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Summary. In the article the sum and product of any number of cardinals are intro-
duced and their relationships to addition, multiplication and to other concepts are shown. Then
the König’s theorem is proved. The theorem that the cardinal of union of increasing family of
sets of power less than some cardinalm is not greater thanm, is given too.
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The articles [11], [7], [14], [13], [15], [5], [6], [2], [12], [1], [10], [8], [9], [3], and [4] provide the
notation and terminology for this paper.

For simplicity, we adopt the following rules:A, B denote ordinal numbers,K, M, N denote
cardinal numbers,x, y, z, X, Y, Z, Z1, Z2 denote sets,n denotes a natural number, andf , g denote
functions.

Let I1 be a function. We say thatI1 is cardinal yielding if and only if:

(Def. 1) For everyx such thatx∈ domI1 holdsI1(x) is a cardinal number.

Let us note that there exists a function which is cardinal yielding.
A function yielding cardinal numbers is a cardinal yielding function.
In the sequelf1 denotes a function yielding cardinal numbers.
Let us considerf1, X. Observe thatf1�X is cardinal yielding.
Let us considerX, K. Note thatX 7−→ K is cardinal yielding.
The following proposition is true

(3)1 /0 is a function yielding cardinal numbers.

The schemeCF Lambdadeals with a setA and a unary functorF yielding a cardinal number,
and states that:

There existsf1 such that domf1 = A and for everyx such thatx∈ A holds f1(x) =
F (x)

for all values of the parameters.
Let us considerf . The functor f yielding a function yielding cardinal numbers is defined as

follows:

(Def. 2) domf = dom f and for everyx such thatx∈ dom f holds f (x) = f (x) .

The functor disjointf yielding a function is defined by:

(Def. 3) domdisjointf = dom f and for everyx such thatx∈ dom f holds(disjoint f )(x) = [: f (x),
{x} :].

1 The propositions (1) and (2) have been removed.
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The functor∏ f yielding a set is defined by:

(Def. 5)2 x ∈ ∏ f iff there existsg such thatx = g and domg = dom f and for everyy such that
y∈ dom f holdsg(y) ∈ f (y).

The following propositions are true:

(8)3 f1 = f1.

(9) /0 = /0.

(10) X 7−→Y = X 7−→ Y .

(11) disjoint/0 = /0.

(12) disjoint({x} 7−→ X) = {x} 7−→ [:X, {x} :].

(13) If x∈ dom f andy∈ dom f andx 6= y, then(disjoint f )(x) misses(disjoint f )(y).

(14)
⋃

/0 = /0.

(15)
⋃

(X 7−→Y)⊆Y.

(16) If X 6= /0, then
⋃

(X 7−→Y) = Y.

(17)
⋃

({x} 7−→Y) = Y.

(18) g∈ ∏ f iff domg = dom f and for everyx such thatx∈ dom f holdsg(x) ∈ f (x).

(19) ∏ /0 = { /0}.

(20) YX = ∏(X 7−→Y).

Let us considerx, X. The functorπxX yielding a set is defined as follows:

(Def. 6) y∈ πxX iff there existsf such thatf ∈ X andy = f (x).

Next we state a number of propositions:

(22)4 If x∈ dom f and∏ f 6= /0, thenπx ∏ f = f (x).

(24)5 πx /0 = /0.

(25) πx{g}= {g(x)}.

(26) πx{ f ,g}= { f (x),g(x)}.

(27) πx(X∪Y) = πxX∪πxY.

(28) πx(X∩Y)⊆ πxX∩πxY.

(29) πxX \πxY ⊆ πx(X \Y).

(30) πxX−. πxY ⊆ πx(X−. Y).

(31) πxX ≤ X .

(32) If x∈
⋃

disjoint f , then there existy, z such thatx = 〈〈y, z〉〉.

(33) x∈
⋃

disjoint f iff x2 ∈ dom f andx1 ∈ f (x2) andx = 〈〈x1, x2〉〉.

