
JOURNAL OF FORMALIZED MATHEMATICS

Volume2, Released 1990, Published 2003

Inst. of Computer Science, Univ. of Białystok

Tarski’s Classes and Ranks

Grzegorz Bancerek
Warsaw University

Białystok

Summary. In the article the Tarski’s classes (non-empty families of sets satisfying
Tarski’s axiom A given in [7]) and the rank sets are introduced and some of their properties
are shown. The transitive closure and the rank of a set is given here too.
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The articles [7], [6], [9], [10], [5], [8], [2], [3], [4], and [1] provide the notation and terminology for
this paper.

We adopt the following rules:W, X, Y, Z are sets,f is a function, andx, y are sets.
Let B be a set. We say thatB is subset-closed if and only if:

(Def. 1) For allX, Y such thatX ∈ B andY ⊆ X holdsY ∈ B.

Let B be a set. We say thatB is a Tarski class if and only if:

(Def. 2) B is subset-closed and for everyX such thatX ∈ B holds 2X ∈ B and for everyX such that
X ⊆ B holdsX ≈ B or X ∈ B.

We introduceB is a Tarski class as a synonym ofB is a Tarski class.
Let A, B be sets. We say thatB is a Tarski class ofA if and only if:

(Def. 3) A∈ B andB is a Tarski class.

Let A be a set. The functorT(A) yielding a set is defined as follows:

(Def. 4) T(A) is a Tarski class ofA and for every setD such thatD is a Tarski class ofA holds
T(A)⊆ D.

Let A be a set. Note thatT(A) is non empty.
The following propositions are true:

(2)1 W is a Tarski class if and only if the following conditions are satisfied:

(i) W is subset-closed,

(ii) for everyX such thatX ∈W holds 2X ∈W, and

(iii) for every X such thatX ⊆W andX < W holdsX ∈W.

(5)2 X ∈ T(X).

(6) If Y ∈ T(X) andZ⊆Y, thenZ ∈ T(X).

1 The proposition (1) has been removed.
2 The propositions (3) and (4) have been removed.
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(7) If Y ∈ T(X), then 2Y ∈ T(X).

(8) If Y ⊆ T(X), thenY ≈ T(X) or Y ∈ T(X).

(9) If Y ⊆ T(X) andY < T(X) , thenY ∈ T(X).

We use the following convention:u, v are elements ofT(X), A, B, C are ordinal numbers, andL
is a transfinite sequence.

Let us considerX, A. The functorTA(X) is defined by the condition (Def. 5).

(Def. 5) There existsL such that

(i) TA(X) = lastL,

(ii) domL = succA,

(iii) L( /0) = {X},
(iv) for everyC such that succC∈ succA holdsL(succC) = {u :

∨
v (v∈ L(C) ∧ u⊆ v)}∪{2v :

v∈ L(C)}∪2L(C)∩T(X), and

(v) for everyC such thatC∈ succA andC 6= /0 andC is a limit ordinal number holdsL(C) =⋃
rng(L�C)∩T(X).

Let us considerX, A. ThenTA(X) is a subset ofT(X).
One can prove the following propositions:

(10) T /0(X) = {X}.

(11) TsuccA(X) = {u :
∨

v (v∈ TA(X) ∧ u⊆ v)}∪{2v : v∈ TA(X)}∪2TA(X)∩T(X).

(12) If A 6= /0 andA is a limit ordinal number, thenTA(X) = {u :
∨

B (B∈ A ∧ u∈ TB(X))}.

(13) Y ∈ TsuccA(X) iff Y⊆ TA(X) andY ∈ T(X) or there existsZ such thatZ∈ TA(X) butY⊆ Z
or Y = 2Z.

(14) If Y ⊆ Z andZ ∈ TA(X), thenY ∈ TsuccA(X).

(15) If Y ∈ TA(X), then 2Y ∈ TsuccA(X).

(16) If A 6= /0 andA is a limit ordinal number, thenx∈ TA(X) iff there existsB such thatB∈ A
andx∈ TB(X).

(17) If A 6= /0 andA is a limit ordinal number andY ∈ TA(X) andZ ⊆ Y or Z = 2Y, thenZ ∈
TA(X).

(18) TA(X)⊆ TsuccA(X).

(19) If A⊆ B, thenTA(X)⊆ TB(X).

(20) There existsA such thatTA(X) = TsuccA(X).

(21) If TA(X) = TsuccA(X), thenTA(X) = T(X).

(22) There existsA such thatTA(X) = T(X).

(23) There existsA such thatTA(X) = T(X) and for everyB such thatB ∈ A holdsTB(X) 6=
T(X).

(24) If Y 6= X andY ∈ T(X), then there existsA such thatY /∈ TA(X) andY ∈ TsuccA(X).

(25) If X is transitive, then for everyA such thatA 6= /0 holdsTA(X) is transitive.

(26) T /0(X) ∈ T1(X) andT /0(X) 6= T1(X).

