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Summary. The following notions are defined: separated sets, connected spaces, con-
nected sets, components of a topological space, the component of a point. The definition of the
boundary of a set is also included. The singleton of a point of a topological space is redefined
as a subset of the space. Some theorems about these notions are proved.
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The articles [3], [4], [1], [2], and [5] provide the notation and terminology for this paper.
For simplicity, we use the following convention:G1 is a topological space,A, B, C are subsets

of G1, T1 is a topological structure, andK, K1, L, L1 are subsets ofT1.
Let G1 be a topological structure and letA, B be subsets ofG1. We say thatA andB are separated

if and only if:

(Def. 1) A missesB andA missesB.

Let us note that the predicateA andB are separated is symmetric.
We now state several propositions:

(2)1 If K andL are separated, thenK missesL.

(3) If Ω(T1) = K∪L andK is closed andL is closed andK missesL, thenK andL are separated.

(4) If Ω(G1) = A∪B andA is open andB is open andA missesB, thenA andB are separated.

(5) If Ω(G1) = A∪B andA andB are separated, thenA is open and closed andB is open and
closed.

(6) Let X′ be a subspace ofG1, P1, Q1 be subsets ofG1, andP, Q be subsets ofX′. Suppose
P = P1 andQ = Q1. If P andQ are separated, thenP1 andQ1 are separated.

(7) Let X′ be a subspace ofG1, P, Q be subsets ofG1, andP1, Q1 be subsets ofX′. Suppose
P = P1 andQ = Q1 andP∪Q⊆ ΩX′ . If P andQ are separated, thenP1 andQ1 are separated.

(8) If K andL are separated andK1 ⊆ K andL1 ⊆ L, thenK1 andL1 are separated.

(9) If A andB are separated andA andC are separated, thenA andB∪C are separated.

(10) If K is closed andL is closed orK is open andL is open, thenK \L andL\K are separated.

Let G1 be a topological structure. We say thatG1 is connected if and only if:

1 The proposition (1) has been removed.
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(Def. 2) For all subsetsA, B of G1 such thatΩ(G1) = A∪B andA andB are separated holdsA= /0(G1)
or B = /0(G1).

Next we state several propositions:

(11) G1 is connected if and only if for all subsetsA, B of G1 such thatΩ(G1) = A∪B and
A 6= /0(G1) andB 6= /0(G1) andA is closed andB is closed holdsA meetsB.

(12) G1 is connected if and only if for all subsetsA, B of G1 such thatΩ(G1) = A∪B and
A 6= /0(G1) andB 6= /0(G1) andA is open andB is open holdsA meetsB.

(13) G1 is connected iff for every subsetA of G1 such thatA 6= /0(G1) andA 6= Ω(G1) holdsA

meetsΩ(G1) \A.

(14) G1 is connected iff for every subsetA of G1 such thatA is open and closed holdsA = /0(G1)
or A = Ω(G1).

(15) Let G2 be a topological space andF be a map fromG1 into G2. If F is continuous and
F◦(Ω(G1)) = Ω(G2) andG1 is connected, thenG2 is connected.

Let G1 be a topological structure and letA be a subset ofG1. We say thatA is connected if and
only if:

(Def. 3) G1�A is connected.

The following propositions are true:

(16) A is connected if and only if for all subsetsP, Q of G1 such thatA= P∪Q andP andQ are
separated holdsP = /0(G1) or Q = /0(G1).

(17) If A is connected andA⊆ B∪C andB andC are separated, thenA⊆ B or A⊆C.

(18) If A is connected andB is connected andA andB are not separated, thenA∪B is connected.

(19) If C is connected andC⊆ A andA⊆C, thenA is connected.

(20) If A is connected, thenA is connected.

(21) SupposeG1 is connected andA is connected andΩ(G1) \A = B∪C andB andC are sepa-
rated. ThenA∪B is connected andA∪C is connected.

(22) If Ω(G1) \A = B∪C andB andC are separated andA is closed, thenA∪B is closed and
A∪C is closed.

