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Summary. Convexity of a function in a real linear space is defined as convexity of its
epigraph according to “Convex analysis” by R. Tyrrell Rockafellar. The epigraph of a function
is a subset of the product of the function’s domain space and the space of real numbers. There-
fore the product of two real linear spaces should be defined. The values of the functions under
consideration are extended real numbers. We define the sum of a finite sequence of extended
real numbers and get some properties of the sum. The relation between notions “function is
convex” and “function is convex on set” (see RFUNCT3:def 13) is established. We obtain
another version of the criterion for a set to be convex (see CONVEX2:6 to compare) that may
be more suitable in some cases. Finally we prove Jensen’s inequality (both strict and not strict)
as criteria for functions to be convex.

MML Identifier: CONVFUN1.

WWW: http://mizar.org/JFM/Vol15/convfun1.html

The articles [24], [28], [25], [8], [17], [9], [3], [26], [14], [4], [29], [11], [6], [7], [18], [23], [21],
[15], [5], [10], [20], [16], [2], [12], [27], [13], [1], [19], and [22] provide the notation and terminol-
ogy for this paper.

1. PRODUCT OFTWO REAL L INEAR SPACES

Let X, Y be non empty RLS structures. The functor AddInProdRLS(X,Y) yields a binary operation
on [: the carrier ofX, the carrier ofY :] and is defined by the condition (Def. 1).

(Def. 1) Letz1, z2 be elements of[: the carrier ofX, the carrier ofY :], x1, x2 be vectors ofX, andy1,
y2 be vectors ofY. Supposez1 = 〈〈x1, y1〉〉 andz2 = 〈〈x2, y2〉〉. Then(AddInProdRLS(X,Y))(z1,
z2) = 〈〈(the addition ofX)(〈〈x1, x2〉〉), (the addition ofY)(〈〈y1, y2〉〉)〉〉.

Let X, Y be non empty RLS structures. The functor MultInProdRLS(X,Y) yields a function
from [:R, [: the carrier ofX, the carrier ofY :] :] into [: the carrier ofX, the carrier ofY :] and is defined
by the condition (Def. 2).

(Def. 2) Let a be a real number,z be an element of[: the carrier ofX, the carrier ofY :], x be a
vector ofX, andy be a vector ofY. Supposez= 〈〈x, y〉〉. Then(MultInProdRLS(X,Y))(〈〈a,
z〉〉) = 〈〈(the external multiplication ofX)(〈〈a, x〉〉), (the external multiplication ofY)(〈〈a, y〉〉)〉〉.

Let X, Y be non empty RLS structures. The functor ProdRLS(X,Y) yielding an RLS structure
is defined by:

(Def. 3) ProdRLS(X,Y)= 〈[: the carrier ofX, the carrier ofY :],〈〈0X, 0Y〉〉,AddInProdRLS(X,Y),MultInProdRLS(X,Y)〉.

Let X, Y be non empty RLS structures. Note that ProdRLS(X,Y) is non empty.
The following propositions are true:
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(1) LetX, Y be non empty RLS structures,x be a vector ofX, y be a vector ofY, u be a vector
of ProdRLS(X,Y), andp be a real number. Ifu = 〈〈x, y〉〉, thenp·u = 〈〈p·x, p·y〉〉.

(2) LetX, Y be non empty RLS structures,x1, x2 be vectors ofX, y1, y2 be vectors ofY, andu1,
u2 be vectors of ProdRLS(X,Y). If u1 = 〈〈x1, y1〉〉 andu2 = 〈〈x2, y2〉〉, thenu1 +u2 = 〈〈x1 +x2,
y1 +y2〉〉.

Let X, Y be Abelian non empty RLS structures. Observe that ProdRLS(X,Y) is Abelian.
Let X, Y be add-associative non empty RLS structures. Observe that ProdRLS(X,Y) is add-

associative.
Let X,Y be right zeroed non empty RLS structures. Observe that ProdRLS(X,Y) is right zeroed.
Let X, Y be right complementable non empty RLS structures. One can check that

ProdRLS(X,Y) is right complementable.
Let X, Y be real linear space-like non empty RLS structures. Note that ProdRLS(X,Y) is real

linear space-like.
The following proposition is true

(3) Let X, Y be real linear spaces,n be a natural number,x be a finite sequence of elements
of the carrier ofX, y be a finite sequence of elements of the carrier ofY, andz be a finite
sequence of elements of the carrier of ProdRLS(X,Y). Suppose lenx = n and leny = n and
lenz = n and for every natural numberi such thati ∈ Segn holdsz(i) = 〈〈x(i), y(i)〉〉. Then
∑z= 〈〈∑x, ∑y〉〉.

2. REAL L INEAR SPACE OFREAL NUMBERS

The non empty RLS structureRRLS is defined as follows:

(Def. 4) RRLS = 〈R,0,+R, ·R〉.

