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1. NATURAL ORDINALS

In this paperA is an ordinal number.
Let A be an ordinal number. One can verify that every element ofA is ordinal.
One can verify the following observations:

∗ every ordinal number which is empty is also natural,

∗ 1 is natural and non empty, and

∗ every element ofω is natural.

Let us observe that there exists an ordinal number which is non empty and natural.
Let a be a natural ordinal number. Note that succa is natural.
The schemeOmega Indconcerns a unary predicateP , and states that:

For every natural ordinal numbera holdsP [a]
provided the following conditions are met:

• P [ /0], and
• For every natural ordinal numbera such thatP [a] holdsP [succa].

Let a, b be natural ordinal numbers. One can verify thata+b is natural.
The following proposition is true

(1) For all ordinal numbersa, b such thata+b is natural holdsa∈ ω andb∈ ω.

Let a, b be natural ordinal numbers. Note thata−b is natural anda·b is natural.
The following propositions are true:

(2) For all ordinal numbersa, b such thata·b is natural and non empty holdsa∈ ω andb∈ ω.

(3) For all natural ordinal numbersa, b holdsa+b = b+a.

(4) For all natural ordinal numbersa, b holdsa·b = b·a.

Let a, b be natural ordinal numbers. Let us note that the functora+ b is commutative. Let us
notice that the functora·b is commutative.

1This work has been supported by KBN Grant 8 T11C 018 12.
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2. RELATIVE PRIME NUMBERS AND DIVISIBILITY

Let a, b be ordinal numbers. We say thata andb are relative prime if and only if:

(Def. 1) For all ordinal numbersc, d1, d2 such thata = c·d1 andb = c·d2 holdsc = 1.

Let us note that the predicatea andb are relative prime is symmetric.
The following propositions are true:

(5) /0 and /0 are not relative prime.

(6) 1 andA are relative prime.

(7) If /0 andA are relative prime, thenA = 1.

In the sequela, b, c denote natural ordinal numbers.
We now state the proposition

(8) Supposea 6= /0 or b 6= /0. Then there exist natural ordinal numbersc, d1, d2 such thatd1 and
d2 are relative prime anda = c·d1 andb = c·d2.

In the sequell , m, n denote natural ordinal numbers.
Let us considerm, n. One can check thatm÷n is natural andmmodn is natural.
Let k, n be ordinal numbers. The predicatek | n is defined as follows:

(Def. 2) There exists an ordinal numbera such thatn = k ·a.

Let us note that the predicatek | n is reflexive.
We now state several propositions:

(9) a | b iff there existsc such thatb = a·c.

(10) For allm, n such that/0 ∈ m holdsnmodm∈ m.

(11) For alln, m holdsm | n iff n = m· (n÷m).

(13)1 For alln, m such thatn | mandm | n holdsn = m.

(14) n | /0 and1 | n.

(15) For alln, m such that/0 ∈ m andn | m holdsn⊆ m.

(16) For alln, m, l such thatn | m andn | m+ l holdsn | l .

Let k, n be natural ordinal numbers. The functor lcm(k,n) yields an element ofω and is defined
as follows:

(Def. 3) k | lcm(k,n) andn | lcm(k,n) and for everym such thatk | m andn | m holds lcm(k,n) | m.

Let us observe that the functor lcm(k,n) is commutative.
The following two propositions are true:

(17) lcm(m,n) | m·n.

(18) If n 6= /0, thenm·n÷ lcm(m,n) | m.

Let k, n be natural ordinal numbers. The functor gcd(k,n) yields an element ofω and is defined
as follows:

(Def. 4) gcd(k,n) | k and gcd(k,n) | n and for everymsuch thatm | k andm | n holdsm | gcd(k,n).

1 The proposition (12) has been removed.
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Let us observe that the functor gcd(k,n) is commutative.
The following propositions are true:

(19) gcd(a, /0) = a and lcm(a, /0) = /0.

(20) If gcd(a,b) = /0, thena = /0.

(21) gcd(a,a) = a and lcm(a,a) = a.

(22) gcd(a·c,b·c) = gcd(a,b) ·c.

(23) If b 6= /0, then gcd(a,b) 6= /0 andb÷gcd(a,b) 6= /0.

(24) If a 6= /0 or b 6= /0, thena÷gcd(a,b) andb÷gcd(a,b) are relative prime.

(25) a andb are relative prime iff gcd(a,b) = 1.

Let a, b be natural ordinal numbers. The functor RED(a,b) yielding an element ofω is defined
by:

(Def. 5) RED(a,b) = a÷gcd(a,b).

