let us considerx. The functorx " p yielding a natural number is defined
as follows:

(Def. 5) x " p = (Sgm(p−1({x})))(1).

Next we state a number of propositions:

(29)6 If x∈ rngp, thenp(x " p) = x.

(30) If x∈ rngp, thenx " p∈ domp.

(31) If x∈ rngp, then 1≤ x " p andx " p≤ lenp.

(32) If x∈ rngp, thenx " p−1 is a natural number and lenp−x " p is a natural number.

3 The propositions (12)–(15) have been removed.
4 The proposition (19) has been removed.
5 The proposition (23) has been removed.
6 The proposition (28) has been removed.
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(33) If x∈ rngp, thenx " p∈ p−1({x}).

(34) For everyk such thatk∈ domp andk < x " p holdsp(k) 6= x.

(35) If p yieldsx just once, thenp−1(x) = x " p.

(36) If p yieldsx just once, then for everyk such thatk∈ domp andk 6= x " p holdsp(k) 6= x.

(37) If x∈ rngp and for everyk such thatk∈ domp andk 6= x" p holdsp(k) 6= x, thenp yields
x just once.

(38) p yieldsx just once iffx∈ rngp and{x " p}= p−1({x}).

(39) If p is one-to-one andx∈ rngp, then{x " p}= p−1({x}).

(40) p yieldsx just once iff len(p−{x}) = lenp−1.

(41) Supposep yieldsx just once. Let givenk such thatk∈ dom(p−{x}). Then

(i) if k < x " p, then(p−{x})(k) = p(k), and

(ii) if x " p≤ k, then(p−{x})(k) = p(k+1).

(42) Supposep is one-to-one andx∈ rngp. Let givenk such thatk∈ dom(p−{x}). Then

(i) (p−{x})(k) = p(k) iff k < x " p, and

(ii) (p−{x})(k) = p(k+1) iff x " p≤ k.

Let us considerp and let us considerx. Let us assume thatx∈ rngp. The functorp← x yields
a finite sequence and is defined by:

(Def. 6) There existsn such thatn = x " p−1 andp← x = p�Segn.

Next we state several propositions:

(45)7 If x∈ rngp andn = x " p−1, thenp�Segn = p← x.

(46) If x∈ rngp, then len(p← x) = x " p−1.

(47) If x∈ rngp andn = x " p−1, then dom(p← x) = Segn.

(48) If x∈ rngp andk∈ dom(p← x), thenp(k) = (p← x)(k).

(49) If x∈ rngp, thenx /∈ rng(p← x).

(50) If x∈ rngp, then rng(p← x) misses{x}.

(51) If x∈ rngp, then rng(p← x)⊆ rngp.

(52) If x∈ rngp, thenx " p = 1 iff p← x = /0.

(53) If x∈ rngp andp is a finite sequence of elements ofD, thenp← x is a finite sequence of
elements ofD.

Let us considerp and let us considerx. Let us assume thatx∈ rngp. The functorp→ x yielding
a finite sequence is defined by:

(Def. 7) len(p→ x) = lenp−x " p and for everyk such thatk∈ dom(p→ x) holds(p→ x)(k) =
p(k+x " p).

One can prove the following propositions:

(57)8 If x∈ rngp andn = lenp−x " p, then dom(p→ x) = Segn.

7 The propositions (43) and (44) have been removed.
8 The propositions (54)–(56) have been removed.
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(58) If x∈ rngp andn∈ dom(p→ x), thenn+x " p∈ domp.

(59) If x∈ rngp, then rng(p→ x)⊆ rngp.

(60) p yieldsx just once iffx∈ rngp andx /∈ rng(p→ x).

(61) If x∈ rngp andp is one-to-one, thenx /∈ rng(p→ x).

(62) p yieldsx just once iffx∈ rngp and rng(p→ x) misses{x}.

(63) If x∈ rngp andp is one-to-one, then rng(p→ x) misses{x}.

(64) If x∈ rngp, thenx " p = lenp iff p→ x = /0.

(65) If x∈ rngp andp is a finite sequence of elements ofD, thenp→ x is a finite sequence of
elements ofD.

(66) If x∈ rngp, thenp = (p← x)a 〈x〉a (p→ x).

(67) If x∈ rngp andp is one-to-one, thenp← x is one-to-one.

(68) If x∈ rngp andp is one-to-one, thenp→ x is one-to-one.

(69) p yieldsx just once iffx∈ rngp andp−{x}= (p← x)a (p→ x).

(70) If x∈ rngp andp is one-to-one, thenp−{x}= (p← x)a (p→ x).

(71) If x∈ rngp andp−{x} is one-to-one andp−{x}= (p← x) a (p→ x), thenp is one-to-
one.

(72) If x∈ rngp andp is one-to-one, then rng(p← x) misses rng(p→ x).

(73) If A is finite, then there existsp such that rngp = A andp is one-to-one.

(74) If rngp⊆ domp andp is one-to-one, then rngp = domp.

(75) If rngp = domp, thenp is one-to-one.

(76) If rngp = rngq and lenp = lenq andq is one-to-one, thenp is one-to-one.

(77) p is one-to-one iff cardrngp = lenp.

In the sequelf denotes a function fromA into B.
We now state four propositions:

(78) For all finite setsA, B and for every functionf from A into B such that cardA = cardB and
f is one-to-one holds rngf = B.

(79) For all finite setsA, B and for every functionf from A into B such that cardA = cardB and
rng f = B holds f is one-to-one.

(80) If B < A andB 6= /0, then there existx, ysuch thatx∈Aandy∈Aandx 6= yand f (x)= f (y).

(81) If A < B, then there existsx such thatx∈ B and for everyy such thaty∈ A holds f (y) 6= x.
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