(34) If f ≤ g, then disjointf ≤ disjointg.

2 The definition (Def. 4) has been removed.
3 The propositions (4)–(7) have been removed.
4 The proposition (21) has been removed.
5 The proposition (23) has been removed.
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(35) If f ≤ g, then
⋃

f ⊆
⋃

g.

(36)
⋃

disjoint(Y 7−→ X) = [:X, Y :].

(37) ∏ f = /0 iff /0 ∈ rng f .

(38) If dom f = domg and for everyx such thatx∈ dom f holds f (x)⊆ g(x), then∏ f ⊆ ∏g.

In the sequelF , G are functions yielding cardinal numbers.
One can prove the following two propositions:

(39) For everyx such thatx∈ domF holdsF(x) = F(x).

(40) For everyx such thatx∈ domF holds (disjointF)(x) = F(x).

Let us considerF . The functor∑F yielding a cardinal number is defined as follows:

(Def. 7) ∑F =
⋃

disjointF .

The functor∏F yields a cardinal number and is defined by:

(Def. 8) ∏F = ∏F .

The following propositions are true:

(43)6 If domF = domG and for everyx such thatx∈ domF holdsF(x)⊆G(x), then∑F ≤∑G.

(44) /0 ∈ rngF iff ∏F = 0.

(45) If domF = domG and for everyx such thatx∈ domF holdsF(x)⊆G(x), then∏F ≤∏G.

(46) If F ≤G, then∑F ≤ ∑G.

(47) If F ≤G and 0/∈ rngG, then∏F ≤ ∏G.

(48) ∑( /0 7−→ K) = 0.

(49) ∏( /0 7−→ K) = 1.

(50) ∑({x} 7−→ K) = K.

(51) ∏({x} 7−→ K) = K.

(52) ∑(M 7−→ N) = M ·N.

(53) ∏(N 7−→M) = MN.

(54)
⋃

f ≤ ∑ f .

(55)
⋃

F ≤ ∑F.

(56) If domF = domG and for everyx such thatx∈ domF holdsF(x)∈G(x), then∑F < ∏G.

Now we present three schemes. The schemeFinRegularitydeals with a finite setA and a binary
predicateP , and states that:

There existsx such thatx∈ A and for everyy such thaty∈ A andy 6= x holds not
P [y,x]

provided the parameters satisfy the following conditions:
• A 6= /0,
• For allx, y such thatP [x,y] andP [y,x] holdsx = y, and
• For allx, y, z such thatP [x,y] andP [y,z] holdsP [x,z].

The schemeMaxFinSetElemdeals with a finite setA and a binary predicateP , and states that:

6 The propositions (41) and (42) have been removed.
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There existsx such thatx∈ A and for everyy such thaty∈ A holdsP [x,y]
provided the parameters have the following properties:

• A 6= /0,
• For allx, y holdsP [x,y] or P [y,x], and
• For allx, y, z such thatP [x,y] andP [y,z] holdsP [x,z].

The schemeFuncSeparationdeals with a setA , a unary functorF yielding a set, and a binary
predicateP , and states that:

There existsf such that domf = A and for everyx such thatx∈ A and for everyy
holdsy∈ f (x) iff y∈ F (x) andP [x,y]

for all values of the parameters.
We now state several propositions:

(57) Rn is finite.

(58) If X is finite, thenX < ω .

(59) If A < B, thenA∈ B.

(60) If A < M, thenA∈M.

(61) SupposeX is⊆-linear. Then there existsY such thatY⊆ X and
⋃

Y =
⋃

X and for everyZ
such thatZ⊆Y andZ 6= /0 there existsZ1 such thatZ1 ∈ Z and for everyZ2 such thatZ2 ∈ Z
holdsZ1 ⊆ Z2.

(62) If for everyZ such thatZ ∈ X holdsZ < M andX is⊆-linear, then
⋃

X ≤M.
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