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Summary. This article is a continuation of an article on defining functions on trees
(see [6]). In this article we develop terminology specialized for binary trees, first defining
binary trees and binary grammars. We recast the induction principle for the set of parse trees
of binary grammars and the scheme of defining functions inductively with the set as domain.
We conclude with defining the scheme of defining such functions by lambda-like expressions.

MML Identifier: BINTREE1.

WWW: http://mizar.org/JFM/Vol5/bintree1.html

The articles [12], [9], [15], [14], [16], [17], [13], [7], [8], [5], [11], [10], [1], [2], [3], [4], and [6]
provide the notation and terminology for this paper.

Let D be a non empty set and lett be a tree decorated with elements ofD. The root label oft is
an element ofD and is defined by:

(Def. 1) The root label oft = t( /0).

Next we state two propositions:

(1) Let D be a non empty set andt be a tree decorated with elements ofD. Then the roots of
〈t〉= 〈the root label oft〉.

(2) Let D be a non empty set andt1, t2 be trees decorated with elements ofD. Then the roots
of 〈t1, t2〉= 〈the root label oft1, the root label oft2〉.

Let I1 be a tree. We say thatI1 is binary if and only if:

(Def. 2) For every elementt of I1 such thatt /∈ Leaves(I1) holds succt = {t a 〈0〉, t a 〈1〉}.

The following propositions are true:

(3) For every treeT and for every elementt of T holdst ∈ Leaves(T) iff t a 〈0〉 /∈ T.

(4) For every treeT and for every elementt of T holdst ∈ Leaves(T) iff it is not true that there
exists a natural numbern such thatt a 〈n〉 ∈ T.

(5) For every treeT and for every elementt of T holds succt = /0 iff t ∈ Leaves(T).

(6) The elementary tree of 0 is binary.

(7) The elementary tree of 2 is binary.

1This work was partially supported by NSERC Grant OGP9207 while the first author visited University
of Alberta, May–June 1993.
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Let us observe that there exists a tree which is binary and finite.
Let I1 be a decorated tree. We say thatI1 is binary if and only if:

(Def. 3) domI1 is binary.

Let D be a non empty set. Observe that there exists a tree decorated with elements ofD which
is binary and finite.

Let us mention that there exists a decorated tree which is binary and finite.
One can check that every tree which is binary is also finite-order.
The following four propositions are true:

(8) LetT0, T1 be trees andt be an element of
︷ ︸︸ ︷
T0,T1. Then

(i) for every elementp of T0 such thatt = 〈0〉a p holdst ∈ Leaves(
︷ ︸︸ ︷
T0,T1) iff p∈ Leaves(T0),

and

(ii) for every elementp of T1 such thatt = 〈1〉a p holdst ∈ Leaves(
︷ ︸︸ ︷
T0,T1) iff p∈ Leaves(T1).

(9) LetT0, T1 be trees andt be an element of
︷ ︸︸ ︷
T0,T1. Then

(i) if t = /0, then succt = {t a 〈0〉, t a 〈1〉},
(ii) for every elementp of T0 such thatt = 〈0〉a p and for every finite sequences1 holds

s1 ∈ succp iff 〈0〉a s1 ∈ succt, and

(iii) for every elementp of T1 such thatt = 〈1〉a p and for every finite sequences1 holds
s1 ∈ succp iff 〈1〉a s1 ∈ succt.

(10) For all treesT1, T2 holdsT1 is binary andT2 is binary iff
︷ ︸︸ ︷
T1,T2 is binary.

(11) For all decorated treesT1, T2 and for every setx holdsT1 is binary andT2 is binary iff
x-tree(T1,T2) is binary.

Let D be a non empty set, letx be an element ofD, and letT1, T2 be binary finite trees decorated
with elements ofD. Thenx-tree(T1,T2) is a binary finite tree decorated with elements ofD.

Let I1 be a non empty tree construction structure. We say thatI1 is binary if and only if:

(Def. 4) For every symbolsof I1 and for every finite sequencep such thats⇒ p there exist symbols
x1, x2 of I1 such thatp = 〈x1,x2〉.