(23) If C is connected andC meetsA andC\A 6= /0(G1), thenC meets FrA.

(24) LetX′ be a subspace ofG1, A be a subset ofG1, andB be a subset ofX′. If A = B, thenA
is connected iffB is connected.

(25) If A is closed andB is closed andA∪B is connected andA∩B is connected, thenA is
connected andB is connected.

(26) LetF be a family of subsets ofG1. Suppose that

(i) for every subsetA of G1 such thatA∈ F holdsA is connected, and

(ii) there exists a subsetA of G1 such thatA 6= /0(G1) andA∈ F and for every subsetB of G1

such thatB∈ F andB 6= A holdsA andB are not separated.

Then
⋃

F is connected.

(27) LetF be a family of subsets ofG1. Suppose for every subsetA of G1 such thatA∈ F holds
A is connected and

⋂
F 6= /0(G1). Then

⋃
F is connected.

(28) Ω(G1) is connected iffG1 is connected.
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(29) For every non empty topological spaceG1 and for every pointx of G1 holds{x} is con-
nected.

Let G1 be a topological structure and letx, y be points ofG1. We say thatx andy are joined if
and only if:

(Def. 4) There exists a subsetC of G1 such thatC is connected andx∈C andy∈C.

The following four propositions are true:

(30) LetG1 be a non empty topological space. Given a pointx of G1 such that lety be a point
of G1. Thenx andy are joined. ThenG1 is connected.

(31) There exists a pointx of G1 such that for every pointy of G1 holdsx andy are joined if and
only if for all pointsx, y of G1 holdsx andy are joined.

(32) LetG1 be a non empty topological space. Suppose that for all pointsx, y of G1 holdsx and
y are joined. ThenG1 is connected.

(33) LetG1 be a non empty topological space,x be a point ofG1, andF be a family of subsets
of G1. Suppose that for every subsetA of G1 holdsA∈ F iff A is connected andx∈ A. Then
F 6= /0.

Let G1 be a topological structure and letA be a subset ofG1. We say thatA is a component of
G1 if and only if:

(Def. 5) A is connected and for every subsetB of G1 such thatB is connected holds ifA⊆ B, then
A = B.

We now state several propositions:

(34) For every non empty topological spaceG1 and for every subsetA of G1 such thatA is a
component ofG1 holdsA 6= /0(G1).

(35) If A is a component ofG1, thenA is closed.

(36) If A is a component ofG1 andB is a component ofG1, thenA= B or A andB are separated.

(37) If A is a component ofG1 andB is a component ofG1, thenA = B or A missesB.

(38) If C is connected, then for every subsetSof G1 such thatS is a component ofG1 holdsC
missesSor C⊆ S.

Let G1 be a topological structure and letA, B be subsets ofG1. We say thatB is a component of
A if and only if:

(Def. 6) There exists a subsetB1 of G1�A such thatB1 = B andB1 is a component ofG1�A.

The following proposition is true

(39) If G1 is connected andA is connected andC is a component ofΩ(G1) \A, thenΩ(G1) \C is
connected.

Let G1 be a topological structure and letx be a point ofG1. The functor Component(x) yielding
a subset ofG1 is defined by the condition (Def. 7).

(Def. 7) There exists a familyF of subsets ofG1 such that for every subsetA of G1 holdsA∈ F iff
A is connected andx∈ A and

⋃
F = Component(x).

In the sequelG1 denotes a non empty topological space,A,C denote subsets ofG1, andx denotes
a point ofG1.

We now state several propositions:
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(40) x∈ Component(x).

(41) Component(x) is connected.

(42) If C is connected and Component(x)⊆C, thenC = Component(x).

(43) A is a component ofG1 iff there exists a pointx of G1 such thatA = Component(x).

(44) If A is a component ofG1 andx∈ A, thenA = Component(x).

(45) If A= Component(x), then for every pointp of G1 such thatp∈ A holds Component(p) =
A.

(46) LetF be a family of subsets ofG1. Suppose that for every subsetA of G1 holdsA∈ F iff
A is a component ofG1. ThenF is a cover ofG1.
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