Next we state several propositions:

(26) RED(a,b) ·gcd(a,b) = a.

(27) If a 6= /0 or b 6= /0, then RED(a,b) and RED(b,a) are relative prime.

(28) If a andb are relative prime, then RED(a,b) = a.

(29) RED(a,1) = a and RED(1,a) = 1.

(30) If b 6= /0, then RED(b,a) 6= /0.

(31) RED( /0,a) = /0 and ifa 6= /0, then RED(a, /0) = 1.

(32) If a 6= /0, then RED(a,a) = 1.

(33) If c 6= /0, then RED(a·c,b·c) = RED(a,b).

3. NON-NEGATIVE RATIONALS

In the sequeli, j, k are elements ofω.
The functorQ+ is defined by:

(Def. 6) Q+ = ({〈〈i, j〉〉 : i and j are relative prime∧ j 6= /0}\{〈〈k, 1〉〉})∪ω.

One can prove the following proposition

(34) ω ⊆Q+.

In the sequelx, y, z are elements ofQ+.
Let us mention thatQ+ is non empty.
One can check that there exists an element ofQ+ which is non empty and ordinal.
The following propositions are true:

(35) x ∈ ω or there existi, j such thatx = 〈〈i, j〉〉 and i and j are relative prime andj 6= /0 and
j 6= 1.

(36) It is not true that there exist setsi, j such that〈〈i, j〉〉 is an ordinal number.

(37) If A∈Q+, thenA∈ ω.



ARITHMETIC OF NON-NEGATIVE RATIONAL NUMBERS 4

Let us mention that every ordinal element ofQ+ is natural.
One can prove the following two propositions:

(38) It is not true that there exist setsi, j such that〈〈i, j〉〉 ∈ ω.

(39) 〈〈i, j〉〉 ∈ Q+ iff i and j are relative prime andj 6= /0 and j 6= 1.

Let x be an element ofQ+. The functor numx yielding an element ofω is defined as follows:

(Def. 7)(i) numx = x if x∈ ω,

(ii) there existsa such thatx = 〈〈numx, a〉〉, otherwise.

The functor denx yielding an element ofω is defined as follows:

(Def. 8)(i) denx = 1 if x∈ ω,

(ii) there existsa such thatx = 〈〈a, denx〉〉, otherwise.

One can prove the following propositions:

(40) numx and denx are relative prime.

(41) denx 6= /0.

(42) If x /∈ ω, thenx = 〈〈numx, denx〉〉 and denx 6= 1.

(43) x 6= /0 iff numx 6= /0.

(44) x∈ ω iff denx = 1.

Let i, j be natural ordinal numbers. The functori
j yields an element ofQ+ and is defined by:

(Def. 9) i
j =

(i) /0, if j = /0,
(ii) RED(i, j), if RED( j, i) = 1,

〈〈RED(i, j), RED( j, i)〉〉, otherwise.

We introduce quotient(i, j) as a synonym ofij .
We now state several propositions:

(45) numx
denx = x.

(46) /0
b = /0 and a

1 = a.

(47) If a 6= /0, then a
a = 1.

(48) If b 6= /0, then num(a
b) = RED(a,b) and den(a

b) = RED(b,a).

(49) If i and j are relative prime andj 6= /0, then num( i
j ) = i and den( i

j ) = j.

(50) If c 6= /0, then a·c
b·c = a

b.

In the sequeli, j, k are natural ordinal numbers.
We now state the proposition

(51) If j 6= /0 andl 6= /0, then i
j = k

l iff i · l = j ·k.

Let x, y be elements ofQ+. The functorx+y yields an element ofQ+ and is defined by:

(Def. 10) x+y = numx·deny+numy·denx
denx·deny .

Let us observe that the functorx+y is commutative. The functorx∗y yielding an element ofQ+ is
defined as follows:

(Def. 11) x∗y = numx·numy
denx·deny .
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Let us observe that the functorx∗y is commutative.
The following propositions are true:

(52) If j 6= /0 andl 6= /0, then i
j + k

l = i·l+ j·k
j·l .

(53) If k 6= /0, then i
k + j

k = i+ j
k .

Let us observe that there exists an element ofQ+ which is empty.
/0 is an empty element ofQ+. Then1 is a non empty ordinal element ofQ+.
Next we state a number of propositions:

(54) x∗ /0 = /0.

(55) i
j ∗

k
l = i·k

j·l .

(56) x+ /0 = x.

(57) (x+y)+z= x+(y+z).

(58) (x∗y)∗z= x∗ (y∗z).

(59) x∗1 = x.