One can check that there exists a non empty tree construction structure which is binary and strict
and has terminals, nonterminals, and useful nonterminals.

The schemeBinDTConstrStrExdeals with a non empty setA and a ternary predicateP , and
states that:

There exists a binary strict non empty tree construction structureG such that the
carrier ofG = A and for all symbolsx, y, z of G holdsx⇒ 〈y,z〉 iff P [x,y,z]

for all values of the parameters.
The following proposition is true

(12) LetG be a binary non empty tree construction structure with terminals and nonterminals,
t3 be a finite sequence of elements of TS(G), andn1 be a symbol ofG. Supposen1 ⇒ the
roots oft3. Then

(i) n1 is a nonterminal ofG,

(ii) domt3 = {1,2},
(iii) 1 ∈ domt3,

(iv) 2 ∈ domt3, and

(v) there exist elementst4, t5 of TS(G) such that the roots oft3 = 〈the root label oft4, the root
label of t5〉 andt4 = t3(1) andt5 = t3(2) andn1-tree(t3) = n1-tree(t4, t5) andt4 ∈ rngt3 and
t5 ∈ rngt3.
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Now we present three schemes. The schemeBinDTConstrInddeals with a binary non empty
tree construction structureA with terminals and nonterminals and a unary predicateP , and states
that:

For every elementt of TS(A) holdsP [t]
provided the parameters meet the following requirements:

• For every terminals of A holdsP [the root tree ofs], and
• Let n1 be a nonterminal ofA andt4, t5 be elements of TS(A). Supposen1 ⇒ 〈the

root label oft4, the root label oft5〉 andP [t4] andP [t5]. ThenP [n1-tree(t4, t5)].
The schemeBinDTConstrIndDefdeals with a binary non empty tree construction structureA

with terminals, nonterminals, and useful nonterminals, a non empty setB, a unary functorF yield-
ing an element ofB, and a 5-ary functorG yielding an element ofB, and states that:

There exists a functionf from TS(A) into B such that
(i) for every terminalt of A holds f (the root tree oft) = F (t), and

(ii) for every nonterminaln1 of A and for all elementst4, t5 of TS(A) and for all
symbolsr1, r2 of A such thatr1 = the root label oft4 andr2 = the root label oft5
andn1 ⇒ 〈r1, r2〉 and for all elementsx3, x4 of B such thatx3 = f (t4) andx4 = f (t5)
holds f (n1-tree(t4, t5)) = G(n1, r1, r2,x3,x4)

for all values of the parameters.
The schemeBinDTConstrUniqDefdeals with a binary non empty tree construction structureA

with terminals, nonterminals, and useful nonterminals, a non empty setB, functionsC , D from
TS(A) into B, a unary functorF yielding an element ofB, and a 5-ary functorG yielding an
element ofB, and states that:

C = D
provided the parameters satisfy the following conditions:

• (i) For every terminalt of A holdsC (the root tree oft) = F (t), and
(ii) for every nonterminaln1 of A and for all elementst4, t5 of TS(A) and for all

symbolsr1, r2 of A such thatr1 = the root label oft4 andr2 = the root label oft5
andn1 ⇒〈r1, r2〉 and for all elementsx3, x4 of B such thatx3 = C (t4) andx4 = C (t5)
holdsC (n1-tree(t4, t5)) = G(n1, r1, r2,x3,x4),

and
• (i) For every terminalt of A holdsD(the root tree oft) = F (t), and

(ii) for every nonterminaln1 of A and for all elementst4, t5 of TS(A) and for all
symbolsr1, r2 of A such thatr1 = the root label oft4 andr2 = the root label oft5 and
n1 ⇒ 〈r1, r2〉 and for all elementsx3, x4 of B such thatx3 = D(t4) andx4 = D(t5)
holdsD(n1-tree(t4, t5)) = G(n1, r1, r2,x3,x4).