(27) If X is transitive, thenT(X) is transitive.
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(28) If Y ∈ T(X), thenY < T(X) .

(29) If Y ∈ T(X), thenY 6≈ T(X).

(30) If x∈ T(X) andy∈ T(X), then{x} ∈ T(X) and{x,y} ∈ T(X).

(31) If x∈ T(X) andy∈ T(X), then〈〈x, y〉〉 ∈ T(X).

(32) If Y ⊆ T(X) andZ⊆ T(X), then[:Y, Z :]⊆ T(X).

Let us considerA. The functorRA is defined by the condition (Def. 6).

(Def. 6) There existsL such that

(i) RA = lastL,

(ii) domL = succA,

(iii) L( /0) = /0,

(iv) for everyC such that succC∈ succA holdsL(succC) = 2L(C), and

(v) for everyC such thatC∈ succA andC 6= /0 andC is a limit ordinal number holdsL(C) =⋃
rng(L�C).

Next we state a number of propositions:

(33) R /0 = /0.

(34) RsuccA = 2RA.

(35) If A 6= /0 andA is a limit ordinal number, then for everyx holdsx ∈ RA iff there existsB
such thatB∈ A andx∈ RB.

(36) X ⊆ RA iff X ∈ RsuccA.

(37) RA is transitive.

(38) If X ∈ RA, thenX ⊆ RA.

(39) RA ⊆ RsuccA.

(40)
⋃

(RA)⊆ RA.

(41) If X ∈ RA, then
⋃

X ∈ RA.

(42) A∈ B iff RA ∈ RB.

(43) A⊆ B iff RA ⊆ RB.

(44) A⊆ RA.

(45) For allA, X such thatX ∈ RA holdsX 6≈ RA andX < RA .

(46) X ⊆ RA iff 2X ⊆ RsuccA.

(47) If X ⊆Y andY ∈ RA, thenX ∈ RA.

(48) X ∈ RA iff 2X ∈ RsuccA.

(49) x∈ RA iff {x} ∈ RsuccA.

(50) x∈ RA andy∈ RA iff {x,y} ∈ RsuccA.

(51) x∈ RA andy∈ RA iff 〈〈x, y〉〉 ∈ RsuccsuccA.

(52) If X is transitive andRA∩T(X) = RsuccA∩T(X), thenT(X)⊆ RA.

(53) If X is transitive, then there existsA such thatT(X)⊆ RA.
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(54) If X is transitive, then
⋃

X ⊆ X.

(55) If X is transitive andY is transitive, thenX∪Y is transitive.

(56) If X is transitive andY is transitive, thenX∩Y is transitive.

In the sequelk, n denote natural numbers.
Let us considerX. The functorX∗∈ yielding a set is defined by:

(Def. 7) x∈ X∗∈ iff there exist f , n such thatx∈ f (n) and domf = N and f (0) = X and for everyk
holds f (k+1) =

⋃
f (k).

We now state a number of propositions:

(58)3 X∗∈ is transitive.

(59) X ⊆ X∗∈ .

(60) If X ⊆Y andY is transitive, thenX∗∈ ⊆Y.

(61) If for everyZ such thatX ⊆ Z andZ is transitive holdsY⊆ Z andX ⊆Y andY is transitive,
thenX∗∈ = Y.

(62) If X is transitive, thenX∗∈ = X.

(63) /0∗∈ = /0.

(64) A∗∈ = A.

(65) If X ⊆Y, thenX∗∈ ⊆Y∗∈ .

(66) (X∗∈)∗∈ = X∗∈ .

(67) (X∪Y)∗∈ = X∗∈ ∪Y∗∈ .

(68) (X∩Y)∗∈ ⊆ X∗∈ ∩Y∗∈ .

(69) There existsA such thatX ⊆ RA.

Let us considerX. The functor rk(X) yields an ordinal number and is defined as follows:

(Def. 8) X ⊆ Rrk(X) and for everyB such thatX ⊆ RB holds rk(X)⊆ B.

Next we state a number of propositions:

(71)4 rk(2X) = succrk(X).

(72) rk(RA) = A.

(73) X ⊆ RA iff rk (X)⊆ A.

(74) X ∈ RA iff rk (X) ∈ A.

(75) If X ⊆Y, then rk(X)⊆ rk(Y).

(76) If X ∈Y, then rk(X) ∈ rk(Y).

(77) rk(X)⊆ A iff for every Y such thatY ∈ X holds rk(Y) ∈ A.

(78) A⊆ rk(X) iff for every B such thatB∈ A there existsY such thatY ∈ X andB⊆ rk(Y).

(79) rk(X) = /0 iff X = /0.

(80) If rk(X) = succA, then there existsY such thatY ∈ X and rk(Y) = A.

(81) rk(A) = A.

(82) rk(T(X)) 6= /0 and rk(T(X)) is a limit ordinal number.

3 The proposition (57) has been removed.
4 The proposition (70) has been removed.
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