(60) If x 6= /0, then there existsy such thatx∗y = 1.

(61) If x 6= /0, then there existsz such thaty = x∗z.

(62) If x 6= /0 andx∗y = x∗z, theny = z.

(63) x∗ (y+z) = x∗y+x∗z.

(64) For all ordinal elementsi, j of Q+ holdsi + j = i + j.

(65) For all ordinal elementsi, j of Q+ holdsi ∗ j = i · j.

(66) There existsy such thatx = y+y.

Let x, y be elements ofQ+. The predicatex≤ y is defined as follows:

(Def. 12) There exists an elementz of Q+ such thaty = x+z.

Let us note that the predicatex≤ y is connected. We introducey < x as an antonym ofx≤ y.
In the sequelr, s, t denote elements ofQ+.
The following propositions are true:

(68)2 It is not true that there exists a sety such that〈〈 /0, y〉〉 ∈ Q+.

(69) If s+ t = r + t, thens= r.

(70) If r +s= /0, thenr = /0.

(71) /0 ≤ s.

(72) If s≤ /0, thens= /0.

(73) If r ≤ s ands≤ r, thenr = s.

(74) If r ≤ s ands≤ t, thenr ≤ t.

(75) r < s iff r ≤ s andr 6= s.

(76) If r < s ands≤ t or r ≤ s ands< t, thenr < t.

(77) If r < s ands< t, thenr < t.

2 The proposition (67) has been removed.
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(78) If x∈ ω andx+y∈ ω, theny∈ ω.

(79) For every ordinal elementi of Q+ such thati < x andx < i +1 holdsx /∈ ω.

(80) If t 6= /0, then there existsr such thatr < t andr /∈ ω.

(81) {s : s< t} ∈ Q+ iff t = /0.

(82) LetA be a subset ofQ+. Suppose there existst such thatt ∈ A andt 6= /0 and for allr, s
such thatr ∈ A ands≤ r holdss∈ A. Then there exist elementsr1, r2, r3 of Q+ such that
r1 ∈ A andr2 ∈ A andr3 ∈ A andr1 6= r2 andr2 6= r3 andr3 6= r1.

(83) s+ t ≤ r + t iff s≤ r.

(85)3 s≤ s+ t.

(86) If r ∗s= /0, thenr = /0 or s= /0.

(87) If r ≤ s∗ t, then there exists an elementt0 of Q+ such thatr = s∗ t0 andt0 ≤ t.

(88) If t 6= /0 ands∗ t ≤ r ∗ t, thens≤ r.

(89) For all elementsr1, r2, s1, s2 of Q+ such thatr1 + r2 = s1 +s2 holdsr1 ≤ s1 or r2 ≤ s2.

(90) If s≤ r, thens∗ t ≤ r ∗ t.

(91) For all elementsr1, r2, s1, s2 of Q+ such thatr1∗ r2 = s1∗s2 holdsr1 ≤ s1 or r2 ≤ s2.

(92) r = /0 iff r +s= s.

(93) For all elementss1, t1, s2, t2 of Q+ such thats1 + t1 = s2 + t2 ands1 ≤ s2 holdst2 ≤ t1.

(94) If r ≤ s ands≤ r + t, then there exists an elementt0 of Q+ such thats= r + t0 andt0 ≤ t.

(95) If r ≤ s+ t, then there exist elementss0, t0 of Q+ such thatr = s0+ t0 ands0 ≤ sandt0 ≤ t.

(96) If r < s and r < t, then there exists an elementt0 of Q+ such thatt0 ≤ s andt0 ≤ t and
r < t0.

(97) If r ≤ s ands≤ t ands 6= t, thenr 6= t.

(98) If s< r + t andt 6= /0, then there exist elementsr0, t0 of Q+ such thats= r0 + t0 andr0 ≤ r
andt0 ≤ t andt0 6= t.

(99) For every non empty subsetA of Q+ such thatA∈Q+ there existsssuch thats∈ A and for
everyr such thatr ∈ A holdsr ≤ s.

(100) There existst such thatr + t = s or s+ t = r.

(101) If r < s, then there existst such thatr < t andt < s.

(102) There existss such thatr < s.

(103) If t 6= /0, then there existss such thats∈ ω andr ≤ s∗ t.

The schemeDisNatdeals with elementsA , B, C of Q+ and a unary predicateP , and states that:
There existss such thats∈ ω andP [s] and notP [s+B]

provided the parameters satisfy the following conditions:
• B = 1,
• A = /0,
• C ∈ ω,
• P [A ], and
• Not P [C ].

3 The proposition (84) has been removed.
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