Let A, B, C be non empty sets, leta be an element ofA, let b be an element ofB, and letc be an
element ofC. Then〈〈a, b, c〉〉 is an element of[:A, B, C:].

Now we present two schemes. The schemeBinDTC DefLambdadeals with a binary non empty
tree construction structureA with terminals, nonterminals, and useful nonterminals, non empty sets
B, C , a binary functorF yielding an element ofC , and a 4-ary functorG yielding an element ofC ,
and states that:

There exists a functionf from TS(A) into C B such that
(i) for every terminalt of A there exists a functiong from B into C such that

g = f (the root tree oft) and for every elementa of B holdsg(a) = F (t,a), and
(ii) for every nonterminaln1 of A and for all elementst1, t2 of TS(A) and for

all symbolsr1, r2 of A such thatr1 = the root label oft1 and r2 = the root label
of t2 andn1 ⇒ 〈r1, r2〉 there exist functionsg, f1, f2 from B into C such thatg =
f (n1-tree(t1, t2)) and f1 = f (t1) and f2 = f (t2) and for every elementa of B holds
g(a) = G(n1, f1, f2,a)

for all values of the parameters.
The schemeBinDTC DefLambdaUniqdeals with a binary non empty tree construction structure

A with terminals, nonterminals, and useful nonterminals, non empty setsB, C , functionsD, E
from TS(A) into C B , a binary functorF yielding an element ofC , and a 4-ary functorG yielding
an element ofC , and states that:

D = E
provided the following conditions are satisfied:



ON DEFINING FUNCTIONS ON BINARY TREES 4

• (i) For every terminalt of A there exists a functiong from B into C such that
g = D(the root tree oft) and for every elementa of B holdsg(a) = F (t,a), and
(ii) for every nonterminaln1 of A and for all elementst1, t2 of TS(A) and for

all symbolsr1, r2 of A such thatr1 = the root label oft1 and r2 = the root label
of t2 andn1 ⇒ 〈r1, r2〉 there exist functionsg, f1, f2 from B into C such thatg =
D(n1-tree(t1, t2)) and f1 = D(t1) and f2 = D(t2) and for every elementa of B holds
g(a) = G(n1, f1, f2,a),

and
• (i) For every terminalt of A there exists a functiong from B into C such that

g = E(the root tree oft) and for every elementa of B holdsg(a) = F (t,a), and
(ii) for every nonterminaln1 of A and for all elementst1, t2 of TS(A) and for

all symbolsr1, r2 of A such thatr1 = the root label oft1 and r2 = the root label
of t2 andn1 ⇒ 〈r1, r2〉 there exist functionsg, f1, f2 from B into C such thatg =
E(n1-tree(t1, t2)) and f1 = E(t1) and f2 = E(t2) and for every elementa of B holds
g(a) = G(n1, f1, f2,a).

Let G be a binary non empty tree construction structure with terminals and nonterminals. Note
that every element of TS(G) is binary.

REFERENCES

[1] Grzegorz Bancerek. Introduction to trees.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/trees_1.
html.

[2] Grzegorz Bancerek. K̈onig’s Lemma.Journal of Formalized Mathematics, 3, 1991.http://mizar.org/JFM/Vol3/trees_2.html.

[3] Grzegorz Bancerek. Sets and functions of trees and joining operations of trees.Journal of Formalized Mathematics, 4, 1992. http:
//mizar.org/JFM/Vol4/trees_3.html.

[4] Grzegorz Bancerek. Joining of decorated trees.Journal of Formalized Mathematics, 5, 1993.http://mizar.org/JFM/Vol5/trees_
4.html.

[5] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences.Journal of Formalized Mathematics,
1, 1989.http://mizar.org/JFM/Vol1/finseq_1.html.

[6] Grzegorz Bancerek and Piotr Rudnicki. On defining functions on trees.Journal of Formalized Mathematics, 5, 1993.http://mizar.
org/JFM/Vol5/dtconstr.html.
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