One can verify thatRRLS is Abelian, add-associative, right zeroed, right complementable, and
real linear space-like.

3. SUM OF FINITE SEQUENCE OFEXTENDED REAL NUMBERS

Let F be a finite sequence of elements ofR. The functor∑F yielding an extended real number is
defined by the condition (Def. 5).

(Def. 5) There exists a functionf from N into R such that∑F = f (lenF) and f (0) = 0R and for
every natural numberi such thati < lenF holds f (i +1) = f (i)+F(i +1).

We now state several propositions:

(4) ∑(εR) = 0R.

(5) For every extended real numbera holds∑〈a〉= a.

(6) For all extended real numbersa, b holds∑〈a,b〉= a+b.

(7) For all finite sequencesF , G of elements ofR such that−∞ /∈ rngF and−∞ /∈ rngG holds
∑(F a G) = ∑F +∑G.

(8) LetF , G be finite sequences of elements ofR andsbe a permutation of domF. If G = F ·s
and−∞ /∈ rngF, then∑F = ∑G.
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4. DEFINITION OF CONVEX FUNCTION

Let X be a non empty RLS structure and letf be a function from the carrier ofX into R. The functor
epigraphf yields a subset of ProdRLS(X,RRLS) and is defined by:

(Def. 6) epigraphf = {〈〈x, y〉〉;x ranges over elements ofX, y ranges over elements ofR: f (x) ≤
R(y)}.

Let X be a non empty RLS structure and letf be a function from the carrier ofX into R. We say
that f is convex if and only if:

(Def. 7) epigraphf is convex.

One can prove the following two propositions:

(9) Let X be a non empty RLS structure andf be a function from the carrier ofX into R.
Suppose that for every vectorx of X holds f (x) 6= −∞. Then f is convex if and only if
for all vectorsx1, x2 of X and for every real numberp such that 0< p and p < 1 holds
f (p·x1 +(1− p) ·x2)≤ R(p) · f (x1)+R(1− p) · f (x2).

(10) LetX be a real linear space andf be a function from the carrier ofX into R. Suppose that
for every vectorx of X holds f (x) 6= −∞. Then f is convex if and only if for all vectorsx1,
x2 of X and for every real numberp such that 0≤ p andp≤ 1 holds f (p·x1 +(1− p) ·x2)≤
R(p) · f (x1)+R(1− p) · f (x2).

5. RELATION BETWEEN NOTIONS“ FUNCTION IS CONVEX”
AND “ FUNCTION IS CONVEX ON SET”

The following proposition is true

(11) Let f be a partial function fromR to R, g be a function from the carrier ofRRLS into R,
andX be a subset ofRRLS. SupposeX ⊆ dom f and for every real numberx holds if x∈ X,
theng(x) = f (x) and ifx /∈ X, theng(x) = +∞. Theng is convex if and only if the following
conditions are satisfied:

(i) f is convex onX, and

(ii) X is convex.

6. CONVEX2:6IN OTHER WORDS

We now state the proposition

(12) LetX be a real linear space andM be a subset ofX. ThenM is convex if and only if for
every non empty natural numbern and for every finite sequencep of elements ofR and for
all finite sequencesy, z of elements of the carrier ofX such that lenp = n and leny = n and
lenz= n and∑ p = 1 and for every natural numberi such thati ∈ Segn holds p(i) > 0 and
z(i) = p(i) ·yi andyi ∈M holds∑z∈M.

7. JENSEN’ S INEQUALITY

Next we state two propositions:

(13) Let X be a real linear space andf be a function from the carrier ofX into R. Suppose
that for every vectorx of X holds f (x) 6= −∞. Then f is convex if and only if for every non
empty natural numbern and for every finite sequencep of elements ofR and for every finite
sequenceF of elements ofR and for all finite sequencesy, z of elements of the carrier ofX
such that lenp= n and lenF = n and leny= n and lenz= n and∑ p= 1 and for every natural
numberi such thati ∈Segn holdsp(i) > 0 andz(i) = p(i) ·yi andF(i) = R(p(i)) · f (yi) holds
f (∑z)≤ ∑F.
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(14) Let X be a real linear space andf be a function from the carrier ofX into R. Suppose
that for every vectorx of X holds f (x) 6= −∞. Then f is convex if and only if for every non
empty natural numbern and for every finite sequencep of elements ofR and for every finite
sequenceF of elements ofR and for all finite sequencesy, z of elements of the carrier ofX
such that lenp= n and lenF = n and leny= n and lenz= n and∑ p= 1 and for every natural
numberi such thati ∈Segn holdsp(i)≥ 0 andz(i) = p(i) ·yi andF(i) = R(p(i)) · f (yi) holds
f (∑z)≤ ∑F.
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[9] Czesław Bylínski. Functions from a set to a set.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/funct_
2.html.
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